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Abstract

Amongst the eleven recessions that have hit the U.S. economy since the end of

World War II, only three times has quarterly consumption fallen more than GDP:

in 1974Q3, 1980Q1 and 2008Q2. During these periods the consumption smoothing

motives does not seem to operate. We present a tractable model with heterogeneous

agents and with a search model of the labor market which is able to reproduce these

facts. In this model, uninsured and endogenously time-varying unemployement risk

(i.e., job creation and destruction rates) generates precautionary saving by individual

households. We show that the model can produce a countercyclical saving rate during

crises provided that i) insurance markets are incomplete, and ii) the real wages is

rigid. The methodological contribution of this paper is the construction of a tractable

equilbrium with incomplete insurance markets, aggregate shocks and indivisible labor,

which generalizes some previous work.
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1 Introduction

Amongst the eleven (NBER) recessions that have hit the U.S. economy since the end of

World War II, only three times has quarterly consumption fallen more than GDP whilst

GDP growth was negative: in 1974Q3, 1980Q1 and 2008Q2.1 These three events, during

which the saving rate covaried negatively with output, pose a challenge to most aggregative

dynamic general equilibrium models of the business cycle, which predict aggregate consump-

tion smoothing in the face of changes in aggregate income. We refer to times of negative

output growth associated with �anti-consumption smoothing�at the aggregate level as crises,

as opposed to the regular business cycle, in which variations in the saving rate bu¤er GDP

�uctuations.2 Our purpose in this paper is to understand the circumstances under which

reversion of aggregate consumption-smoothing may take place and to embed the main mech-

anism that we have in mind in a fully �edged, but tractable, dynamic general equilibrium

model of the U.S. economy.

We argue here that precautionary saving behaviour at the individual level is key in un-

derstanding the joing behaviour of aggregate consumption, aggregate saving and output in

times of crises. This presumption is based on the common observation that the most impor-

tant source of income risk faced by individual households is unemployment risk, and that

the latter is only imperfectly insured (e.g., Carrol, 1992; Guiso et al., 1996; Gourinchas and

Parker, 2002). In times of crises, private households experience a sharp increase both in the

probability of losing their job in the near future and in the expected length of unemployment

spells �as determined by the probability of leaving unemployment. With imperfect unem-

ployment insurance, the rational response of households to this higher risk is to vary their

asset wealth: households who are still employed tend to accumulate assets for self-insurance

purposes, while the unemployed decumulate assets to insulate their consumption from the

associated income fall. If the precautionary saving motive is su¢ ciently strong, employed

households may end up saving a higher share of their income than before the crisis. In

short, the very desire to smooth consumption at the individual level in a context of impect

1There is also a very mild increase in the saving rate in 2009Q1. Our results are una¤ected when we treat

2008Q2 and 2001Q1 as separate events.

2Our de�nition of �crises�is conservative since we are focusing on times during which output growth has

been negative, rather than simply below trend. Looking at events with below trend output growth would

yield more occurences of anti-consumption smoothing, but the number of such events would depend on the

detrending method being used.
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unemployment insurance may lead to anti-consumption smoothing at the aggregate level.

The theoretical assumptions making it possible for this mechanism to be operative are

not di¢ cult to discern. First, insurance markets must be incomplete. If this were not

the case, the individual income risk generated by transitions across employment statuses

would be identical to the aggregate risk faced by the representative agent, and consumption

smoothing would always prevail at the aggregate level. By contrast, the lack of a complete

set of Arrow-Debreu securities implies that individuals may face considerably more income

risk than the economy as a whole, potentially giving rise to a strong precautionary motive

for holding assets.

Second, unemployed households�access to credit markets must be restricted. Since these

households face a rising expected income pro�le �because they contemplate the possibility of

leaving unemployment�, they are willing to borrow and �nance current consumption against

future income; allowing them to do so without limit would then largely insulate individual

consumption changes from individual income changes and thus make up for the missing un-

employment insurance. The model that we present below features both incomplete markets

and borrowing limits, as in Bewley (1983), Huggett (1993), and Aiyagari (1994), causing

individual consumption levels to co-move with individual incomes. It is also augmented to

incorporate aggregate shocks (next to idiosyncratic income risk), in the way proposed by

Krusell and Smith (1997, 1998).

Third, the individual unemployment risk faced by individual households must be time-

varying and related, ideally in a fully endogenous manner, to the aggregate state of the

economy. We generate this feature by embedding our incomplete market economy in a labour

search and matching model a la Mortensen and Pissarides (1994), wherein the probabilities

of changing employment statuses (that is, both the separation and the job-�nding rates)

are endogenous and functions of aggregate shocks. Following the point made by Hall (2005)

and Shimer (2005) that the way the surplus from a match is shared between a worker and a

�rm must be consistent with large vacancy �uctuations, we consider a wage formation rule

that is consistent with substantial equilibrium rigidities, as in Hall (2005) and Blanchard

and Gali (forthcoming). Wage formation aside, the central di¤erence between much of the

search-and-matching general equilibrium literature and our model relates to risk sharing: in

the former, individuals do transit between employment and unemployment but the incomes

inequalities that result are ultimately averaged within the �representative family�(e.g., Merz

1995; Andolfato, 1996; and Den Haan et al. 2000, among others); by constrast, in our model
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market incompleteness prevents unemployment risk from being shared between households.

In this context, time-variations in the transition rates across employment statuses become

the primary driver of the precautionary motive at the individual level.

Our results indicate that incomplete unemployment insurance coupled with real wage

rigidities may produce the countercyclical saving rate that is observed during crises episodes.

Incomplete unemployment insurance generates a precautionary motive for saving at the in-

dividual level, which is necessary to decouple (imperfect) consumption smoothing at the

individual level from its aggregate counterpart. Wage rigidity, by inducing large unemploy-

ment responses to adverse shocks and hence sharp increases in the unemployment risk faced

by individual, makes the precautionary motive strong enough to overturn aggregate con-

sumption smoothing. In contrast, neither of these two features taken in isolation is able

overturn the traditional prediction of aggregative models of a procyclical saving rate. For

example, under market incompleteness and wage �exibity (as is implied, for example, by

a Nash-bargaining rule), time-variations in the unemployment rate and individual unem-

ployment risk are too small to generate a signicant precautionary saving response to the

shock.

Related literature. The role of precautionary saving during crises episodes has mainly been

studied in the context of the Great Depression, during which aggregate consumption fell

more than GDP. For example, Romer (1990) and Flocco and Parker (1992) argue that

rising uncertainty about households�individual income levels, possibly fulled by increased

stock market volatility, led households to delay current spending in order to wait for further

information about the likely course of economic activity. More recently, several contributions

have stressed the importance of wage rigidities in the propagation of the Great Depression

(see Bordo et al. 2000; Ohanian, 2009). While our paper also links individual income

uncertainty, wage rigidities and the strong procyclicality of aggregate consumption, it focuses

on post-war crises rather than on the Great Depression.

The papers that are closest to ours are Gomes, Greenwood and Rebelo (2001), Krusell

Mukoyama and Sahin (2009) and Nakajima (2009). Our work shares with those three papers

the joint focus on labour market frictions and incomplete markets. However, it di¤ers from

these in various dimensions. For example, Gomes, Greenwood and Rebelo (2001) use the

Lucas-Prescott modeling of labor markets, whereas we use the Mortensen-Pissarides frame-

work. Nakajima (2008) and Krusell Mukoyama and Sahin (2009) assume Nash-bargaining in

the labour market and �nd little di¤erence between complete and incomplete markets. The
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key di¤erence between their results and ours is that we introduce wage rigidities a la Hall

(2005). In addition to better describe observed vacancy �uctuations, wage rigidities consid-

erably magnify unemployment �uctuations and hence the idiosyncratic unemployment risk

faced by individual agents, relative a Nash-bargained wage. This in turn strengthens the

precautionary motive for holding assets, to the point of overturning the basic prediction of

the complete-markets framework as to the behaviour of the saving rate.

An additional contribution of this paper is to provide a prototypical incomplete-markets

model of the business cycle that is su¢ ciently tractable to be analysed with standard DSGE

tools. First, our model is constructed so as to generate limited heterogeneity amongst house-

holds; we thus avoid the computation of approximate solutions for equilibria in which the

underlying distribution of wealth as in�nitely many states, as in Krusell and Smith (1998)

and in most of the heterogenous agents literature. Our limited-heterogeneity equilibrium is

based on two assumptions. The �rst one is that agents have constant marginal utility of

consumption above some threshold �a form of decreasing relative risk aversion; this implies

that su¢ ciently wealthy agents all make the same asset-holding decisions, regardless of their

beginning-of-period wealth. The second assumption is that unemployed households, who

gradually deplete their asset wealth to provide for current consumption, face a binding bor-

rowing constraint after a �nite number of unemployment periods �two periods here. Hence

all agents experiencing unemployment spells of two periods or more also share the same asset

wealth (zero). Importantly, in contrast to our previous work on limited-heterogeneity equi-

libria (e.g., Algan Challe Ragot, 2009, and Challe, Legrand and Ragot, 2009), the present

one does not rely on in�nitely-elastic labor supply.

Plan of the paper. The remainder of the paper is organised as follows. Section 2 summarises

the evidence motivating our analytical framework. The model is presented in Section 3, and

then calibrated in Section 4. Section 5 presents results for our baseline calibration. Section

6 extends our analysis in several directions, notably by studying the e¤ects of alternative

shocks and of opening the economy. Section 7 concludes.

2 Some basic facts

This section presents the salient stylised facts about the joint behaviour of quarterly aggre-

gate consumption, GDP and unemployment over the post-war period. The �rst panel of
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�gure 1 plots the growth rate of real GDP (x axis) against that of real consumption expen-

ditures (y axis). The three events that we are interested in are quarters of negative output

growth accompanied by an even larger fall of aggregate consumption �thereby causing the

consumption to output ratio to fall. These events (the red spots) appear to the left of the

y-axis and below the 45-degree line. The second panel mirrors the �rst one by representing

quarter-to-quarter proportional changes in the saving rate, de�ned as GDP minus consump-

tion over GDP (the y axis), against GDP growth (the x axis). The three episodes are then

to the left of the y axis (i.e., negative output growth) and above the x axis (positive growth

of the saving rate).

GDP growth (x axis) vs. aggregate consumption growth (y axis)

2008Q2

1980Q1

1974Q3
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0,02

0
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GDP growth (x axis) vs. growth of the saving rate (y axis)
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1980Q1 2008Q2
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0,05

0
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Figure 1: The Figure displays quarterly real GDP growth (x axes) against the quartely

growth rates of Real Consumption Expenditures (top panel) and the saving rate, de�ned as

GDP minus consumption over GDP (bottom panel). The sample is 1947Q1-2009Q2

Unemployment risk, the main candidate determinant of precautionary saving behaviour,

in facts aggregates two sources of risk: that of falling into unemployment and that of staying

unemployed once so. Inasmuch as both exhaustively determine the unemployment rate, the

latter provides an aggregate measure of the unemployment risk faced by individual agents.

As is illustrated in Figure 2, the three events that we de�ne as �crisis� according to the

relation between output growth and consumption growth were subsequently followed by high

unemployment; in fact, they are associated with the largest subsequent unemployment levels
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in post-war data, and are notably the only times during which unemployment crossed the 8%

threshold in the following quarters. This appears broadly consistent with our hypothesised

link between unemployment risk and the saving rate.
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Figure 2: Unemployment Rate, 1948-2009 (Bureau of Labour Statistics)

The model that we present below assumes incomplete insurance markets for unem-

ployment risk. In this model, households rationally (and constrained-optimally) self-insure

against endogenous spikes in unemployment risk, thereby causing countercyclical movements

in the saving rate.

3 The Model

Let us �rst, for the sake of clarity and for future reference, introduce the sequence of events

taking place in a typical date t (Figure 3).

3.1 Households

Total population is normalised to 1. Every household is endowed with one unit of labour,

which is supplied inelastically to �rms when the household is employed. Employed house-

holds earn the bargained real wage wt, while unemployed households earn a �xed home

production income � > 0. We denote by eit household�i employment status at date t, with
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Matches are
formed

Innovations are revealed
(aggregate productivity,
idiosyncratic productivity,
exogenous reallocation)

Matches are
destroyed

Vacancies
are created

Production
takes place

Income
components
are paid

Asset holding
and consumption
choices are made

Figure 3: Sequence of events at date t

eit = 1 when the household is employed and zero otherwise, and by hit = fei0; :::eitg the
household�s history of employment statuses up to date t.

Idiosyncratic shock. The unemployment risk faced by individual households is summarised

by two probabilities: the probability that a household who is employed at date t looses its

job at date t + 1 (the job separation rate �t+1), and the probability that a household who

is unemployed at date t stays so in the following period (one minus the job-�nding rate,

1 � �t+1). We summarise the transition probabilities across employment statuses by the

following matrix:

Tt+1 =

24 1� �t+1 �t+1

�t+1 1� �t+1

35 :
The equilibrium values of wt and Tt+1 will be endogenised later on via a random search

and matching process, and will depend on the aggregate productivity, zt+1. Since zt+1

is not known at date t, Tt+1 will be stochastic when households make their date-t asset

holding choices.3 Importantly, we shall make the assumptions necessary to insure that the

idiosyncratic income risk that results from these stochastic transitions across employment

status are not insurable �either via the trading of state-contingent securities or via borrowing

and lending.

Asset structure. A typical households i has access to two types of assets. The �rst one is the

3To be more speci�c, the job destruction rate at the beginning of date t+ 1, �t+1, is stochastic from the

point of view of date t, since it depends on innovations that take place at the beginning of date t + 1. In

contrast, the job-�nding rate at the beginning of date t, �t+1, depends on unemployment and vacancies date

t, and is thus known at that date (see Figure 4 for details).
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amount of capital rented out to �rms at date t (or �corporate bonds�), kit+1, and which yields

a unit return rt+1 at date t + 1. The other assets are claims to �rms�pro�t stream net of

wage and interest payment, and which have positive value as long as �rms extract a positive

surplus from their matches with workers (we refer to these assets as �shares�). Although

�rms will generate heterogenous pro�t streams in equilibrium (due to to the presence of an

idiosyncratic productivity component), households are able to fully diversify the associtated

dividend risk by holding a perfectly diversi�ed basket of shares. In consequence, every

household with positive asset demand will buy a quantity sit of the diversi�ed portfolio, at

a price Pt �hence Pt is the date-t price of a claim to the economy-wide stream of dividend

payments, fytg1t=1.

Households�objective. Households face the following problem:

max
fcit;kit+1;sitgt=0::1

Et

1X
t=0

�tu
�
cit
�
; � 2 (0; 1) ; (1)

s.t. kit+1 + Pts
i
t + cit = eitw

i
t +
�
1� eit

�
� + (Pt + yt) s

i
t�1 + (1 + rt) kt; (2)

sit; k
i
t+1 � 0; (3)

where cit is household i�s consumption and u (ct) its instant utility function (about which

speci�c assumptions are made below), and where the expectation operator Et is over both

the stochastic transition matrix Tt+1 and the aggregate variables Pt, wt and rt.

Equation (2) is the budget constraint of household i at date t, where labour income is

wit or � depending on whether the household is employed (e
i
t = 1) or not (e

i
t = 0). Equation

(3) summarise the constraints on household i�s asset holding choices: �rst, the household

cannot borrow (kit+1 � 0); second, it cannot short-sell claims to the aggregate dividend

stream (sit � 0).
The optimal bond and share holdings of household i are described by the following Euler

equations:

Ptu
0 �cit� = Et (Pt+1 + yt+1) �u

0 �cit+1�+ 'it (4)

u0
�
cit
�
= Et (1 + rt+1) �u

0 �cit+1�+ �it (5)

The coe¢ cients ('it; �
i
t) are the Lagrange coe¢ cients on the short-selling and borrowing

constraints, respectively: 'it = 0 (> 0) when the short-selling constraint is not (is) binding

and sit > 0 (= 0), while �
i
t = 0 (> 0) when the borrowing constraint is not (is) binding and
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kit+1 > 0 (= 0). Finally, the usual transversality conditions will always hold in the equilibria

that we are considering.

As is well known, the joint assumptions of incomplete markets and borrowing/short-

selling constraints imply that the model described above does not in general admit a closed-

form solution. This is because the optimal asset holding decisions of a particular household

i depend the household�s accumulated wealth, while the later is determined by the entire

history of idiosyncratic shocks, hit (for example, a household �nding a job after a long unem-

ployment spell will consume less and save more than an employed household or a household

leaving unemployment after a short unemployment spell). A typical implication of this his-

tory dependence is that the asymptotic cross-sectional distribution of wealth has in�nitely

many states, and hence in�nitely many Euler equations would be necessary to exactly de-

scribe the behaviour of the economy.

In this paper, we circumvent this issue by making speci�c assumptions on household�s

instant utility and on the tightness of the borrowing constraint ensuring that the cross-

sectional distribution of wealth (and associated number of household types) admits a �nite

number of states.

We �rst assume that the instant utility function is continuous, concave for low consump-

tion levels and linear above some threshold c�. More speci�cally, we assume that

u (c) =

8<: c1��1
1� ,  > 1 if c � c�;


 + �c if c > c�;
; (6)

where 
 can be chosen to smooth-paste the two portions of the utility function.4 Essentially,

this utility function (an extreme form of Decreasing Relative Risk Aversion) implies that

relatively wealthy households do not care about su¢ ciently small consumption �uctuations

�as long as the implied optimal consumption level remains in the linear part of the function�

but dislike larger consumption drops, such as those associated with a job loss. The central

implication of (6) is that all households entering date t with su¢ ciently high beginning-of-

period wealth (so that their optimal consumption satis�es cit > c�) all choose the same asset

holding levels (i.e., kit+1 and s
i
t) and hence have homogenous asset wealth at the end of the

4More speci�cally, we set 
 such that, given � and , u(c) is continuous over (0;+1) whilst the left and
right derivatives of u(c) evaluated at c� are identical. Formally,

c�� = �;
c�1� � 1
1�  = 
+ �c�:
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current period. Nevertheless, they still fear unemployment, leading to positive demand for

assets for precautionary purposes.

Second, we construct an equilibrium in which the borrowing constraint is binding for

agents experiencing unemployment spells of two periods or more. Again, in the general case

we would expect the unemployed to gradually deplete their asset wealth until the borrowing

limit becomes binding. Here we just set the deep parameters of the model (and notably

the amount of home production) in such a way that unemployed households endogenously

choose to liquidate their asset wealth in two periods. This will ensure that both the job-loss

and the job-�nding rates a¤ect precautionary saving, whilst keeping household heterogeneity

at its minimal level.5

To summarise, we study an equilibrium where i) employed households do not face binding

borrowing and short-sale constraint, ii) households who are unemployed at date t but were

employed at period t� 1 do not face binding borrowing and short-sale constrained, and iii)
households who are unemployed at date t and were also unemployed at date t�1 face binding
borrowing and short-sale constraints. In short, the individual history of household i relevant

to the determination of its type is ~hit =
�
eit; e

i
t�1; e

i
t�2
	
rather than hit; this implies that the

equilibria under consideration generate exactly eight types of agents, whose behaviour (i.e.,

consumption levels as well as bond and share holdings) are then easy to follow. For the sake

of clarity, we just describe the main properties of these limited-heterogeneity equilibria and

leave the corresponding algebra in the Appendix.

Denote as euu the households who are unemployed (the last u stands for unemployed) at

period t, who were unemployed at period t� 1 and who were employed at period t� 2 (the
�rst letter e stands for employed at period t�2). With obvious notations the eee households
at period t are the households employed at period t, t�1 and t�2. The 8 agents we consider
are euu; eeu,eee, uee; uue; uuu; eue; ueu.

In this equilibrium, we show by construction that all employed agents in period t, denoted

as e agents (thus including the eee, uee; uue; eue households) buy the same quantity of shares

at period t, denoted as set and lend the same quantity of capital at period t, denoted as k
e
t+1.

Moreover, unemployed households in period t, who were employed in period t� 1, denoted
as eu households buy the same amount seut and lend the same quantity keut+1. Finally, as the

5If households liquidated their entire asset portfolio in the �rst unemployment period, then changes in the

job-�nding rate (and hence in the expected length of unemployment spells) would not a¤ect precautionary

saving; only the job-loss rate would.
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households who were unemployed for two periods are credit constrained on both markets,

we have seuut = 0 and keuut+1 = 0.

More formally, we prove by construction this existence of an equilibrium where all house-

holds of the same type consume and save the same amount (no heterogeneity within the 8

types), and where:

cuuut ; ceuut ; cueut ; ceeut < c� < cuuet ; ceuet ; cueet ; ceeet (7)

and where the Lagrange coe¢ cients satisfy

'eut = 'et = �eut = �et = 0

whereas 'uuut ; 'euut ; �uuut ; �euut > 0.

In this equilibrium, we can write the Euler equations for employed agents as:

Ptu
0 (cet ) = Et (Pt+1 + yt+1) �

�
(1� �t+1)u

0 �ceet+1�+ �t+1u
0 �ceut+1��

u0 (cet) = Et (1 + rt+1) �
�
(1� �t+1)u

0 �ceet+1�+ �t+1u
0 �ceut+1��

This equation is the equation (4) where we have disaggregated the expectation conditional

on the fact that the household is employed at period t + 1 (with probability 1 � �t+1) and

the fact that the household is unemployed (with probability �t+1). The expectation is now

taken only on the aggregate shock, what is a slight abuse of notations.

As we have assumed that employed agents consume an amount above the threshold c�,

we have

u0 (cet ) = u0
�
ceet+1

�
= �

One can de�ne the pricing kernel of employed agents as

me
t+1 = �

 
(1� �t+1) + �t+1

u0
�
ceut+1

�
�

!
(8)

and write the two Euler equations as

Pt = Etm
e
t+1 (Pt+1 + yt+1) and 1 = Etm

e
t+1 (1 + rt+1) (9)

Along the same lines, one can easily de�ne the pricing kernel of eu households. These

households stay unemployed with a probability 1 � �t+1. If they are unemployed at period

t + 1, they become euu households and face credit constraints. As a consequence, they

sell their whole portfolio to consume (we check this in equilibrium). In this case, their

consumption is ceuut+1 = � + (Pt+1 + yt+1) s
eu
t + (1 + rt+1) k

eu
t+1. With a probability �t+1 they
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�nd a job. In this case, their marginal utility at period t + 1 is � by assumption. As a

consequence, the pricing kernel of eu agents is

meu
t+1 = �

 
�t+1� + (1� �t+1)u

0 �� + (Pt+1 + yt+1) s
eu
t + (1 + rt+1) k

eu
t+1

�
u0 (ceut )

!
(10)

the Euler equations of eu households can be written as

Pt = Etm
eu
t+1 (Pt+1 + yt+1) and 1 = Etm

eu
t+1 (1 + rt+1) (11)

To see that the equilibrium is consistent, note that if all eu agents consume the same

amount at period t, then the two equations (11) implies that they choose the same amount

seut and keut+1. Moreover, all employed agents have the same two Euler equations (9) and

choose to buy the same quantity of assets set and to lend the same amount of capital k
e
t+1.

As a consequence, the consumption of eu households at date t is

cseut = � + (Pt+1 + yt+1) s
e
t + (1 + rt+1) k

e
t+1 � Pts

eu
t � keut+1; s = u; e:

Under the conjectured equilibrium, it is simple to determine the equilibrium level of

consumption and savings of households of each type. This is done in Appendix. Finally,

knowing the transition probabilities �t+1 and �t+1 one can deduce the number of households

of each type. If !d1d2d3, with d1; d2; d3 2 fe; ug, is the number of agents of type d1d2d3 one
�nds, for instance

!uuet = �t
�
!euut�1 + !uuut�1

�
The previous equation says that the number of households who are employed at period t and

who were unemployed the two previous periods, is the number of unemployed households in

period t � 1 who where unemployed in period t � 2 (the sum !euut�1 + !uuut�1 ) and who �nd a

job in period t. In Appendix, we derive the law of motions of each of the 8 types.

To sum up, in the equilibrium under consideration, only two types of agents participate

to �nancial market and households remaining unemployed are credit constraints. In other

words, the assets are priced by two pricing kernels.

Why considering liquidation in two periods? When households liquidate their portfolio

in two periods, their saving choice will depend on the probability to stay unemployed for two

periods. This last probability depends on the probability to �nd a job when unemployed. In

consequence, their saving decision when employed will depend on the job-�nding probability.

This would not be the case if households were liquidating all their portfolio as soon as

they become unemployed (i.e. in one period). In this case, the consumption of eu agents
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would not depend on the job-�nding probability, neither the saving rate of households. As

Shimer (2005) has shown that the job-�nding rate �uctuates a lot in the business cycle, we

construct the simplest equilibrium where this probability a¤ects the saving rate. One could

also study an equilibrium where households liquidate their portfolio when unemployed after

an arbitrarily high (but �nite) number of periods. In this case, the model would be much

more involved, without any additional insight.

3.2 Conditions for this equilibrium to exist

First, the equilibrium exists if the 8 consumption levels satisfy condition (7) about the

ranking of consumption levels. Second, the equilibrium exists if euu and uuu are credit

constrained. This condition can be written as

u0
�
� + (Pt + yt) s

eu
t�1 + (1 + rt) k

eu
t

�
> Et

Pt+1 + yt+1
Pt

(�t+1�� + (1� �t+1)u
0 (�))

u0
�
� + (Pt + yt) s

eu
t�1 + (1 + rt) k

eu
t

�
> Et (1 + rt+1) (�t+1�� + (1� �t+1)u

0 (�))

This condition states that the marginal cost to save either in shares or in capital is higher

than the expected marginal gain, taking into account the possibility to be either employed

or unemployed. We only have to check that the credit constraint condition is ful�lled for

euu households, because the condition on uuu households is ful�lled when the conditions for

euu is.

To show that these conditions hold, we characterize the steady state equilibrium when

there is no aggregate shock (zt is constant). We show that the conditions are ful�lled in

this case. Then we consider small aggregate shocks which ensure that the conditions hold

at each period.

3.3 The simple theory of precautionary saving

The previous section fully characterizes the precautionary saving behavior of households. To

understand the determinant of the saving rate, we derive the saving rate when the transition

probability � and � are constant and when there is no aggregate risk. In this case, assets

are redundant and we can consider the S amount saved in the safe asset, which has a return

r. One �nds exact expressions for Seu (r; �; �) and Se (r; �; �). This is done in appendix 3.3.

One �nds the following results:

Seu
�
�
+
; �
�
; r

�
and Se

�
�
+
; �
�
; r

�
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Employed households in period t save to consume if they become unemployed in period

t + 1 and to consume two periods ahead if they become unemployed at t + 1 and stay

unemployed at t+2. In other words, they save to consume if they become eu in period t+1

and euu in period t + 2. When the probability to stay unemployed increases, households

anticipate that the probability that they become euu increases, because if they loose their

job, the probability to go back to employment decreases. As a consequence, they save more

to self-insure against the risk to remain unemployed. For the same reason, employed agents

save more when the probability to fall into unemployment increases. The e¤ect of the interest

rate is ambiguous as there is both an income and a substitution e¤ect. When the utility

function is very concave the income e¤ect dominate and the saving decreases with the real

interest rate.

3.4 The production sector

The production sector is modeled to provide an endogenous dynamics of the unemployment

risk. We use a standard Mortensen-Pissarides framework, where the job separation rate is

endogenous as in Den Haan et al. (2000). In this framework, we study the e¤ect of two

shocks, a negative productivity shock and an exogenous shock on the job separation rate.

More formally, an employment relationship is composed of a �rm and a worker. Workers

and �rms have to be matched to produce. Once matched with a worker, a �rm j production

is ztajtk�jt where zt is an aggregate technology shock, ajt is a �rm speci�c technology shock,

which is an IID shock which has a standard deviation  . kjt is the amount of capital hired

by the �rm after observing the shocks ajt and zt. The capital stock is assumed to depreciate

at a rate �.

Pro�t maximization of �rm j at period t is

max
kjt

[ztajtf (kjt)� (rt + �) kjt] + gt

where rt is the rental rate of capital and gt is the expected current value of the payo¤ from

continuing the relationship. It is the same for all �rms because idiosyncratic shocks are IID.

In this framework, the choice of the capital stock is a static problem and yields

rt + � = ztajtf
0 (kjt) (12)

Exogenous Shocks. The exogenous process for the aggregate productivity shock will be a
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simple AR(1) process for the log of productivity. More formally,

zt = e1+ut with ut = �ut�1 + "t

where "t is a white noise, normally distributed with standard deviation �".

The relationship can be severed for exogenous reason. Let �st denote the probability

that the match is destroyed for exogenous reason. We assume that this job separation rate

can increase for exogenous reason following a negative supply shock. We motivate this

assumption below. The exogenous separation rate follows the process

�st = (1� �s) �st�1 + �s�st�1 + vt

�s is the autocorrelation of the exogenous separation rate and vt is a white noise, normally

distributed with standard deviation �v.

Endogenous separation rate. For �rms, there is a minimum level of idiosyncratic produc-

tivity �ajt such that the �rm will choose separation when ajt < �ajt. Due to the IID assumption,

the threshold will be the same for all �rms and is thus denoted �at. This threshold is de�ned

by the following equality

max
kjt

[zt�atf (kjt)� (rt + �) kjt]� wjt + gt = 0 (13)

The left hand side is the current intertemporal pro�t, which has to be positive for the �rm

to produce. As a consequence, there is an endogenous probability that the relationship is

severed because of the endogenous shock. Denote �nt as the probability that the relationship

is severed for endogenous reason, one gets.

1� �nt =

Z 1

at

d� (at) (14)

where � is the distribution of IID shocks which will be assumed to be normal.

The total probability that an employed worker at period t�1 remains employed at period
t satis�es the equality

�t = �st + (1� �s) �nt (15)

The left hand side is the probability that the relationship is severed. The �rst term on the

right hand side is the probability of exogenous separation. The second term is the probability

of endogenous separation conditional on the absence of exogenous separation.

The number of matches at each period depends on the number of new vacancies posted

by �rms and the number of unemployed workers who look for a job. Let Ut denote the
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total number of unmatched workers and denote as Nt the number of vacancies at period t.

Following many others, we consider a simple matching technology. The number of matches

is M , de�ned as

Mt = �Ut N
1�
t

From the number of matches, we can deduce the probability that an unmatched worker

�nds a �rm at period t to get a wage at period t + 1, �t+1, and the probability �
f
t+1 that a

�rm is match with a worker in period t to be able to produce in period t+ 1 :

�t+1 = �
Ut N

1�
t

Ut
and �ft+1 = �

Ut N
1�
t

Nt
(16)

Continuation value. We now have to determine the continuation value for �rms, and the

number of vacancies posted each period. To do so, we have to specify the objective of

the �rm. It is known that the objective of the �rm is not well-speci�ed in this setting

because two types of households hold all �rms for diversi�cation purposes (type e and type

eu households), and have di¤erent pricing kernels. We use here the results about corporate

control for production economies with incomplete markets (DeMarzo, 1993) which shows

that realistic decision processes yield the rule of the dominant shareholder. This rule implies

that the pricing kernel used by the �rm to assess risk and to compute its continutation value

is the pricing kernel of the largest shareholder6. With a realistic calibration, this implies

that the �rm used the pricing kernel of employed agents : me
t . It is now easy to determine

the number of vacancies posted at each date. Assume that there is a cost � of opening a

vacancy, the free entry condition yields the following equality

Etm
e
t+1�

f
t+1 (1� �t+1)

Z 1

at+1

(dt+1 (at+1) + gt+1) d� (at+1) = � (17)

This equality states that the expected, and appropriately discounted, gain from creating

a vacancy must be equal to the cost of opening a vacancy. Once the vacancy is created,

a match occurs at the beginning of the next period with probability �ft+1. Provided that

the match is not immediatly destroyed, which occurs with probability 1� �t+1, its expected
value is the continuation value of the match plus the expected dividend, which depends on

idiosyncratic productivity.

6The speci�cation of the pricing kernel is done for the sake of internal consistency. In fact, as the model

is solved at the �rst order, any alternative choice (as discussed in Carceles-Poveda 2009 for instance) would

deliver quantitatively similar results.

17



The continuation value gt for a �rm is

gt = Etm
e
t+1 (1� �t+1)

Z 1

at+1

�
max
kit+1

[zt+1�at+1f (kit+1)� rt+1kit+1]� wt+1 + gt+1

�
d� (at+1)

(18)

3.5 Market clearing

Equilibrium in the market for shares requires:

(!eet + !euet + !uuet ) set + !eut s
eu
t = 1 (19)

In short, the total demand for shares by employed households (each of whom demands

set shares, and who are in total number !
ee
t +!

eue
t +!uuet in the economy) plus that of house-

hold currently falling into unemployment (who are in number !eut and demand a individual

quantity of shares seut ) must be equal to the total supply of shares, which is normalised to

one.7 Similarly, clearing of the bond market requires:

Second the capital stock is lent by e and eu households in period t. In consequence, we

have �
!eet�1 + !euet�1 + !uuet�1

�
ket + !eut�1k

eu
t = (1� Ut)

Z 1

at

kt (at) d� (at) (20)

The left-hand side of (20) is the supply of capital, which is determined at the end of date

t�1. The right-hand side is the demand by �rms. It is equal to total number of employment
relations at date t, weighted by the idiosyncratic capital demand by every operating �rm.

The labor market equilibrium states that the number of unmatched worker at date t is

the sum of all unemployed workers at the same date, whatever their type. In consequence,

we must have:

Ut = !ueut + !ueut + !euut + !uuut (21)

3.6 Wage formation

The process of wage formation in this class of model has produced an important literature

since the work of Hall (2005) and Shimer (2005), among others, who studied the volatility

of real wage in this class of models (see Pissarides (2009) for a recent discussion). Our

understanding of the literature is that an important assumptions concern the response of

7The normalisation does not a¤ect outcomes, since what ultimately matters is the aggregate dividends

paid out by �rms, not the number of shares.
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the real wage to the level of labor productivity. To introduce a �exible framework, we build

on Hall (2005) who assume that the wage process is exogenous with the condition that it

belongs to the bargaining sets of households and �rms. More speci�cally, we introduce a

wage equation, where the wage rate depends on productivity in the following way:

wt = ws � z�t (22)

This reduce form encompasses various speci�cations used in the literature and it has been

estimated on the data for various types of workers (Haefke et. al. 2008). We will use this

empirical estimates to calibrate the model.

3.7 The complete markets economy

In the simulation exercise below, we compare the outcome of the previous incomplete market

model with the same outcome with the complete market assumption. This last economy has

been studied by Merz (1995) and Andolfatto (1996) or Den Haan et al (2000), among others.

In this economy, the program of the representative agent is

max
fcit;kit+1;sitgt=0::1

Et

1X
t=0

�tu
�
cit
�

s:t: kt+1 + ct = (1� Ut)wt + Ut� +Dt + (1 + rt) kt

The representative agent gets all the income of the economy: the labor income (1� Ut)wt,

where Ut is the unemployment rate and thus 1�Ut the employment rate, and the revenue from
home production Ut�. In addition to this labor income, the representative agent gets total

dividends Dt =
R1
at
dt (a) d� (a) and the revenue from pas �nancial investment, (1 + rt) kt.

The agent chooses its consumption and its current �nancial investment. In this framework it

is not necesary to price the shares of the �rms, as they are not traded. This program yields

the standard Euler equation:

u0 (ct) = �Et (1 + rt+1)u
0 (ct+1) (23)

The production sector is the same as in the previous section. The equation (12)-(22) are

still valid in this framework. The only di¤erence is that the pricing kernel used to compute

continutions value os the one of the representative agent:

mt+1 = �
u0 (ct+1)

u0 (ct)

The model with complete market is thus very close to that studied by Den Haan et al.

(2000).
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4 Calibration

4.1 Incomplete markets

Before describing the calibration, a speci�c production function has to be introduced to insure

that liquidation is made in two periods whereas the level of real interest rate is realistic. To

do so, we assume that the production function has the following form

f (k) =
�
k + �K

��
where �K is a parameter, chosen to match the real interest rate.

The economic justi�cation of this assumption is the following. Our model analyzes short

run changes in the saving rate due to a change in precautionary savings. We do not expect

that the entire amount of savings is actually due to short-run consumption smoothing. As

a consequence, the amount �K can be thought as an additional amount funds available to

�rms, which is not a¤ected by precautionary saving. The gain of this assumption is to allow

to match easily a targeted interest rate in a limited heterogeneity framework.

We now present a simple calibration which provides consistent outcomes for the relevant

variables. The period de�nition is one quarter and parameters value are given in Fig. 1.
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Parameter Description Value

� Discount factor 0.9832

� Local curvature utility function 3

� Slope of the utility in the linear part 4

� Curvature of the production function 0.2

�K parameter production function 8.73

� Replacement rate 0.5

� Capital depreciation rate 2.5%

 elasticity of matching function 0.5

� Scaling parameter of the matching function 0.59

� Cost of creating a vacancy 0.0003

ws real wage 1.54

�s Exogenous separation rate 2.8%

 Standard deviation of tech. idiosyncratic shock 0.0001

� Cyclicality of real wage 0.8

� Autocorrelation of technology shock 0.99

�s Autocorrelation of the shock to separation rate 0.95

Tab 1: Parameter Values

The preference parameters are taken at standard values. The relative risk aversion �

is equal to 3, but the results are not sensitive to this parameter. The discount factor �

together with the parameter �K are taken to match an annual real interest rate equal to 4%

will liquidation is done is two periods. The slope of the utility function � is derived from

the other parameters of the utility function to insure that the utility function is concave.

The concavity of the production function is taken equal to 0:2. The results are robust to

modi�cation of this parameter. The capital depreciation rate � is taken equal to the standard

quarterly value of 2.5%. The matching function has a Cobb-Douglas form and a benchmark

elasticity according to each factor equal to 0.5 (Pissarides 2009 for instance).

The next four parameters concern the labor market : �; �; �s; wS;  The values of these

parameters is taken to reproduce standard values in the literature (Den Haan et al. 2000

among others), which are summarized in Tab. 2. They are the job �nding rate, the job

separation rate, the worker �nding rate for �rms and the steady state unemployment rate.

The job separation rate is taken at a value equal to 3%. There is a debate about the

�uctuations in the business cycles of this parameter (Shimer 2005; Elsby and al. 2009). We
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follow Shimer (2005) in assuming a low cyclicality of this parameter. Its steady state value

equal to 3% and 2:8% of the job separation rate is exogenous whereas 0:2% is endogenous.

This pins down the value of the standard deviation of the idiosyncratic shock  .

Parameter Description Model Data

� Probability to stay employed 0.97 0.97

� Probability to �nd a job 0.45 0.45

�f Probabiliy to �nd a worker 0.77 0.7

U Unemployment rate 6.2% 6.0%

Table 2: Labor Market Outcome (Baseline case)

The next parameter is the cyclicality of the real wage is taken from Haefke et al (2008).

As Pissarides (2009) argues what is important in this class of models is the elasticity of

the wages of new hires in the business cycle. For this reason, we consider the estimate of

the elasticity of new hires with respect to labor productivity 0:8. We also simulated the

model with the elasticity of the average wage with respect to productivity, which is found

to be 0:24. This does not change the result qualitatively. The last parameters concern the

persistence of aggregate shocks. We assume that the persistence of both shocks is equal to

the standard value 0:95.

Finally, as our paper is on periods of crisis, we do not report the standard deviation of

the shock to aggregate productivity or to the separation rate. We will study the behavior

of the model through impulse response functions, which summarize main dynamics of the

model after a bad shock.

4.2 Complete markets

The calibration of the complete market economy is chosen to reproduce the same steady

state as in the incomplete market framework. We only have to change preference parameters

to only show in Tab 3. the parameters which are di¤erent between the two economies.

Parameter Description Value

� Discount factor 0.9832

� Local curvature utility function 2-4

Table 3: Parameter Values with Complete Markets

This calibration reproduces the outcome described in Tab 2. with complete markets.

Note that there is a speci�c issue concerning the concavity of the utility function. Indeed,
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we have to choose in which part of the utility function does the strady state consumption lie.

We choose a benchmark concavity of 3 but we will check the robustness for values between

2� 4

5 Results

5.1 E¤ect of a productivity shock

5.1.1 Incomplete markets

The response of the model to a negative technology shock when markets are incomplete can

be found in Figure 4. The x-axis is the number of quarter after the shock, whereas the y-axis

is the percentage deviation from steady state value.

Figure 4: Responses to a negative productivity shock
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After a negative productivity shock the saving rate increases on impact while the unem-

ployment is increasing. The saving rate �rst increases and then remains �at as households

have quickly reached their targeted bu¤er stock of savings. Unemployment increases and

output decreases with a large persistence which is discussed below. Indeed, incomplete mar-

kets add some persistence compared to the complete market framework. Comparing peaks,

the percentage increase in the saving rate is 1=3 of the one of the unemployment rate.

The behavior of the saving rate is the direct e¤ect of precautionary savings. Indeed, the

job separation rate increases by a modest amount (recall that its steady state value is 3%)

and the job �nding rate falls.. As explained in Section 3.3, this tends to increase savings as

households self-insure more against the risk to become unemployed.

The real interest rate is decreasing because of two reasons. First the negative technology

shock decreases the marginal productivity of capital, what decreases the capital demand.

Second, the supply of capital increases, as agent save more to self insure. Finally, labor

productivity which is initially falling because of the technology shock increases to values

above its steady date. Indeed, the increase in the supply of capital increases capital per

worker what increases labor productivity.

These impulse response functions show that the incomplete market model is able to

reproduce the increase in the saving rate in periods crisis. Moreover, it is shown below that

incomplete markets increase the persistence of the recession. To highlight this fact, the next

section plots the reaction of the same economy when markets are complete.

5.1.2 Complete markets

Fig. 4 also plots the impulse response function when markets are complete. The economy

experiences the same technology shock as simulation with incomplete markets. We plot the

outcome for di¤erence values of the concavity of the utility function �.

First the value of � does not a¤ect the shape of the responses of the economy to a

productivity shock. We focus out comment on the benchmark case � = 3 and then comment

on the e¤ect of a change of �. Saving increases by a negligible amount on impact and

then fall to -1.5%, whereas the saving increased by 2% on impact in the incomplete market

framework. The small increase on impact is due to the fact that households learn that they

will be poorer and they thus cut consumption on impact, to adjust to their new intertemporal

wealth.

Third, although, unemployment has the same general pattern in the economy with and

24



without complete markets, unemployment has a higher persistence with incomplete markets

than with complete markets. The fall in consumption is indeed higher with incomplete

markets, which slows down the speed with which new vacancies are posted. The fact that

�nancial frictions amplify the persistence of unemployment in the labor search framework

can also found in Hristov (2009). Dromel et al (2009) provide some empirical support for

this relationship. These papers introduce credit constraints on �rms that slow down the

speed of recovery. The mechanism of our paper is di¤erent as it relies on the households

facing credit constraints and forming precautionay savings. Finally, labor productivity falls

on impact an then inceases because of the rise in capital per worker.

5.2 E¤ect of a shock on the job separation rate

In this section, we introduce a shock on the job separation rate. This shock is a negative

supply shock on the extensive margin. This shock is motivated by three reasons. First,

on a theoretical basis, it is a second straightforward shock to study the di¤erences between

the incomplete and the complete market economies. Second, this shock may be a good

short-cut to assess the e¤ect of the correction of the mis-allocation of capital. Indeed, such

a correction would entail a fall in the number of jobs without a¤ecting the productivity of

remaining ones8. Third, the path of labor productivity does not exhibit an initial fall after

this shock. In particular, Ohaninan (2009) shows that the real wage did not decrease despite

the dramatic fall in labour productivity. In the 2008 crisis, labour productivity did not

decrease whereas unemployment increased sharply. As a consequence, it does not seem that

a negative productivity shock is a relevant explanation (see Mulligan 2009). We introduced a

shock on the job separation rate as an example of a shock which is able to reproduce a realistic

path for consumption and the real interest rate together with an increase in productivity.

As argued above, this shock can be thought as a short-cut for the ex post consequence of a

mis-allocation of capital in the economy.

8We have also simulated the model with an increase in the job separation rate for a fraction of workers

only. The results are qualitatively the same as the ones of this section. Indeed, as the model is linear, an

increase of the job separation rate of 1% for 10% of the workers produces the same outcome as an increase

of the job separation rate of 0.1% for all workers.
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Figure 5: Responses to a shock to the separation rate

5.2.1 Incomplete markets

The result of a shock to the exogenous job separation rate, �s in the case of incomplete market

is plot in Fig. 5. First and as before, the saving rate increases because of precautionary

savings. Indeed, unemployment �rst increase and eventually converges toward its long-

run value. The overall job separation rate � follows closely the path of the exogenous job

separation rate �s because the endogenous job separation rate has small �uctuations. Labour

productivity increases because the capital per remaining worker increases. This contributes

to an increase in the productivity of new matches, what tend to increase the number of

vacancies posted. As a consequence, the probability to �nd a job for unemployed workers

increases.

Under complete markets, the saving rate decreases on impact and then increases toward

its steady state. Unemployment and output have the same pattern than in the incomplete
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market economy, but with a less persistent dynamics. As before, labor productivity increases

as the capital per employed worker increases. Finally, and as before, the real interest rate is

above its steady state value while consumption is increasing toward its steady state value.

6 Discussion of the Model

The previous model is able to reproduce a realistic path for consumption, output, unem-

ployment, the saving rate and the real interest in times of crisis. In this section, we check

the robustness of the mechanims by raising three questions. The �rst one is to asssess how

this model can account for the di¤erence between crisis, where the saving rate increases,

and regular recessions, where the saving rate decreases. The second question relates to open

economy issues: Do the result of this section relies on the assumption of a closed economy?

Third, we use this model to discuss di¤erences between the Great Depression and the 2008

crisis.

6.1 Crisis vs. cycle

We have shown that an increase in the saving rate in periods of recession is a rare event,

which has been used as a de�nition of a "crisis". In regular business cycles, the saving

rate actually decrease in recessions. How can this model account for this fact? The main

di¤erence we see concerns the behavior of the real wage. We have assumed that it was sticky

and adjust only partly to the aggregate shock. We consider that this assumption is consistent

for big negative shocks. For instance, Bordo et al (2000) and Ohanian (2009) claim that real

wage rigiditity is an important factor in the Great Depression. For small negative shocks

this assumption may be too strong. Indeed, recent works on wage �exibility in the business

cycle show that the real wage of new hires, which is the relevant one for the incitation to

open vacancies, vary a lot in the business cycle (see Pissarides 2009 for a discussion). As a

consequence, it seems that the real wage is able to adjust negative supply shocks in "normal"

recessions.

In this case, the model of the previous section, with incomplete market and a real wage

�exible enough, does not yield an increase in the saving rate in recession. To see this, we

study the response of the economy to a negative productivity shock with same calibration as

in Tab. 1 except for the cyclicality of the real wage which is now taken to be � = 1 instead

of � = 0:8. The value for � is taken from Haefke et al (2008) for new hires. The impuls

27



response functions for the same negative productivity shock as the one of section 5.1.1 are

given in Tab. 7.

Figure 6: Responses to a negative technology shock: incomplete markets, �exible wage

The behavior of the economy is qualitatively similar to the case where � = 0:8 given in

Tab. 3. Fluctuations in output are now smaller as the �uctuations in the real wage absorb

most of the variation in productivity. One must thus introduce larger technology shocks to

account for the data. The main result of this exercise, which is robust to the size of the

technology shock, is that the saving rate decreases after a negative supply shocks even if

markets are incomplete. A relatively small variation of the real wage compared to the size

of the productivity shock is thus necessary to get the results obtained in times of crisis.

6.2 Open Economy

Until now, we have studied a closed economy to assess all general equilibrium e¤ects of

negative shocks under incomplete insurance markets. For the sake of realism, it is interesting

28



to study the behavior of the economy in a small open economy framework, where the real

interest rate is given by the rest of the world. We now assume that the real interest rate

is equal to its steady state value during the transition dynamics. The exercise has an

independant value which is to assess the sensitivity of aggregate consumption to change

in real interest rates in both economy. We then simulate the response of the benchmark

economy for the same productivity shock as in Section 5.1.1.

Figure 7: Responses to a negative technology shock: open economy

Fig. 7 shows the result for the incomplete market economy. The real interest rate is not

represented because it is constant in this exercise. The comparison with the closed economy

shows that the response functions are quantitatively very similar to their counterpart in open

economy. In particular, the saving rate still increases in the open economy model. This shows

the interest rate movements are not the main driver of movements in consumption under

incomplete market.
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7 Concluding Remarks

The paper argues that precautionary saving is an important determinant of time variation of

consumption in times of crisis, where the economy face large negative shocks. We have shown

that an economy with incomplete insurance market for the unemployment risk generates a

realistic pattern for consumption, GDP, the interest rate and unemployment, whereas the

complete market economy yields counterfactual outcomes. In addition to incomplete market,

we have shown that a sticky real wage is necessary to obtain a realistic outcome.

As an additional result, this paper presents a new class of tractable model which allows

for the identi�cation of the e¤ect of incomplete insurance markets in the business cycle. We

do not claim that this model is a substitute for the computation of approximate equilibria in

general cases with heterogenous agents. But as computation techniques with both aggregate

and idiosyncratic uninsurable shocks appear to be very cumbersome, there may be a room

for simple tractable frameworks. These ones should be thought as experience to identify the

potential �rst order e¤ects or incomplete markets in the business cycles.

Finally, this model can be extended to introduce other types of shocks, such as demand

shocks, but at this stage, we consider that a theoretical study of the distortions in the

business cycle generated by incomplete markets would help to derive potential normative

implication of lack of insurance markets. We leave this route for future research.
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8 Appendix

A. Program of the households

The four choice variables set ; k
e
t ; s

eu
t ; k

eu
t are de�ned the Euler equations. We �rst show in

this Appendix that one �nds a limited heterogeneity in consumption levels. Indeed, the

consumption levels of each type of agents are

ceet = wt + (Pt + yt) s
e
t + (1 + rt) k

e
t � Pts

e
t+1 � ket+1 (24)

ceuet = wt + (Pt + yt) s
eu
t + (1 + rt) k

eu
t � Pts

eu
t+1 � keut+1 (25)

cuuet = wt � Pts
e
t+1 � ket+1 (26)

ceut = � + (Pt + yt) s
e
t + (1 + rt) k

e
t � Pts

eu
t+1 � keut+1 (27)

ceuut = � + (Pt + yt) s
eu
t + (1 + rt) k

eu
t (28)

cuuut = � (29)

The law of motion of each type of households can be written as

!eet = �t
�
!eet�1 + !euet�1 + !uuet�1

�
(30)

!euet = �t�1!
eu
t�1 (31)

!uuet = �t�1
�
!euut�1 + !uuut�1

�
(32)

!uuet = �t�1
�
!euut�1 + !uuut�1

�
(33)

!eut = �t�1
�
!eet�1 + !euet�1 + !uuet�1

�
(34)

!uuut = �t�1
�
!euut�1 + !uuut�1

�
(35)

!euut = �t�1!
eu
t�1 (36)

3.3B. Precautionary saving in steady state

The two Euler equation in steady state yield

� = (1 + r) � [�� + (1� �)u0 (ceu)]

u0 (ceu) = (1 + r) ((1� �) � + �u0 (� + (1 + r)Seu))

Substituting for ceu; one �nds 
1

(1+r)�
� �

1� �

!
1

1 + r
= 1� �+ �

u0 (� + (1 + r)Seu)

�
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As u0 (� + (1 + r)Seu) > � because euu households are credit constrained. One �nds that

Seu increases when � increases. Moreover, as (1 + r) � < 1 one can easily check that Seu

increases when � decreases. The expression of Se can be found using the budget constraint

of eu households, which is

ceu = � + (1 + r)Se � Seut+1

One �nds.

Se =
1

1 + r

24Seu � � +

 
�

1
(1+r)�

� �

1� �

!� 1
�
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The e¤ect of � goes through the e¤ect on Seu and the direct e¤ect of � on Se is the same

as the e¤ect of � on Seu. Finally, the e¤ect of the interest rate is ambiguous.

C. Equilibrium de�nition

For a given path of the technology parameter zt, an equilibrium is a set of 32 variables

fPt;me
t ;m

eu
t ; s

eu
t ; s

e
t ; k

e
t ; k

eu
t ; rt; yt; �at; �

n
t ; �t; �

f
t ; Nt; gt; Kt; Ut; c

eu
t ; c

euu
t ; ceet ; c

eue
t ; cuuet ; cuuut ; !eet ; !

uue
t ;

!euet ; !eut ; !
eu
t ; !

uuu
t ; !euut ; wtg which satisfy the 32 following equations:

1) The four pricing equations and the two pricing kernel de�nitions given by (8)-(11).

2) The de�nition of the threshold �at, of the endogenous detruction rate �nt , of the total

non-separation rate �t given by (12)-(15).

3) The matching probabilities, �t; �
f
t , the determination of the number of vacancies Nt,

the continuation value gt de�nition given by (16)-(18).

4) The market clearing conditions (19)-(21).

5) The consumption level de�nition (24)-(29).

6) The law of motion of the sizes of each type of households: (30) -(36).

7) The wage de�nition, which is equation (22).
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