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SUMMARY

Inference in Dynamic Stochastic General Equilibrium [DSGE] models is challenging for various by
now recognized reasons, most of which relate to their identification. Recent identification-robust
methods have been proposed yet their properties remain asymptotic. Macroeconomic series are
rather limited, which suggest that finite sample improvements are still required in this literature.
This paper proposes finite sample confidence set estimation methods for any DSGE that can be
simulated once a finite dimensional parameter vector is specified. Four econometric principles are
interacted to obtain exactness: (i) duality principles linking exact tests to exact confidence intervals
via test inversion; (ii) the Monte Carlo test principle; (iii) the Indirect Inference principle; and (iv)
multivariate distance principles.
The statistics we consider evaluate discrepancies between the parameters of a relevant reduced
form from their DSGE-restricted population counterpart, which we propose to obtain by simulation.
Rather than minimizing these discrepancies (which would make sense from a rather restrictive point
estimation perspective) we view model-to-data matching as a search for the ”insignificant” discrepancies. We derive exact p-values to gauge whether discrepancies are significant or not, which use
simulation at two stages: the first to approximate population parameters and the second to simulate
the associated statistics under the null. We derive exact p-values despite the dependence induced by
the first stage. Indirect Inference is one of the most suited econometric principles that can formally
connect calibration and inference in macroeconomics. Our set-estimation approach via insignificant
DSGE-to-Data distances formally builds a sensitivity analysis into the matching exercise.
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Simulations based on a New Keynesian model show that the method holds real and concrete
promise. An empirical analysis further illustrates the usefulness of our method that admits empty
sets as a possible solution. Empty sets suggest specification problems. We find that the considered
model is rejected by real data.

Keywords: Dynamic stochastic general equilibrium; Estimation uncertainty; Indirect inference; Exact
confidence set estimation; Monte Carlo test; the New Keynesian model.
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1

Introduction

This paper introduces a finite sample exact simulation-based confidence set estimation method for
Dynamic Stochastic General Equilibrium [DSGE] models. Assessing estimation uncertainty caused
by weak identification is a major concern in these models, regardless of the estimation strategy.
As a result, available empirical works on key and popular models have not yet produced a serious
consensus view; see, for example, the large scale recent survey by Mavroeidis, Plagborg-Mollor and
Stock (2014) on the New Keynesian Phillips Curve [NKPC].
Progresses in econometrics have been made regards to weak identification. Rather than characterizing identification restrictions, which are documented to be highly non-linear and non-standard [see
Canova and Sala (2009), Iskrev (2010) and Komunjer and Ng (2011)], identification-robust econometric methods that are valid whether identification restrictions hold or not have gained popularity
[see Andrews and Mikusheva (2013), Dufour, Khalaf and Kichian (2013), Guerron-Quintana, Inoue
and Kilian (2013) and Qu (2013)]. In contrast to typically intractable and/or rarely reliable identification pre-tests, robust methods often deliver post-estimation information on weak-identification, in
the form of unbounded confidence intervals. Some robust methods, which we endorse in the present
paper, also deliver information regarding lack-of-fit, in the form of empty confidence sets.
However, to the best of our knowledge, all available identification-robust methods requires the
assumption of asymptoticity. Macroeconomic series are typically short, or perhaps more to the
point, time series that can be modelled with stable structures are short. For recent evidence and
insights regarding instabilities in inflation equations or Taylor rules, see Benati (2008), Mavroeidis
(2010) and Magnusson and Mavroeidis (2014). Monte Carlo experiments are often conducted to
examine the validity of these methods. Published works sometimes consider sample sizes that are
beyond empirical relevance in macroeconomics; see for example Kleibergen and Mavroeidis (2009)
and Magnusson and Mavroeidis (2014) who consider 1000 and 2000 observations. Also, an exhaustive
study that convincingly scans deep-parameter spaces is often prohibitive even with small scale DSGE
models. Furthermore, asymptotic methods may suffer from size problems for usual multivariate
times-series problems, since solved DSGEs are (restricted) Vector Autoregressive Moving-Average
[VARMA] processes. Whether approximated by finite VARs or not, VARMA processes are hard
to estimate notwithstanding DSGE restrictions. Dynamics and the curse of dimensionality cause
standard asymptotic approximations to perform poorly even in linear VARs.
This paper documents and addresses all these problems combined from a finite sample exact
perspective. Four econometric principles are interacted to obtain exactness: (i) duality principles
linking exact tests to exact confidence intervals via test inversion; (ii) the Monte Carlo [MC] test
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principle [see Dufour (2006), Dufour and Khalaf (2002a,b, 2003), Dufour and Kiviet (1996, 1998),
Dufour, Khalaf, Bernard and Genest (2004), Dufour, Khalaf and Beaulieu (2003), Beaulieu, Dufour
and Khalaf (2013), Khalaf and Peraza (2014a,b) and Khalaf and Saunders (2014)], (iii) the Indirect
Inference [InDInF] principle, and (iii) multivariate distance principles.
Concretely, we propose finite sample confidence set estimation methods for any DSGE that can
be simulated once a finite dimensional parameter which we will denote ϑ in what follows, is specified.
Many popular DSGE models despite their analytical complexities satisfy this requirement. As a
matter of fact, standard computational tools for DSGE models including Uhlig’s (1995) code which
we implement in this paper allow users to draw simulated samples conforming with DSGEs once
ϑ is given. Many if not most published calibration exercises in complex models make use of such
properties to derive population measures including e.g. impulse responses associated with specific
choices for ϑ. Building on the latter property, we propose to invert various new and/or improved
statistics that test a specified value for ϑ, say ϑ0 , against an unrestricted relevant reduced form. An
unrestricted VAR is considered as one of the most popular reduced forms.
Inverting a test of ϑ = ϑ0 at a given level α? consists in collecting, numerically or analytically, the
ϑ0 values that are not rejected using the considered test at the considered level. For example, given
a right-tailed test statistic S(ϑ0 ) with α? -level cut-off point Sc , test inversion involves solving, over
ϑ0 , the inequality S(ϑ0 ) < Sc . The solution of this inequality is a parameter space subset, denoted
CS (ϑ0 ; α? ), that satisfies the level constraint, that is: the probability that CS (ϑ0 ; α? ) covers the true
parameter value is greater than or equal to 1 − α? . Identification robustness in finite samples requires
a convenient choice of Sc so that the latter level property holds for any given sample size regardless of
identification. Exact critical values [Sc in our context] are hard to derive analytically for the models
at hand. Furthermore, there is no reason to expect that a useful parameter-invariant critical point
exists that achieves good power. In contrast, non-rejection can be assessed via a simulation based
p-value, which will provide an exact assessment of the critical point as ϑ0 varies.
To derive such p-values, we resort to the MC test method. This method is applicable whenever the
distribution of the test statistic does not depend on unknown parameters under the null hypothesis.
The fact that underlying distributions are complicated does not matter in any way: all we need
is the possibility of simulating the relevant test statistic under the null hypothesis. The existence
of a limiting distribution is not even required, which is particularly relevant for DSGE models.
Furthermore any error distribution, Gaussian or non-Gaussian, that can be simulated is acceptable.
The statistics we consider evaluate the distance between the reduced-form parameters, which
summarize information in observed data, and their DSGE-restricted population counterpart, which
we propose to obtain by simulation. Various distance measures such as the Wald-type statistic, the
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Likelihood Ratio [LR] criterion, the Lawley-Hotelling [LH] trace criterion, the Bartlett-Nanda-Pillai
[BNP] trace criterion and the Maximum Root [MR] criterion are considered.1 The performances of
above distance measures are studied in section 3. The present paper focuses on the Wilks measure, a
monotonic transformation of which yields LR-type criteria in multivariate regressions. The statistic
admits an F-based approximation in regressions with fixed covariates that was used by Dufour et al.
(2013), which would be useful to compare with our MC alternative. This common measure that derives from multivariate least-squares implies that the determinant of the residual variance/covariance
matrix efficiently summarizes the restricted and unrestricted statistical information on available data.
The ratio of these determinants thus captures the distance under consideration. Rather than minimizing this distance which makes sense from a point estimation perspective, we view model-to-data
matching as a search for the ”insignificant” distances. Said differently, we collect the set of parameter
values for which the defined DSGE does not significantly differ from the considered reduced form
(for example the unrestricted VAR). Our method is not restricted to the considered reduced form
nor to the considered distance measure.
Because population parameters are constructed by simulation, the statistic has an indirect inference [InDInF] interpretation. Dridi, Guay and Renault (2007) introduce and discuss various
challenges with InDInF within DSGEs. Their approach remains of the Wald-type form; that is, they
still propose confidence intervals of the form {estimate ± (asymptotic standard error) × (asymptotic
critical point)}. It is well known by now that such procedures will severely understate estimation uncertainty in the presence of weak-identification. Nevertheless, Dridi et al. (2007) provide convincing
arguments we build on to derive adequately sized tests. Most importantly, as emphasized by Dridi
et al. (2007) and more recent proponents of InDInF in DSGE contexts, InDInF is one of the most
suited econometric principles that can formally connect calibration and inference in macroeconomics.
Our approach via a confidence-band rather than a points-based interpretation of ”matching” pins
down estimation uncertainty so that formal ”sensitivity” analyses become hardwired into InDInF.
In addition to the distribution difficulties formally analyzed by Dridi et al. (2007), recent efforts
to use InDInF-based objective functions for test purposes still have to overcome finite sample distributional problems. For example, Le, Meenagh, Minford and Wickens (2013) and Meenagh, Minford
and Wickens (2012) propose bootstrap-type methods for this purpose. The fact remains that bootstraps have not been shown to work in such contexts. Instead, it is well known that bootstrap may
(and do) fail in the presence of identification problems. Last but not least, InDInF-based criteria use
simulation at two levels, the first to approximate population parameters and the second to simulate
the associated statistics. Whether bootstraps condition, or not, on the first stage, to the best of our
1

For references, see Rao (1973), Anderson (1984) and Dufour and Khalaf (2002b).
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knowledge, their validly is yet to be proven. We address this problem following Beaulieu et al. (2013):
formally, we build on the exchangeability property of the MC method that allows one to disregard
the dependence induced by the first stage simulation-based assessment of population parameters.
A simulation study based on a three equations New Keynesian model shows that our method
holds real and concrete promise. We document problems with asymptotic methods and show that
in contrast, the MC method has exact size and very good power for many key parameters. From
the substantive perspective, our simulation exercise serves to explain size problems (of asymptotic
methods) and power difficulties with size correct methods via well known equity premium puzzles
and determinacy issues within the Taylor rule. An empirical analysis using the model of Giannoni
and Woodford (2003) further illustrates the usefulness of our method that admits empty sets as a
possible solution. Empty sets suggest specification problems. We find that the considered models
are rejected by the real data.
The paper is organized as follows. In section 2, we describe the statistical framework and methodology. In section 3, we report the results of the simulation study. In section 4, we report empirical
analysis and summarize the main results. In section 5 we concludes.

2

Framework and methodology

Consider the general state-space representation on a DSGE model:
Xt = A (ψ) Xt−1 + B (ψ) Vt

(2.1)

Yt? = C (ψ) Xt−1 + D (ψ) Vt

(2.2)

Vt = H (ψ) Vt−1 + εt

(2.3)

where Xt is a vector of possibly unobserved state variables; Yt? is a vector of observed variables; Vt is
an autoregressive process; ψ is a vector of deep parameters in the log-linearized DSGE models; εt is
a vector of the structural economic shocks satisfying Eεt = 0, Eεt ε0t = Σ, and Eεt ε0t−j = 0 for j 6= 0.
Σ is a positive definite matrix and denote J as the Cholesky decomposition of Σ such that Σ = JJ 0 .
Collect the parameters of J in the vector θ. Therefore ϑ = [ψ 0 , θ0 ]0 . Uhlig (1995) (among others)
provides a method of obtaining the matrices A(.), B(.), C(.), D(.) and H(.) from log-linearized DSGE
models with deep parameter ψ. We further assume that observables compatible with (2.1)-(2.3) can
be obtained by simulation for a given parameter value ϑ = ϑ0 . Our purpose is to derive a joint and
simultaneous confidence set for ϑ, maintaining a full-information perspective.
A likelihood function may - or may not - be tractable in this context. We also do not require
that the associated score is tractable. In particular, assumptions on the likelihood or the score as
in Guerron-Quintana et al. (2013) and Andrews and Mikusheva (2013) are not required. All we
6

need is the possibility of simulating data compatible with (2.1)-(2.3) imposing usual assumptions
of the parameter space of ϑ. InDInF which exploits the fact simulations can be easily drawn from
the model whether likelihoods and/or scores are regular or not, provides an interesting statistical
objective function in our context; refer to Gouriéroux, Monfort and Renault (1993) and Smith (1993)
for a general discussion of IndInF, and for Dridi et al. (2007) with regards to DSGEs.

2.1

Background

InDInF requires an underlying auxiliary model that ”matches” the model and may be easily fit to
available data. Matching does not presume that the auxiliary model is correctly specified. Instead,
a binding function that is not necessarily tractable should exist that links the parameters of the
auxiliary to the postulated model. A closed form for the binding function is not used explicitly and
may hold in limits as well. For example, the well-know Yule-Walker equations provide a natural
binding function for moving average models estimated via AR auxiliary regression. This same rationale suggest a VAR as an auxiliary model for DSGEs. Typically, a solved DSGE as in (2.1)-(2.3) can
be expressed as a VARMA or infinite VAR model in the observables whose coefficients are nonlinear
functions of ϑ, in which case a finite-order VAR provides a natural auxiliary regression.
For this same problem, Dufour et al. (2013) propose an inference method that does not require
a closed likelihood yet respects full-information principles. The method builds on the underlying
infinite VAR solution approximated via the finite-order VAR
Yt =

p
X

Γj (ϑ)Yt−j + ut

(2.4)

j=1

model [for further conditions on such approximations, see Fernández-Villaverde, Rubio-Ramrez, Sargent and Watson (2007), Ravenna (2007)]. From there on, and for a given parameter value ϑ = ϑ0 ,
P
the multivariate ”Euler Error” defined as Yt − pj=1 Γj (ϑ0 )Yt−j is regressed on as many of the Yt−j as
implied by the structure; ϑ = ϑ0 implies that these regressors should be jointly insignificant. Testing
this restriction involves a regular zero-restriction in a VAR, which evacuates identification concerns.
Note that the VAR may or not be demeaned. Demeaning all variables corresponds to allowing
for unrestricted constants in the model studied, that is, it allows to express explained variables in
deviation with respect to (potentially non-zero) unknown equilibrium values. Constraints on equation
constants are evacuated by demeaning and thus are not accounted for.
In traditional estimation methodology a point estimate is found first, for example, via maximum
likelihood or InDInF and confidence intervals are then constructed, of the form {estimate ± standard
error × critical point}. In contrast, Dufour et al. (2013) build a confidence region assembling the
ϑ0 that are not rejected the above described test at a certain level α? . Formally, this exercise is
7

called ”inverting the proposed tests”. In contrast to intervals, confidence sets so obtained can be
unbounded. If objective functions are almost flat, most values in the parameter space would not be
rejected, reflecting weak identification. The sets can also be empty, which implies that the structural
model is rejected at the considered level. It is worth noting that Guerron-Quintana et al. (2013)
and Andrews and Mikusheva (2013) also proceed via test inversion arguments (with more stringent
assumptions on likelihoods and scores). This paper addresses - among others, three important
deficiencies with available methods: (i) the truncation order; (ii) the curse of dimensionality, and
(iii) the fact that instruments are lags, which violates the fixed regressor assumption required for
most exact finite sample multivariate methods.
Our methodology - from a general perspective - is not restricted to (2.4) as the auxiliary model.
However, to set focus, and to compare results to existing identification-robust methods, we first maintain (2.4) as our ”reduced form”. In contrast to Dufour et al. (2013) who suggest that Heteroskedastic
and Autocorrelation Consistent [HAC] procedures may be used to correct for the truncation lags,
we use (2.4) so that the order p does not need to reflect a correct specification.

2.2

The methodology: a brief overview

We proceed by inverting test statistics for the hypothesis that fixes ϑ = ϑ0 to a known value
H0 (ϑ0 ) : ϑ = ϑ0 ,

ϑ0

known.

(2.5)

A complete description of our methodology thus requires: (i) defining the test statistics we propose
to invert, (ii) obtaining identification-robust p-values for these statistics, and (iii) characterizing the
numerical inversion solution. Steps (i) - (iii) are discussed in what follows.
Formally, given a right tail test S(ϑ0 ) and setting the number of MC simulations to N so that
α? (N + 1) is an integer, we obtain MC p-values denoted pN (ϑ0 ), such that for finite T and finite N ,


P pN (ϑ0 ) ≤ α? = α? .
pN (ϑ0 ) is formally defined in section 2.4. Inverting a test, which produces a joint confidence set for
intervening parameters, means assembling the parameter values ϑ0 that are not rejected by this test
at a given level. For example, given a right tail test statistic S(ϑ0 ) and associated exact p-values
pN (ϑ0 ) at α? level, we aim to collect the ϑ0 for which pN (ϑ0 ) > α? . The set of parameters that
satisfies this inequality is a joint confidence set with level no less than 1 − α? . The least rejected
parameter value can be treated as a point estimate.
Projecting a joint confidence region, which produces confidence intervals for individual parameters, entails finding the smallest and largest values of each parameter component within this region.
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We apply Particle Swarm Optimization for this purpose; see Khalaf and Lin (2014) for further insights and references on this optimization method which is new to econometrics. Concretely, we
iterate over ϑ0 to obtain the minimum and maximum of the function a0 ϑ0 , where a is a selection
matrix, such that pN (ϑ0 ) > α? ; for example a = [1, 0, ...0]0 leads to a confidence interval on the first
component of ϑ. We impose a stable and unique solution to the DSGE via Uhlig (1995)’s code.
The shape of joint confidence region can be highly irregular and non-convex, therefore the test
inversion and related projection have to be conducted numerically. The individual confidence sets can
be unbounded or empty, which would suggest identification or specification problems, respectively.

2.3

Test statistic

Let Γ(ϑ) = [Γ1 (ϑ), ..., Γp (ϑ)] and Yt,p = vec([Yt−1 , ..., Yt−p ]). Rewrite model (2.4) as:
Yt = Γ(ϑ)Yt,p + ut

(2.6)

where Γ(ϑ) is a n? ×K matrix, Yt,p is a K ×1 vector and ut is a vector of white noises with covariance
matrix Ω.2 This VAR(p) process is the form of seemingly unrelated regressions [SUR] model where
each equation has the same explanatory variables. Hence Γ(ϑ) can be estimated equation-by-equation
disregarding underlying restrictions using Ordinary Least Square [OLS] applied to (2.6) with the
observed data. Let Γ̂ denote the n? × K matrix of OLS coefficients for the n? equations.
Next, obtain a population counterpart to Γ̂, which we will denote Γ(ϑ0 ). The following simulationbased algorithm is applied using the state-space DSGE model (2.1) to (2.3) imposing ϑ = ϑ0 .
1. Draw a sequence of random errors {ε̃t,m }Tt=1 from equation (2.3) imposing θ = θ0 . Suppose
M such sequences are produced, so m indicates the number of simulations.
2. For a given ϑ0 , generate simulated series {Ỹt,m (ϑ0 )}Tt=1 using the state-space DSGE model
(2.1) to (2.3).
3. Calculate the equation-by-equation OLS coefficients and collect them in Γ̃m (ϑ0 ) for each
simulation and obtain the average for M paths:
Γ̄(ϑ0 ) =

M
1 X
Γ̃m (ϑ0 ).
M

(2.7)

m=1

Based on model (2.6), Γ̂ and Γ̄(ϑ0 ) with observed data, construct:
Wt (Y, ϑ) = Yt − Γ̂Yt,P ,

Σ̂W =

T
X
1
Wt (Y, ϑ)Wt0 (Y, ϑ)
T −p

(2.8)

t=p+1

Wt (Y, ϑ0 ) = Yt − Γ̄(ϑ0 )Yt,P ,

Σ̂0W =

T
X
1
Wt (Y, ϑ0 )Wt0 (Y, ϑ0 )
T −p

(2.9)

t=p+1

2

Given the true process is VARMA, if p is mis-specified, it is possible that ut is no longer a vector of white noises
and Ω may depend on ϑ.
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where Σ̂0W and Σ̂W give the constrained [imposing ϑ = ϑ0 ] and unconstrained sum of squared errors
matrices. Discrepancies between Σ̂0W and Σ̂W will serve to assess H0 (ϑ0 ). We use
Λ(ϑ0 ) = |Σ̂0W |/|Σ̂W |

(2.10)

to assess this discrepancy. Other distance measures can be used, but as a first step, this statistic
admits an F-based approximation in regressions with fixed covariates that was used by Dufour et al.
(2013). Since Dufour et al. (2013) did not provide supportive simulation evidence, it would be useful
to assess this approximation to motivate our MC alternative. The F-approximation proceeds as
follows:

L(ϑ0 ) =

µτ − 2λ
Kn?



1 − (Λ(ϑ0 ))τ
(Λ(ϑ0 ))τ

(2.11)

Λ(ϑ0 ) = |Σ̂0W |/|Σ̂W |
µ = (T − K) −
λ=

n? K − 2
4
( h
2 ?2

τ=

(2.12)
n?

K n −4
K 2 +n?2 −5

−K +1
2

i1/2

, if

1,

K 2 + n? 2 − 5 > 0

otherwise

where L(ϑ0 ) has an approximate F (Kn? , µτ − 2λ) null distribution at level α? .
This paper also consider other popular distance measures such as the Wald-type statistic:
Wald(ϑ0 ) = (vec(Γ̂) − vec(Γ̄(ϑ0 )))0 (vec(Γ̂) − vec(Γ̄(ϑ0 ))).

(2.13)

Here an identity matrix rather than the usual positive definite weighting matrix is used following the
idea of Gouriéroux et al. (1993) who argue the loss in efficiency with respect to an optimal estimator
is so small that it can be disregarded. The LH trace criterion, the BNP trace criterion and the MR
criterion are functions of of the roots r1 , r2 , ..., rq of the equation
|Σ̂W − rΣ̂0W | = 0.

(2.14)

In particular,
q
X
LH(ϑ0 ) =
(1 − ri )/ri ,
i=1

2.4

BNP(ϑ0 ) =

q
X

(1 − ri ),

i=1

MR(ϑ0 ) = max (1 − ri )/ri .
1≤i≤q

(2.15)

Finite sample p-values

The null distribution of Λ(ϑ0 ) can be easily simulated which justifies the application of MC tests
[Dufour (2006), Beaulieu et al. (2013), Khalaf and Peraza (2014a,b) and Khalaf and Saunders (2014)].
The general MC test methodology proceeds as follows.
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Let S0 denote the test statistic calculated from the observed data set; generate N replications
S1 , . . . , SN of the test statistic S so that S0 , S1 , . . . , SN are exchangeable. Given the latter series,
compute pN (S0 ) where
pN (S0 ) =

N GN (S0 ) + 1
,
N +1

N

GN (S0 ) = GN [S0 ; S(N )] =

1X
1 (Si ≥ S0 ) ,
N

(2.16)

i=1

S(N ) = [S1 , . . . , SN ]0 and 1(C) is the indicator function associated with condition C:
1(C) = 1, if condition C holds
= 0, otherwise.
In other words, N GN (S0 ) is the number of simulated values greater than or equal to S0 . The MC
critical region is: pN (S0 ) ≤ α? , 0 < α? < 1.
If the distribution of S is continuous and α? (N + 1) is an integer, then


P pN (S0 ) ≤ α? = α? .
When applied to the above Λ(ϑ0 ) statistic, the MC test technique can be summarized as follows.
1. Obtain the simulation-based estimates underlying the considered statistic. Specifically, we
implement procedures described in section 2.3 to obtain Γ̄(ϑ0 ) given ϑ0 . This population
measure is generated only once, so the following steps are conditional on Γ̄(ϑ0 );
2. Applying (2.8)-(2.9) and (2.12) to the data, find the observed value of the considered test
statistic;
3. Draw N i.i.d. samples of size T from the model (2.1)-(2.3) under ϑ = ϑ0 ;
4. Using the same population measure derived in step 1, and applying (2.8)-(2.9) and (2.12) to
the simulated data, obtain N simulated values for the considered test statistic;
5. Compute a simulated p-value for the test statistic, using the rank of the observed statistic,
relative to its simulated counterpart; see (2.16). The null hypothesis is rejected at level α? by
the test considered if the MC p-value so obtained is less than or equal to α? .
Because the above MC test procedure involves two levels of simulations (a first one to approximate
the population measure, and a second one to get the test statistic), it is a two-stage MC test [see
Beaulieu et al. (2013)]. It is important to emphasize a key step in the above algorithm: the observed
and simulated statistics must rely on the same approximated population measure; in this way, the
observed and simulated statistics are (by construction) exchangeable under the null hypothesis,
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which yields size control; see Dufour et al. (2003), Dufour (2006) and Beaulieu et al. (2013). The
underlying simulations are non-independent but remain exchangeable, which is sufficient to ensure
exactness as shown by Dufour (2006). In addition to minimizing noise which may affect power, using
the same approximated population measure implies important execution cost savings. The fact that
exchangeability is sufficient from a finite sample perspective is worth pointing out here since the
statistic we propose relies on just one preliminary simulation.
In the following, we refer to our MC exact confidence set via the abbreviation ECS.

3

Simulation study

We construct a simulation study to examine the performance of the ECS method. We focus on a
prototypical New Keynesian model in which the inflation inertia is generated via indexation [Giannoni
and Woodford (2003), Dennis (2004, 2009) and Milani and Treadwell (2012)]:


γ
(1 − α)(1 − αβ)
σ −1
β
Et πt+1 +
πt−1 +
ωyt +
(yt − φyt−1 ) + µt (3.1)
πt =
1 + βγ
1 + βγ
α(1 + βγ)
1−φ
φ
σ(1 − φ)
1
Et yt+1 +
yt−1 −
(Rt − Et πt+1 ) + gt
(3.2)
yt =
1+φ
1+φ
1+φ
Rt = ρRt−1 + (1 − ρ) [χπ πt + χy yt ] + νt
(3.3)
µt = ρπ µt−1 + επ,t

(3.4)

gt = ρy gt−1 + εy,t

(3.5)

νt = ρR νt−1 + εR,t

(3.6)

where, for t = 1, ..., T , πt is aggregate inflation, yt is the output gap, Rt is the nominal interest rate,
β = 0.99, ω = 0.5, [επ,t , εy,t , εR,t ]0 = εt , εt is a zero-mean disturbance with the diagonal covariance
matrix Σ and θ = [σπ , σy , σR ]0 .3 ϑ = [φ, σ, γ, α, ρ, χπ , χy , ρπ , ρy , ρR , θ0 ]0 . For comparison reason, the
size and power study is conducted for both the LR test and ECS method and the rejection frequency
curves are produced. Two sets of null values ϑ0 , calibrated and estimated, taken from Milani and
Treadwell (2012), are used in this simulation. The simulated samples with T = 103, 175 are drawn
after solving the model (3.1)-(3.6) with above defined ϑ0 .4 N = 99 replications are considered for
calculating simulated p-values. M = 1000 replications are considered for obtaining the population
measure Γ̄(ϑ0 ). M ∗ = 1000 replications are conducted to perform the size and power study. p = 4
lags are considered for the reduced form.
Figure 1 and 2 show the rejection frequencies of the LR test and ECS method for all parameters
3
In the simulation, εt is added after solving the above model. Therefore εt is the structural economic shocks in the
state-space DSGE model (2.1) to (2.3). For simplicity Σ is assumed to be diagonal in section 3 and 4.
4
T = 103 refers to 1980Q1 to 2005Q3; T = 175 refers to 1962Q1 to 2005Q3.
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with different T at 5% level.5 The caption of each subfigure indicates the name of the parameter and
the null value of that parameter. Under the null (the observed sample is generated under the null),
both the grid and null value of the parameter are the same which leads to the size of the method
(the simulated samples are also generated under the null ), all other grid values will be under the
alternative which leads to the power (the simulated samples are generated under the alternative).6
Clearly the LR test is oversized while the ECS method is properly sized. Taylor rule coefficients and
volatility parameters of the shocks are weakly identified. Other key parameters are well-identified
and confirms good power property via the ECS method. Figure 3 and 4 show that the power for each
parameter changes with different null values.7 Habit formation parameter φ and price indexation
parameter γ become less identified with high null values. The identification of the intertemporal
elasticity of substitution σ is affected by the changes of the null values of other parameters. The AR
parameters of shocks are less identified with low null values; the volatility parameters of the shocks
remain unidentified. Clearly calibrated null dominates the estimated null, which confirms that the
point estimates are not reliable under weak identification.
The main issue in Figure 1 to 4 is that the volatility parameters θ are not identified. Several
solutions are provided in the literature: (i) Lindé (2005) uses calibrated θ; (ii) rather than fixing θ,
Dufour et al. (2013) treat θ as a vector of nuisance parameters and partial it out; (iii) use VAR with
leads as a reduced form [see Dufour and Torrès (2000)]. Solution (i)-(iii) are discussed, in turn, in
what follows.
Solution (i) can be done by dropping the subfigures on volatility parameters. In other subfigures
θ is fixed.
Solution (ii) can be done using the state-space DSGE model (2.1)-(2.3).
1. Given the null ψ0 , solve the log-linearized DSGE and obtain the matrices A(ψ0 ), B(ψ0 ), C(ψ0 ),
D(ψ0 ) and H(ψ0 );
2. Use equation (2.1)-(2.2) and the observed data Y to obtain Vt (Y, ψ0 );
3. Construct Vt−1 (Y, ψ0 ) and obtain εt (Y, ψ0 ) using equation (2.3);
ˆ ψ0 ) and hence θ̂(Y, ψ0 ).
4. Use εt (Y, ψ0 ) to construct approximations Σ̂(Y, ψ0 ), J(Y,
Then the population parameter Γ̄(ψ0 , θ̂(Y, ψ0 )) is depending on Y through θ̂(Y, ψ0 ). Since θ̂(Y, ψ0 )
and Γ̄(ψ0 , θ̂(Y, ψ0 )) are changing with the observed data Y , in the simulation study, for each of the
5

The null values of parameters are Bayesian prior mean values taken from Milani and Treadwell (2012).
The rejection frequency curve is generated by varying the grid values of one parameter while keeping all others
under the null.
7
The null values of parameters are Bayesian posterior mean estimates taken from Milani and Treadwell (2012) and
ω = 2.
6
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M ∗ replications they are recalculated. Generally these procedures offer no guarantee of exactness.
However, with the assumption that Σ is diagonal, Figure 5 shows that the ECS method maintains
correct size. With this diagonality assumption, we prove that the null distribution of statistic is
nuisance parameter free.
Theorem 1 If Σ = J 0 J is diagonal and invertable, then the null distribution of the statistic (2.10)
does not depend on Σ.
Proof. Without loss of generality, consider VAR(1) process
Y

= Y−1 Γ + U

where Y is a T × n? matrix of observables, Y−1 is the first lag of Y . Post-multiply the data Y by
G = J −1
Y G = Y−1 GG−1 ΓG + U G.
Redefine the above equation
? ?
Y ? = Y−1
Γ + U ?.

Since G is diagonal and invertable, then
Γ? = G−1 ΓG = Γ.
Similarly, the population parameter Γ̄(ϑ0 ) doe not depend on θ0 , that is, Γ̄(ϑ0 ) = Γ̄(ψ0 ). The
considered statistic defined in equation (2.10) is a ratio of determinants, so |G| can be factored out
and will be canceled out:
Û ?0 Û ? = Y ?0 M ? Y ? = G0 Y 0 M Y G
0
Û0?0 Û0? = G0 (Y 0 − Γ̄0 (ψ0 )Y−1
)(Y − Y−1 Γ̄(ψ0 ))G

Λ = |Û0?0 Û0? |/|Û ?0 Û ? |
|G0 ||Y 0 M Y ||G|
=
0 )(Y − Y Γ̄(ψ ))||G|
|G0 ||(Y 0 − Γ̄0 (ψ0 )Y−1
−1
0
0
|Y M Y |
=
0 )(Y − Y Γ̄(ψ ))|
0
0
|(Y − Γ̄ (ψ0 )Y−1
−1
0
? (Y ?0 Y ? )−1 Y ?0 and M = I − Y (Y 0 Y )−1 Y 0 .
where M ? = IT − Y−1
−1 −1 −1
T
−1 −1
−1
−1

Theorem 1 shows the null distribution does not depend on nuisance parameter θ. In this case, one
can set Σ to be identity for simplicity. However, if Σ is nondiagonal, partialling-out procedures will
result in over rejection because the population parameter Γ̄(ϑ0 ) depends on θ0 , that is, Γ̄(ϑ0 ) 6= Γ̄(ψ0 ).
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We propose solution (iii) by adding leads to the VAR(p) model (2.6):
Yt = Γ(ϑ)Yt,p,l + ut

(3.7)

where Yt,p,l = vec([Yt+l , ..., Yt+1 , Yt−1 , ..., Yt−p ]). The future values may have an impact on current
ones. Also, VAR with leads serves as a better approximation of the VARMA auxiliary model than
VAR and it can capture the information on MA part. Figure 6 shows that using the above reduced
form with p = 2, l = 2 the volatility parameters are identified and we are not losing much power on
other parameters. For those who are also interested in inference on θ, adding leads seems to be a
preferred option.
To show that our method is not limited to a particular statistic, we conduct a simulation study
based on reduced form (3.7) with p = 4, l = 2 and compare the performances of different statistics.
Figure 7 shows that none of these statistics is dominating and the improvement on power is limited.

4

Empirical Analysis

Having demonstrated the simulation properties of the ECS method, we take the model to the data.
First, we estimate the Giannoni and Woodford (2003) model given by equations (3.1) through (3.6)
using quarterly US data spanning from 1962Q1 through 2005Q3. We use the GDP deflator to
calculate inflation πt , and the effective federal funds rate as the short-run interest rate, Rt . We
consider three measures of the output gap to represent yt : the distance of real GDP from its quadratic
trend calculated from the full-sample, the distance of real GDP from a quadratic trend calculated
iteratively in real-time, and the output gap series produced by the Congressional Budget Office.
Both the actual and simulated series are demeaned prior to estimation. Via either partialling-out or
using leads in the reduced form, we find that the model is rejected for the full-sample in both the
LR and the ECS methods. In other words, we do not find any set of parameter values that allows a
good fit between the reduced-form VAR model representing the model and that representing data.
This result is consistent with the post-calibration test conducted by Le et al. (2011) where they find
that the Smets and Wouters (2007) model evaluated at the parameter values estimated via Bayesian
methods is rejected by post-war US data.8 We then consider two separate sub-samples: 1962Q1
through 1979Q4, corresponding to the monetary regime prior to the great deflation initiated by Paul
Volcker, and 1980Q1 through 2005Q3 to represent the period where interest setting adopted inflation
targeting. We find that the model is rejected in either sub-samples.
8

Note, however, that while Le et al. (2011) provides a test of fit between the DSGE model and data dynamics for
one point in the parameter space, we find that there exists no such point in a reasonable parameter space that provides
a good fit.
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We then expand the model by adding the following measurement equations, similar to Smets and
Wouters (2007):
Output growth (annualized %) = 400 (yt − yt−1 + εy,t )
Inflation (annualized %) = 400 (πt + ln π∗ )
Interest rates (annualized %) = 400 (Rt + ln R∗ )
where the left-hand-side of the above equations represent data. For this exercise, we use quarterly
US data spanning from 1954Q4 through 2006Q4. Inflation is calculated as an annualized percentage
quarterly growth rate in the GDP price-deflator. Output and interest rates are given by real GDP
and the effective federal funds rate, respectively.
Via either partialling-out or using leads in the reduced form, we find that the model is rejected
in the full-sample and the sub-samples by both the LR and ECS method.9 Table 1 shows that the
considered DSGE model does not fit the real data.

5

Conclusion

We propose an exact simulation-based confidence set estimation method for DSGE models. A simulation study based on a three-equation New Keynesian model shows that our method holds real
and concrete promise. An empirical analysis based on the model of Giannoni and Woodford (2003)
shows that the model is rejected by real data, which means the real data holds information on the
parameters of interest, however, the considered DSGE model does not fit the real data.

References
Anderson TW. 1984. An Introduction to Multivariate Statistical Analysis. Wiley, New York, 2nd
edition.
Andrews I, Mikusheva A. 2013. Maximum likelihood inference in weakly identified DSGE models.
Quantitative Economics : to appear.
Beaulieu MC, Dufour JM, Khalaf L. 2013. Exact confidence sets and goodness-of-fit methods. Journal
of Econometrics : to appear.
Benati L. 2008. Investigating inflation persistence across monetary regimes. Quarterly Journal of
Economics 123: 1005–1060.
9

Two sub-samples are considered: the pre-Volcker sample of 1954Q4 through 1986Q4 and the post-Volcker sample
of 1986Q4 through 2006Q4.

16

Canova F, Sala L. 2009. Back to square one: Identification issues in DSGE models. Journal of
Monetary Economics 54: 431–449.
Del Negro M, Schorfheide F. 2008. Forming priors for DSGE models (and how it affects the assessment
of nominal rigidities). Journal of Monetary Economics 55: 1191–1208.
Dennis R. 2004. Specifying and estimating new Keynesian models with instrument rules and optimal
monetary policies. mimeo .
Dennis R. 2009. Consumption habits in a new Keynesian business cycle model. Journal of Money,
Credit and Banking 41: 1015–1030.
Dridi R, Guay A, Renault E. 2007. Indirect inference and calibration of dynamic stochastic general
equilibrium models. Journal of Econometrics 136: 397–430.
Dufour JM. 2006. Monte Carlo tests with nuisance parameters: A general approach to finite-sample
inference and nonstandard asymptotics in econometrics. Journal of Econometrics 133: 443–478.
Dufour JM, Khalaf L. 2002a. Exact tests for contemporaneous correlation of disturbances in seemingly unrelated regressions. Journal of Econometrics 106: 143–170.
Dufour JM, Khalaf L. 2002b. Simulation based finite and large sample tests in multivariate regressions. Journal of Econometrics 111: 303–322.
Dufour JM, Khalaf L. 2003. Finite sample tests in seemingly unrelated regressions. In Giles D (ed.)
Computer-Aided Econometrics. Marcel Dekker: New York, 11–35.
Dufour JM, Khalaf L, Beaulieu MC. 2003. Exact skewness-kurtosis tests for multivariate normality
and goodness-of-fit in multivariate regressions with application to asset pricing models. Oxford
Bulletin of Economics and Statistics 65: 891–906.
Dufour JM, Khalaf L, Bernard JT, Genest I. 2004. Simulation-based finite-sample tests for heteroskedasticity and ARCH effects. Journal of Econometrics 122: 317–347.
Dufour JM, Khalaf L, Kichian M. 2013. Identification-robust analysis of DSGE and structural
macroeconomic models. Journal of Monetary Economics 60: 340–350.
Dufour JM, Kiviet JF. 1996. Exact tests for structural change in first-order dynamic models. Journal
of Econometrics 70: 39–68.
Dufour JM, Kiviet JF. 1998. Exact inference methods for first-order autoregressive distributed lag
models. Econometrica 66: 79–104.
17

Dufour JM, Torrès O. 2000. Markovian processes, two-sided autoregressions and finite-sample inference for stationary and nonstationary autoregressive processes. Journal of Econometrics 99:
255–289.
Fernández-Villaverde J, Rubio-Ramrez JF, Sargent TJ, Watson MW. 2007. ABCs (and Ds) of
understanding VARs. American Economic Review 97: 1021–1026.
Giannoni M, Woodford M. 2003. Optimal inflation targeting rules. In Bernanke BS, Woodford M
(eds.) The Inflation-Targeting Debate. Chicago: University of Chicago Press, 93–172.
Gouriéroux C, Monfort A, Renault E. 1993. Indirect inference. Journal of Applied Econometrics 8:
85–118.
Guerron-Quintana P, Inoue A, Kilian L. 2013. Frequentist inference in weakly identified dynamic
stochastic general equilibrium models. Quantitative Economics 4: 197–229.
Iskrev N. 2010. Local identification in DSGE models. Journal of Monetary Economics 57: 189–202.
Khalaf L, Lin Z. 2014. Statistical test inversion and numerical projections with particle swarm
optimization. mimeo .
Khalaf L, Peraza B. 2014a. Finite sample simulation-based inference for moving average processes.
mimeo .
Khalaf L, Peraza B. 2014b. Persistence robust simulation-based inference for autoregressive moving
average processes. mimeo .
Khalaf L, Saunders CJ. 2014. Indirect set inference for dynamic panel models. mimeo .
Kleibergen F, Mavroeidis S. 2009. Weak instrument robust tests in GMM and the new Keynesian
Phillips curve. Journal of Business and Economic Statistics 27: 293–311.
Komunjer I, Ng S. 2011. Dynamic identification of DSGE models. Econometrica 79: 1995–2032.
Le VPM, Meenagh D, Minford P, Wickens M. 2011. How much nominal rigidity is there in the us
economy? Testing a new Keynesian DSGE model using indirect inference. Journal of Economic
Dynamics and Control 35: 2078–2104.
Le VPM, Meenagh D, Minford P, Wickens M. 2013. Testing DSGE models by indirect inference and
other methods: Some Monte Carlo experiments. mimeo .

18
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Table 1: Projection-based 5% confidence sets for the Giannoni and Woodford (2003) model
Coefficient
γ
α
σ
φ
ρ
χπ
χy
ρπ
ρy
ρR

Search set
[0, 1]
[0, 1]
[0.5, 1.5]
[0, 1]
[0, 1]
[0, 2]
[0, 1]
[0, 1]
[0, 1]
[0, 1]
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ECS estimation
∅
∅
∅
∅
∅
∅
∅
∅
∅
∅

Figure 1: Rejection frequency: the LR test and ECS method with the Giannoni and Woodford (2003)
model at level 5%, T = 103, p = 4

(a) φ, φ0 = 0.7

(b) σ, σ0 = 1

(c) γ, γ0 = 0.7

(d) α, α = 0.6

(e) ρ, ρ0 = 0.7

(f) χπ , χπ,0 = 1.5

(g) χy , χy,0 = 0.25

(h) ρπ , ρπ,0 = 0.5

(i) ρy , ρy,0 = 0.5

(j) ρR , ρR,0 = 0.5

(k) σπ , σπ,0 = 0.1

(l) σy , σy,0 = 0.4

(m) σR , σR,0 = 0.1
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Figure 2: Rejection frequency: the LR test and ECS method with the Giannoni and Woodford (2003)
model at level 5%, T = 175, p = 4

(a) φ, φ0 = 0.7

(b) σ, σ0 = 1

(c) γ, γ0 = 0.7

(d) α, α = 0.6

(e) ρ, ρ0 = 0.7

(f) χπ , χπ,0 = 1.5

(g) χy , χy,0 = 0.25

(h) ρπ , ρπ,0 = 0.5

(i) ρy , ρy,0 = 0.5

(j) ρR , ρR,0 = 0.5

(k) σπ , σπ,0 = 0.1

(l) σy , σy,0 = 0.4

(m) σR , σR,0 = 0.1
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Figure 3: Rejection frequency: the LR test and ECS method with the Giannoni and Woodford (2003)
model at level 5%, T = 103, p = 4

(a) φ, φ0 = 0.909

(b) σ, σ0 = 1

(c) γ, γ0 = 0.88

(d) α, α = 0.898

(e) ρ, ρ0 = 0.877

(f) χπ , χπ,0 = 1.529

(g) χy , χy,0 = 0.359

(h) ρπ , ρπ,0 = 0.037

(i) ρy , ρy,0 = 0.426

(j) ρR , ρR,0 = 0.236

(k) σπ , σπ,0 = 0.157

(l) σy , σy,0 = 0.275

(m) σR , σR,0 = 0.078
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Figure 4: Rejection frequency: the LR test and ECS method with the Giannoni and Woodford (2003)
model at level 5%, T = 175, p = 4

(a) φ, φ0 = 0.909

(b) σ, σ0 = 1

(c) γ, γ0 = 0.88

(d) α, α = 0.898

(e) ρ, ρ0 = 0.877

(f) χπ , χπ,0 = 1.529

(g) χy , χy,0 = 0.359

(h) ρπ , ρπ,0 = 0.037

(i) ρy , ρy,0 = 0.426

(j) ρR , ρR,0 = 0.236

(k) σπ , σπ,0 = 0.157

(l) σy , σy,0 = 0.275

(m) σR , σR,0 = 0.078
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Figure 5: Rejection frequency: the LR test and ECS method with the Giannoni and Woodford (2003)
model at level 5%, T = 103, p = 4, volatility parameters are partialled out

(a) φ, φ0 = 0.909

(b) σ, σ0 = 1

(c) γ, γ0 = 0.88

(d) α, α = 0.898

(e) ρ, ρ0 = 0.877

(f) χπ , χπ,0 = 1.529

(g) χy , χy,0 = 0.359

(h) ρπ , ρπ,0 = 0.037

(i) ρy , ρy,0 = 0.426

(j) ρR , ρR,0 = 0.236
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Figure 6: Rejection frequency: the LR test and ECS method with the Giannoni and Woodford (2003)
model at level 5%, T = 103, p = 2 and l = 2

(a) φ, φ0 = 0.909

(b) σ, σ0 = 1

(c) γ, γ0 = 0.88

(d) α, α = 0.898

(e) ρ, ρ0 = 0.877

(f) χπ , χπ,0 = 1.529

(g) χy , χy,0 = 0.359

(h) ρπ , ρπ,0 = 0.037

(i) ρy , ρy,0 = 0.426

(j) ρR , ρR,0 = 0.236

(k) σπ , σπ,0 = 0.157

(l) σy , σy,0 = 0.275

(m) σR , σR,0 = 0.078
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Figure 7: Rejection frequency: ECS method (apply the LR criterion, the LH trace criterion, the
BNP trace criterion, the MR criterion and the Wald criterion) with Giannoni and Woodford (2003)
model at level 5%, T = 103, p = 4, l = 2

(a) φ, φ0 = 0.909

(b) σ, σ0 = 1

(c) γ, γ0 = 0.88

(d) α, α = 0.898

(e) ρ, ρ0 = 0.877

(f) χπ , χπ,0 = 1.529

(g) χy , χy,0 = 0.359

(h) ρπ , ρπ,0 = 0.037

(i) ρy , ρy,0 = 0.426

(j) ρR , ρR,0 = 0.236

(k) σπ , σπ,0 = 0.157

(l) σy , σy,0 = 0.275

(m) σR , σR,0 = 0.078
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