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Abstract

This paper reassesses the risk-premium accounting - the decomposition
of variation in bond yields into expectations and term premium components
- within a dynamic term structure model that explicitly incorporates infor-
mation about inflation and the growth in real output. Consistent with the
historical evidence, our framework incorporates (i) components of the macroe-
conomic variables that are orthogonal to the yield curve, (ii) cointegration of
the underlying economic state variables, and (iii) flexible dimensionality of
bond risk premia. We present evidence that two risk factors underlie variation
in expected excess returns, and that these factors are driven by information in
the yield curve, the growth rate in output, and inflation. The growth rate of
output is a particularly important determinant of both term premia and com-
pensation for exposure to unpredictable changes in the slope of the yield curve.
These results help shed light on the macroeconomic fundamentals underlying
time-variation in bond risk premia.
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1 Introduction

While there is widespread agreement that expected excess returns from holding long
maturity bonds are time-varying and predictable,1 considerable disagreement about
the quantitative importance of term premiums and their macroeconomic underpin-
nings remains. To a large degree, the literature on arbitrage-free term structure
models has focused on risk premiums that are functions entirely of information in
the yield curve.2 Additionally, the puzzling behavior of yields on long-term bonds
during this last several years – the long-bond “conundrum” – has to varying degrees
been attributed to changing expectations of investors about future yields and to
persistent declines in the term premiums demanded by investors.3

This paper reassesses the risk-premium accounting – the decomposition of vari-
ation in bond yields into expectations and term premium components – within a
Gaussian dynamic term structure model (DTSM) that explicitly incorporates infor-
mation about inflation and the growth in real output. Our framework differs from
most in the literature in at least three quantitatively important ways: (I) We incor-
porate macroeconomic factors that are not spanned by bond yields, yet that have
predictive content for excess returns on these bonds. Within this framework, we for-
mally address the econometric identification problem for risk premiums on “macro”
and “yield-curve” risks. (II) Within N -factor DTSMs, Cochrane and Piazzesi (2006)
and Duffee (2008) have explored special cases where a single “forward” or “expec-
tations” factor, respectively, underlies variation in expected excess returns. In the
context of our macro-DTSMs, we explore the null hypothesis that R (less than N)
factors drive excess returns. This constraint is imposed without restricting a priori

which of the yield-curve risks are priced. (III) To accommodate highly persistent
risk factors in DTSMs, we formally incorporate cointegration among bond yields
and macroeconomic variables. Elaborating:

(I) Many of the theoretical formulations of DTSMs that incorporate macroeco-
nomic variables (e.g., inflation or output growth) presume that these macro variables

1Evidence of time-varying risk premiums in bonds markets dates back at least to Fama (1984)
and Fama and Bliss (1987). This evidence was reinforced by rejections of the expectations theory
of the term structure; see, for example, Campbell and Shiller (1991) and Cochrane and Piazzesi
(2005). More recently, studies of arbitrage-free dynamic term structure models document substan-
tial variation in factor risk premiums; e.g., Duffee (2002) and Dai and Singleton (2002).

2This is feature of virtually the entire literature on arbitrage-free, affine term structure models
in which the risk factors are latent variables. See Dai and Singleton (2003) and Piazzesi (2006) for
recent surveys of this literature.

3Recent papers on this issue, using both reduced-form and structural pricing models, include
Rudebusch, Swanson, and Wu (2006), Cochrane and Piazzesi (2006), Bandholz, Clostermann, and
Seitz (2007), and Backus and Wright (2007).
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are spanned by (i.e., perfectly predicted by) observed bond yields. This is an imme-
diate implication of the joint assumptions that the short rate rt is an affine function
of a set of risk factors Xt that includes these macro variables, and no-arbitrage
pricing that implies that bond yields are affine functions of Xt.

4 Yet there are sig-
nificant components of macroeconomic risks which are orthogonal to the yield curve.
For example, regressing smoothed annualized CPI inflation and growth in industrial
production on the first three principal components of swap yields gives R2 of 80%
and 14%, respectively.5 Our formulations explicitly accommodate components of the
macro variables that are orthogonal to yields.

Moreover we document, both descriptively and in the context of our DTSMs,
that the “innovations” from these regressions are informative for predicting excess
returns on bonds, even though they are by construction orthogonal to (and there-
fore unspanned by) the yields themselves. This aspect of our analysis addresses an
important empirical puzzle documented by Cochrane and Piazzesi (2005) and Duffee
(2008). They argue that yield curve information over and above that embodied in
the traditional “level,” “slope,” and “curvature” yield-curve factors have predictive
content for excess returns. Yet, as Duffee stresses, identifying the nature of this
information requires looking beyond bond yields. By incorporating inflation and
output risks, along with level, slope, and curvature risks, we are able to replicate the
predictive results in these studies and, thereby, take a significant step towards an
economic interpretation of their findings.

An important conceptual issue raised by the incorporation of macro risks that
are orthogonal to the risk factors driving bond yields is: which risk premiums are
econometrically identified based on the information in the term structure, inflation
and output? We show that, as in simpler reduced-form affine DTSMs based on
yield-curve information alone, the risk premiums on the yield factors are identified.
However, an inherent property of reduced-form DTSMs is that the risk premiums
associated with the unspanned macro risks are not identified, absent the direct inclu-
sion of prices on securities with payoffs tied directly to these risks.6 Our framework

4Basically, spanning occurs in any model in which the short rate can be expressed as rt =
δ0 + δ′XXt, with the state Xt including current or lagged macroeconomic factors, and in which
zero-coupon bond yields are affine functions of Xt with state-independent loadings. It is a feature
of the models in Ang and Piazzesi (2003), Ang, Dong, and Piazzesi (2007), Rudebusch and Wu
(2003), and Ravenna and Seppala (2007), among many others.

5See Section 2 for definitions of the regressors and elaborations on these findings.
6Put differently, the minimum variance pricing kernel for pricing the relevant universe of bonds

is not the same as the pricing kernel that prices bonds and securities with payoffs tied to the
unspanned macro risks. Hence all studies of inflation or output risk premiums based on bond prices
and these macro variables alone necessarily cannot address the prices of risk of the unspanned
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formally embodies this theoretical property in a manner that allows us to identify and
quantify the influence of these unspanned macro risks on excess returns on bonds.

(II) the fact that the market prices of yield-factor risks are identified allows us
to investigate the contributions of macro information to variation in the associated
risk premiums. There are three conceptually distinct issues: (1) which of the yield-
curve risks are priced?; (2) what is the dimension R of the variables driving expected
excess returns?; and (3) what are the primary sources of variation in these R excess
returns factors? In answering (1) Cochrane and Piazzesi (2006) argue that only level
risk is priced (slope and curvature factors are not priced), and in answering (2) they
conclude that variation in the associated market price of level risk is driven primarily
by a single “return-forecast” factor constructed from yield information alone. Rather
than restricting which risks are priced a priori, we get at the essence of their claim–
that there is a one-dimensional source of variation in excess returns– by formally
estimating Gaussian DTSMs with N risk factors subject to the constraint that
only R (less than N) linear combinations of these factors drive variation in excess
returns. Moreover, since we do not restrict a priori the contributions of inflation
and output growth to variation in the R risk premium factors, our model reveals the
contributions of these macro risks to variation in these factors.

(III) A common finding in empirical studies of term structure models is that at
least one of the risk factors is highly persistent, frequently evidencing near unit-root
(Dai and Singleton (2000)) and cointegrated (Shea (1992), Giese (2008)) behaviors.
This, combined with the widely documented biases in maximum likelihood estimates
of the rates of mean reversion in diffusion models for interest rates (Phillips and Yu
(2005)), raises the question of whether there are associated biases in measurements
of the contributions term premiums to the variation in bond yields. If the model-
implied historical rates of mean reversion are over stated, then it seems likely that
the importance of term premiums will be over stated, particularly at the long end of
the yield curve. This observation, in turn, leads us to wonder whether or not the role
of declining risk premiums in explanations of the bond market conundrum has been
over stated. To explore this issue we develop DTSMs with state variables linked to
inflation and output growth in which the yields and macro variables are cointegrated
in a manner consistent with the empirical evidence.

Taken together, these theoretical and empirical observations lead us to focus on
five-factor DTSMs. Consistent with the widely documented low-dimensional nature
of bond yields (e.g., Litterman, Scheinkman, and Weiss (1991)), risk-neutral pricing
of bonds is assumed to depend on three (linear combinations) of these factors. At the
same time, the historical conditional distribution of yields and macro variables, and

components of inflation and output.
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associated risk premiums, depend on all five factors. This setup allows inflation and
output growth to be correlated with the risk factors underlying bond pricing, but to
also have their own idiosyncratic components that are not spanned by information
in the yield curve.

From an economic perspective, stochastic volatility is central to the properties of
risk premiums in equilibrium models embodying long-run risks (Bansal and Yaron
(2004),Bansal and Shaliastovich (2007)). Similarly, Ravenna and Seppala (2006)
develop a New Keynesian DSGE model based on a third-order approximation to
an equilibrium model that has time-varying risk premiums and stochastic volatility.
While we too believe that the incorporation of stochastic volatility is an essential
next step, we initially develop our risk-premium accounting framework within the
Gaussian family of DTSMs, because the literature on arbitrage-free macro-term
structure literature has, to date, focused primarily on Gaussian models. Our frame-
work can, in principle, be extended to models with stochastic volatility, with some
consequent implications of model specification and identification, we defer these is-
sues to subsequent research.

The remainder of this paper is organized as follows. In Section 2 we document
several key empirical features of bond yield and macroeconomic time series that mo-
tivate our development of a DTSM with macro factors that are not fully spanned by
bond yield information. The theoretical framework, and associated estimation strat-
egy, are set forth in Section 3. Our discussion of estimation may be of independent
interest as we present a normalization for our family of macro-DTSMs that makes
leads immediately to starting values for the parameters and for which convergence
of standard optimizers to the global optimum is essentially immediate.

2 Empirical Motivations: Unspanned Macro Risks

and Cointegration with Bond Yields

Central to our subsequent development of macro-DTSMs are the empirical obser-
vations that macroeconomic risks are unspanned by bond yields and that the com-
ponents of output growth and inflation that are orthogonal to the yield curve have
predictive content for future excess holding period returns on bonds. In this section
we elaborate on these observations after briefly describing our data.

We study monthly data on the principal components (PCs) of zero-coupon bond
yields constructed from the LIBOR and swap yield curves,7 along with the core

7On each date, these are bootstrapped from 6m LIBOR and the available subset of the 1y-10y
swap rates, under the assumption of constant forward rates between maturities. LIBOR rates are
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CPI inflation rate (INF ) from the Bureau of Labor Statistics and the growth rate
of industrial production (GIP ) from the Federal Reserves G.17 release, over the
sample period from January, 1989 through June, 2008. We use LIBOR/swap data,
instead of U.S. Treasury data, because the latter embody potentially large liquidity
premiums and most large financial institutions view the LIBOR/swap curve as the
“primitive” yield curve underlying their fixed-income operations. PCi is the ith
principal component of the continuously compounded 6 month, one- through five-
year, seven-year, and ten-year nominal zero coupon bond yields.

The selection of INF and GIP represents the minimum set of macro variables
for capturing standard representations of Taylor-style policy rules. Additionally, the
growth in real output is closely related to real consumption growth which enters
representative-agent pricing models.8 Nominal pricing kernels are often derived from
real pricing kernels by adjustment for inflation, so our focus on INF and GIP gives
us two of the key ingredients in almost all equilibrium pricing models for nominal
bonds.

The most common way in which the existing macro term-structure literature
constructs macroeconomic variables such as inflation and output growth is to take
annual moving averages: For example, inflation is defined as the percentage change
in the consumer price index over the preceding twelve months (e.g., Ang and Piazzesi
(2003), Rudebusch et al. (2006), Bandholz et al. (2007), Hordahl et al. (2006))). As
Hordahl and Tristani (2007) point out, if inflation is included to implicitly capture
an underlying transformation of a real to a nominal pricing kernel, one period (i.e.
monthly) inflation may be the more natural variable. The disadvantage of working
with monthly CPI inflation is that it is a highly volatile series which seems to reflect
large, transitory shocks, one source of which may be measurement error. To “average
out” this noise, we use of a moving average with exponentially decaying weights, in
the spirit of a hidden components model whereby true inflation (and analogously
true output growth) follows an AR(1) process and observed inflation is equal to
true inflation plus an i.i.d. measurement error. As shown in Granger and Newbold
(1986), the reduced form representation of observed inflation is then an ARMA(1,1)
process. In turn, the predicted one period ahead inflation in an ARMA(1,1) model
is an exponentially-weighted moving average of past monthly inflation rates, with a

provided by the British Bankers Association (downloaded from Datastream), and swap rates are
mid-market rates from Bloomberg.

8These include models in the spirit of Lucas (1978) with the additional assumption of CRRA
preferences (Hansen and Singleton (1983), Mehra and Prescott (1985), and Harvey (1988) are promi-
nent examples), models with habit formation (e.g., Campbell and Cochrane (1999) and Wachter
(2006)), as well as models based on Epstein and Zin (1989) recursive preferences (such as the
long-run risks models of Bansal and Yaron (2004) and Bansal and Shaliastovich (2007)).
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decay coefficient equal to the moving average parameter.9

Prior to exploring the descriptive properties of our data it is natural to inquire
which, if any of these time series exhibit near unit-root like behavior. The conclusion
we draw from various tests, discussed in more depth in Appendix A, is that PC1,
PC2, and INF exhibit behavior that we cannot statistically distinguish from a
unit root process, whereas PC3 and GIP appear to be stationary. These findings
underpin our subsequent focus on models accommodating cointegration (common
trends) among PC1, PC2, and INF .

With these constructions and diagnostics in mind, we turn next to the issue of
the extent to which the macro variables are spanned by the information in nominal
zero-coupon bond yields. As noted above, projecting GIP onto the first three PCs
of bond yields gives and R2 of only 0.14, which suggests that a large majority of the
variation in output growth is orthogonal to the (contemporaneous) information in the
bond market as captured by typical three-factor DTSMs. Adding PC4 and PC5 as
regressors raises the R2, but only to 0.27. The projection of INF onto the first three
PCs gives the much larger R2 of 0.80. However, this finding must be interpreted
with caution since we just documented near unit root behavior in INF , PC1, and
PC2 so this relatively high R2 may be spurious (e.g., Granger and Newbold (1974)).
Indeed, when we project changes in INF onto contemporaneous changes in PC1
and PC2, as well as the level of PC3, the R2 falls to 0.01. We conclude from this
evidence that, in specifying macro-DTSMs, it is important to allow for variation in
the macro variables that is unspanned by the term structure of bond yields.

Perhaps the most compelling motivation for exploring risk premium accounting
in the presence of INF and GIP comes from projections of realized excess returns
onto yield curve information and these macro variables. Whereas many econometric
implementations of DTSMs focus on three-factor models (essentially on PC1 - PC3
as the risk factors), Cochrane and Piazzesi (2005) found that inclusion of the incre-
mental information in PC4 and PC5 improved their forecasts of excess returns on
bonds. Similarly, Duffee (2008) extracts an “expectations factor,” constructed from
bond yields alone, that also had predictive content for excess returns over and above
PC1 - PC3. Both of these studies are entirely yield based in that no macroeconomic
information is included in their modeling and, consequently, these authors leave
unanswered the question of whether macroeconomic risks account for the variation

9We emphasize that what is critical for our analysis is that both INF and GIP , smoothed in
this manner, be relatively undistorted by measurement errors or transitory shocks that obscure
the secular links between the macro economy and bond yields. These constructions need not
correspond directly to their counterparts appearing in say a structural Taylor rule or aggregate
demand or supply equations in a DSGE.
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in risk premiums not captured by the traditional yield factors PC1 - PC3.
Letting rx

(n)
t+12 denote the realized continuously compounded excess return of

holding an n-month bond from time t to time t + 12, when we project rx
(n)
t+12 onto

PC1 - PC3, and then we add PC4 and PC5, we obtain comparable magnitudes
and increases in the R2 as those reported by Cochrane and Piazzesi (2005). That
is, for our somewhat more recent sample period, and using LIBOR/swap instead of
Treasury data, we confirm that there is incremental informational content to PC4
and PC5 for forecasting excess returns, over and above the traditional yield factors
in DTSMs (see Table 1). More striking is the fact that when we replace PC4 and
PC5 in there projections with INF and GIP the increase in R2 over and above
that obtained with PC1 - PC3 is even larger than when PC4 and PC5 are used
as forecast variables.10 Moreover, the R2s in the last column of Table 1 increase
by at most 1% when PC4 and PC5 are included as regressions over and above
INF and GIP , so these macro variables effectively summarize all of the incremental
information in the higher-order PCs. Together, these findings support the view that
it is macroeconomic risk that largely underlies the variation in excess returns that is
not captured by the first three yield PCs.

P
P

P
P

P
P

P
P

P
LHS

RHS
PC1-PC3 PC1-PC5

PC1-PC3,
CPI, IP

rx
(24)
t+12 0.20 0.31 0.39

rx
(60)
t+12 0.30 0.34 0.38

rx
(120)
t+12 0.34 0.35 0.39

Table 1: Regression R2s from Excess Return Regressions

We conclude this section with an exploration of the nature of any common trends
among PC1, PC2, and INF . If these variables are cointegrated, or nearly so, then
imposing this restriction within our dynamic pricing models may lead to a more
reliable assessment of the their contributions to risk premiums in bond markets.
The first issue we address is the order of the vector-autoregressive representation of
(PC1, PC2, PC3, INF, GIP ). This is of independent interest, because our dynamic
pricing models assume that this five-dimensional vector follows a first-order Markov
process (and AR(1) process). The model selection tests described in Appendix B all

10This evidence is complementary to the finding in Cooper and Priestley (2008) that that output
gap has incremental forecasting power for excess returns, over and above the forward-rate forecasting
factor constructed by Cochrane and Piazzesi. We explore the links between the risk premiums that
emerge from our macro DTSM and the output gap in more depth in Section 5.
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point to a first-order multivariate process.
Focusing on a first-order Markov representation, we proceed to test for cointe-

gration using Johansen (1988)’s method for Gaussian V ARs. Note that since two
variables, PC3 and GIP , are stationary, the number of cointegrating vectors r has
to be r ≥ 2. The number r − 2 tells us the number of nontrivial cointegrating re-
lationships or, equivalent, 5 − r is the number of common trends underlying PC1,
PC2, and INF . We find that we can reject r = 2 against an unrestricted V AR
at the 5% significance level (LR statistic 35.64 vs. critical value 34.91), but not
r = 3 or r = 4. We interpret this as evidence in favor of cointegration and that
there is at least one and perhaps two common trends underlying (PC1, PC2, INF ).
Henceforth we focus on one the nonstationary V AR specification that imposes the
weakest set of restrictions, corresponding to r = 4 or a single common trend.

3 DTSM ’s with Macro Risks that are Unspanned

by Bond Yields

Our focus is on the most parsimonious DTSM that (i) captures the empirical fact
that three risk factors capture a large majority– well over 95% in most sample periods
and developed markets– of the variation in bond yields; (ii) accommodates variation
in both inflation and output growth that is not spanned by information about the
yield curve; (iii) is consistent with our findings in Section 2 that information about
inflation and output has predictive power for excess returns on bonds, over and
above the information captured in three factors driving bond yields; and (iv) allows
for cointegration between bond yields and output growth. This leads us naturally
to a five-factor model in which three linear combinations of these factors underlie
the risk-neutral pricing of bonds, but all five factors influence the data-generating
process for bond yields, inflation, and output.

3.1 A Canonical Gaussian DTSM with Macro Risks

Let Xt denote the five-dimensional state vector, Yt denote a three-dimensional vector
of “yield factors” that underlie the pricing of bonds, and M ′

t = (πt, gt) denote the
vector of macro variables included in the analysis, in our case inflation (πt) and
output growth (gt). We assume that

Mt = φM0 + ΦMXXt (1)

Yt = φY 0 + ΦY XXt, (2)

9



where φM0 and φY 0 are two- and three-dimensional vectors, respectively, and ΦMX

and ΦY X are 2×5 and 3×5 matrices. For the distribution of the state X under this
historical measure P, using the notation introduced in Dai and Singleton (2000), we
consider the case of an AP

0(5) model: Xt follows the Gaussian diffusion

dXt = −κP
XXt +

√

ΣXdBP
Xt, (3)

where κP
X is a 5 × 5 diagonal feedback matrix, with ordered eigenvalues along the

diagonal, and ΣX is normalized to have 1’s along the diagonal.11

To price zero-coupon bond we assume that the instantaneous short rate rt is an
affine function of the 3-vector of yield factors Yt:

rt = ρ0 +~1Yt, (4)

where the loadings on Y have been normalized to the row vector of ones ~1. Addi-
tionally, under the risk-neutral pricing measure Q, we assume that the yield factors
Y follow the Gaussian diffusion

dYt = −κQ
Y Ytdt +

√

ΣY dBQ
Y t, (5)

where κQ
Y is normalized to be diagonal. Since r is affine in Y and Y follows an

affine diffusion, it follows that the yield on a zero coupon bond of maturity n can be
expressed as an affine function of Y : yn

t = A(n) + B(n)′Yt (Duffie and Kan (1996)).
Our model is canonical in the sense that there is no other affine model with an

identical factor structure and volatility specification under both P and Q that offers
more flexibility in fitting bond yields and the macro factors Mt. The three yield
factors Y are correlated with the macro factors M , since both Y and M are affine
functions of X. However, since in general M depends on all five state variables
and yields yn

t are affine functions of three linear combinations of X, the information
embodied in M is not spanned by Y and hence is not spanned by the term structure
of bond yields.

Though bond yields yn
t depend only on the three yield factors Y , the entire state

vector X is helpful for forecasting future values of Y . This follows immediately from
the observation that Z ′

t ≡ (M ′
t , Y

′
t ) can be expressed as

Zt =

(

φ0M

φ0Y

)

+

(

ΦMX

ΦY X

)

Xt ≡ φ0 + Φ0Xt (6)

11Setting κP
X to a diagonal matrix is a normalization, imposed without loss of generality so long

as the eigenvalues are real and distinct (see Joslin (2007), Joslin, Singleton, and Zhu (2008)). There
may be cases where some of the eigenvalues of κP

X are either not distinct or are complex, and such
cases can be treated as in Joslin, Singleton, and Zhu (2008).
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so optimal forecasts of Yt+h (h ≥ 0) are derived from optimal forecasts of Xt+h.
Further, the excess return over h periods on an bond with maturity n issued at date
t is

rxn,h
t+h = −yn−h

t+h (n − h) + yn
t n − yh

t (7)

and, therefore, excess returns on bonds are forecastable by all components of X or,
equivalently (when Φ0 is invertible as is generally the case), by the entire vector Z
including both Y and M .

3.2 Market Prices of Risk

The market prices of risk associated with the state vector Xt are defined as ΛXt =
Σ

1/2
X (µP

Xt − µQ
Xt), where and µXt denotes the drift of X. Our parametrization gives

µP
Xt, but we are unable to infer µQ

Xt from the conditional distributions of bond yields
and the vector of macro factors Mt. The reason is that bond yields depend directly
only on the yield factors Y : there are no priced assets under investigation that depend
on the risks captured by Mt that are orthogonal to Yt. An immediate implication of
this observation is that it is not possible to recover the market prices of inflation and
output growth risks from data on nominal bond yields, inflation, and output growth
alone. This is a generic feature of reduced-form term structure models in which the
macro inflation and output risks are not spanned by information in yields on nominal
bonds.12

Nevertheless, we can recover the market prices of the yield factors Y . From (6)
and (3) we can compute, using Ito’s lemma, the drift µP

Y (Xt) of Yt under P. We
make explicit the fact that this drift depends in general on the entire state vector X,
consistent with the preceding comments about optimal forecasts under P. The drift
of Y under Q is given directly by (5). Therefore,

ΛY t = Σ
−1/2
Y

(

µP
Y (Xt) − µQ

Y (Yt)
)

, (8)

where ΣY is given by ΦY XΣXΦ′
Y X .

This representation of the risks (Yt, ΛY t) is not the most convenient for inter-
pretation, since the nature of the yield factors is dictated entirely by our choice of
normalization that the feedback matrices for X under P and Y under Q be diag-
onal. Financial economists and practitioners alike often view the risks underlying
yield curve movements in terms of changes in level, slope, and curvature risks, labels

12Of course if M is in the span of the bond yields, then we can trivially recover the market
prices of inflation and output risks. However, this is accomplished at the cost of a counterfactual
assumption about the redundancy of macro risk.
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that are naturally assigned to the first three principal components of bond yields
given the shapes of their respective loadings (Litterman, Scheinkman, and Weiss
(1991)). With this in mind we rotate the risk factors Y to a new set of risk factors
P representing the first three principal components (PCs) of the bond yields. More
precisely, let the loadings associated with the jth PC be (ℓj

1, ℓ
j
2, . . . , ℓ

j
T
) which load

onto maturities τ1, τ2, . . . , τT , and let y(t, τ) = Ay(τ) + By(τ) · Xt denote the yield
on a τ -year zero-coupon bond. Then the jth PC of bond yields is

Pt(j) =
∑

ℓj
iAy(τi) +

∑

ℓj
iBy(τi) · Xt ≡ APC(j) + BPC(j) · Xt.

Subsequently, we take Y to be these first three PCs and the state vector X is
composed of Pt and the macro variables Mt.

3.3 Characterizing the Structure of Risk Premiums

Within this rotated model, the elements of ΛPt
are the market prices of risk of the

level, slope, and curvature factors, and the state vector is (Pt, Mt). Accordingly, we
can explore the risk premiums associated with these factor risks by directly examining
the excess returns on portfolios of bonds with payoffs that track the changes in the
state variables P. Specifically, for P(j) we consider a portfolio which purchases
−ℓj

i/τi worth of the τi-year zero coupon bond; equivalently, we purchase −ℓj
i/τi/e

−y0

i
τi

in face value, where y0
i is the yield on the ith bond at the inception of the investment.

Now imagine that the yield curve shifts by the amount x × P(k) (the yield on the
ith bond shifts by the amount x× ℓk

i ). Then immediately after this shift the price of
our initial investment in bonds becomes

Pjk(x) =
∑

i

−
ℓj
i

τie−y0

i
τi

e−(y0

i
+xℓk

i
)τi .

It follows that (locally) changes in the value of our portfolio are P ′
jk(0) =

∑

i ℓ
j
iℓ

k
i ,

which is zero if j 6= k by the orthogonality of the PCs. In other words, the price
of the portfolio constructed with the weights −ℓj

i/τi moves (locally) with changes in
P(j), and it does not change at all in response a shift in the yield curve induced
by a change in P(k), k 6= j. Moreover, within our affine models, the instantaneous
expected excess return on the portfolio mimicking movements in Pt(j) is proportional
to µP

j (Xt) − µQ
j (Xt), the jth entry of the difference between the physical and risk-

neutral drifts of X (j = 1, 2, 3).13

13By Ito’s lemma,

drift
(

P (Xt, τ)
)

=
[

B(τ) · (µP(Xt) − µQ(Xt)) + rt

]

P (Xt, τ),
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In Section 4 we compute the model-implied time-series of excess returns on the
three P(j) mimicking portfolios in order to quantify their variation over time. This
construction provides a direct means of exploring three central questions in the lit-
erature on risk premiums in bond markets. First, which of the risks captured by P
are priced in bond markets during our sample period? Cochrane and Piazzesi (2006)
argue that only level risk (risk captured by the first PC) is priced when the relevant
information consists of up to five PCs of bond yields. Our descriptive analysis in
Section 2 suggests that X embodies at least as much information as the first five
PCs of bond yields, at least for modeling bond yields and the associated excess re-
turns. If only “level” risk is priced, then we should find near zero variation in the
model-implied expected excess returns on our “slope” and “curvature” mimicking
portfolios.

Second, both Cochrane and Piazzesi (2005) and Duffee (2008) argue that, to
a reliable approximation, variation in excess returns on bond of all maturities is
induced by variation in a singe (one-dimensional) factor, what they refer to as a
forward-rate and expectations factor, respectively. This hypothesis is weaker than
the assertion that only level risk is priced, as all three of the risks associated with P
could be priced and yet excess returns could have a cross-maturity, one-dimensional
factor structure. To explore this issue systematically within our macro DTSM ,
without any a priori restrictions on which of the yield-factors risks P(j), j = 1, 2, 3
are priced, we proceed as follows. Since excess returns are (locally) proportional to
(KP

X − KQ
X), the hypothesis that only R factors underlie variation in excess returns

on bonds of all maturities amounts to the restriction that the rank of (KP
X −KQ

X) is
R, for R = 1, 2, or 3.14

For our A0(5) models (with X comprised of either P and M or the first five PCs
of our bond yields), we are led to focus on the first three rows (KP

X − KQ
X), say K,

a 3 × 5 matrix, as these entries govern the priced risks P. We compute the singular
value decomposition of of this difference, K ≡ U × D × V ′, where U is 3 × 3, D is a
diagonal 3×3 matrix, and V is 5×3. The rank of (KP

X −KQ
X) can then be controlled

where B(τ) are the loadings on X in the exponential-affine representation of P (Xt, τ), the price of
a τ -period bond issued at date t. Therefore, the instantaneous excess-return from investing in this
bond is B(τ) · (µP(Xt) − µQ(Xt). When an amount proportional to ℓj

i/τi is invested in bond i, the
excess return will be proportional to Bpc(j) · (µ

P(Xt) − µQ(Xt)). Since the state is rotated so that
the first three entries of X are P , Bpc(j) is the selection vector with a one in the jth entry and
zeros elsewhere.

14The matrix KP
X comes directly from the estimates of the drift of the state vector X under

the P distribution. Under Q we obtain the upper 3 × 3 block of KQ
X from the estimates of the

pricing model and the associated Q-drift of Pt. The remaining entries are set to zero without loss
of generality because, by assumption, only the elements Pt of Xt determine the bond prices.
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by restricting the number of nonzero entries of D. For instance, if risk premiums are
governed by a common one-dimensional expectations factor, then we set the last two
entries along the diagonal of D to zero. We estimate our models with K restricted
to have either rank one or two and, for each case, examine the temporal variation in
the expected excess returns on our P-mimicking portfolios.

Of particular interest in our macro DTSM setting is the contribution of M to
this variation relative to the contribution of P. If the rank of (KP

X − KQ
X) is one,

analogously to the constraint examined by Cochrane and Piazzesi, then v′
1Xt, where

v′
1 is the first row of V ′, gives the linear combination of the state variables that define

the one-dimensional expectations factor. This allows examination of the relative
weights on P and M in the single factor underlying variation in excess returns.
Once we have more than one risk-premium factor, the matrices U and V in the
singular-value decomposition of (KP

X −KQ
X) are not uniquely defined (excess returns

are invariant to rotations of the factors). For the purposes of estimation with two
risk premium factors we write UDV ′ as αβ ′, for 3×2 and 2×5 matrices α and β, and
impose normalizations to preclude non-trivial rotations.15 Then, after estimation, we
decompose the total risk premium into the component driven by (GIP, INF ) and
the component driven by the linear combination of Pt that is linearly orthogonal to
the macro information (GIP, INF ).

Furthermore, by estimating our models with the first three entries of each row
of V ′ set to zero, we can examine the degree to which variation in excess returns
is captured entirely by variation in M . That is, we can assess whether inclusion of
Mt in the determination of risk premiums makes the information in the yield factors
Pt redundant. Evans and Marshall (2006), in their analysis (outside of a formal
pricing model) using an identified structural-V AR, argue that output shocks are the
primary source of variation in term premiums. To complement their analysis, we
inquire whether, with and without constraints on V ′, GIPt is the dominant source
of variation of ΛPt.

15To address this indeterminacy, we normalize the conditional covariance matrix of β′Xt to the
identity matrix, so that the risk premia factors are equally variable and orthogonal. Letting ΣV

denote the covariance matrix of the innovations in V ′Xt, the conditional covariance matrix of

Σ
−1/2

V V ′Xt is the identify matrix. For any orthogonal 2 × 2 matrix W , WΣ
−1/2

V V ′Xt also has the

identity matrix as its conditional covariance matrix. We choose W so that UDΣ
1/2

V W ′ gives most
of the variation in the overall risk premium to the first of the two factors.

14



3.4 Model Estimation

In order to explore in depth the properties of risk premiums in Gaussian DTSMs
we examine both yield-only models and models that include both yield factors and
macro variables in Xt. For the yield-only models, we examine A0(N)1UR

1RP −Y models
in which the factors are the first N PCs of bond yields (N = 3 or 5), there is one
common trend underlying Xt (1UR), and one factor underlying variation in excess
returns on bonds. These models are analogous to those examined in Cochrane and
Piazzesi (2006) and Duffee (2008). For the macro-DTSMs we examine the models
A0(5)1UR

dRP − M with Xt comprised of the first three PCs Pt, GIP , and INF , and
with the number of risk premium factors being R, with R = 1 or 2. In all of these
cases, the risk-neutral pricing model is an AQ

0 (3) model in which the factors are P.
For estimation, we adopt a variant of the normalization scheme developed in

Joslin, Singleton, and Zhu (2008) that greatly facilitates the calculation of reliable
starting values for the parameters and, thereby, ensures that we achieve a global
optimum to the likelihood function in a computationally very efficient manner.

3.4.1 A0(N)1UR
1RP − Y Models

We assume that the eigenvalues of KQ
X are unique and non-zero and that yields are

Markov under P, and express the model as

∆PNt = (KP
0 + KP

1PNt)∆t +
√

ΣPǫP
t (9)

∆PNt = (KQ
0 + KQ

1 PNt)∆t +
√

ΣPǫQ
t , (10)

with the short rate given by rt = ρ0 + ρ1 · PNt and with PN denoting the vector
of the first N PCs of the bond yields. As shown in Appendix C, for a given set
of eigenvalues λQ and long-run mean (under Q) of the short rate, there exists a
unique set of parameters (KQ

0 , KQ
1 , ρ0, ρ1) with KQ

1 having eigenvalues λQ such that
no arbitrage holds and PNt satisfies the Q dynamics in (10).

We parameterize the unconstrained yields-only model by Θ = (~λQ, rQ
∞, L, KP

0 , KP
1 ),

where L is the Cholesky factorization of ΣP . Let ye
t denote the vector of yields that

are priced with Gaussian i.i.d. errors, and PNt be the linear combinations of yields
are assumed to be priced without error. Then the joint likelihood function can be
written as:

ℓ(PNt, y
e
t |PN,t−1; Θ) = ℓ(ye

t |PNt,PN,t−1; Θ) × ℓ(PNt|PN,t−1; Θ)

= ℓ(ye
t |PNt,PN,t−1; Θ) × ℓ(PNt|PN,t−1; K

P
1 , KP

0 , ΣP)
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ℓ(PNt|PN,t−1; Θ) depends on KP
0 , KP

1 , ΣP , but not on λQ, r∞. Furthermore, for any
ΣP , the KP

0 , KP
1 that maximize the likelihood are simply the OLS estimates by

standard results. In estimation, we may therefore maximize the likelihood only over
ΣP , r∞, and λQ.

The restriction that the elements of PNt are cointegrated amounts to a restriction
on the rank of [KP

0 , KP
1 ] (KP

0 is included as we impose no trend). This restriction can
be imposed directly in specifying the conditional density ℓ(PNt|PN,t−1; K

P
1 , KP

0 , ΣP).
In this case, we again may concentrate the likelihood function. Though the maximum
likelihood estimates of KP

0 and KP
1 now depend on ΣP , they are still computable in

closed form. And so again we maximize the likelihood only over ΣP , r∞, and λQ.
When there is cointegration and the number of factors R underlying the variation

in risk premiums is less than N we estimate the model directly by maximum likeli-
hood under the rank constraints on [KP

0 , KP
1 ] and KP

1 − KQ
1 imposed directly. The

constraint on KP
1 − KQ

1 is imposed by setting one or more of the diagonal elements
of D in the singular-value decomposition of this matrix to zero.

3.4.2 A0(5)1UR
dRP − M Models

The representations of the state and yield factors are:

∆

[

Pt

Mt

]

=

[

KP
0P

KP
0M

]

+

[

KP
1PP KP

1PM

KP
1MP KP

1MM

] [

Pt

Mt

]

+
√

ΣXǫP
t

∆Pt = (KQ
0 + KQ

1 Pt)∆t +
√

ΣPǫQ
t

In the unconstrained model we may completely concentrate KP
0 , KP

1 out of the likeli-
hood function and the ML estimates of these parameters are directly obtained from
OLS regression. The remaining parameters, λQ, rQ

∞ and L (the Cholesky factoriza-
tion of ΣX) are then estimated. With cointegration and R < 3, we again estimate the
model by maximum likelihood with the rank constraints on [KP

0 , KP
1 ] and KP

1 − KQ
1

imposed directly.

4 Empirical Results

The state variables used in our analysis of macro DTSMs are displayed in Figure 1.16

For the monthly sampling frequency used in this study, we found that it was unnec-

16To facilitate interpretation of these weights we have rescaled the PCs so that (1)
∑

8

i=1
ℓ1,i/8 =

1; (2) ℓ2,10y − ℓ2,6m = 1; and (3) ℓ3,10y − 2ℓ3,2y + ℓ3,6m = 1. This puts all the PCs on a similar
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Figure 1: Term Structure and Macro Variables This figure plots the time series
of the first three principle components of the swap implied zero curve as well as
smoothed growth in industrial production and CPI inflation. The vertical bars mark
NBER recessions. For full details of how the data were constructed, see Section 2

essary to rebalance our factor mimicking portfolios in order to track changes in the
associated principal components. Our sample period, which does not extend further
back in time owing to the fact that the LIBOR swap market largely came into ex-
istence in the late 1980’s, is characterized by a generally declining level of interest
rates (PC1). However, there were sizable swings in both the level and slope of the
swap curve during this period. Clearly visible in the GIP series are the recessions
during the early 1990’s and 2001. Inflation was relatively benign over this period.

A striking feature of the estimates of the parameters of the Q distribution of the

scale. In addition, we converted INF and GIP to an annual scale. Rescaled in this way, all of the
components of X take on values between [−5%, 10%].
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state is how similar they are across all of the cointegrated models examined (see
the first four rows of Table 2). In standard implementations of three-factor affine
DTSMs it is not uncommon to obtain very similar estimates of the risk-neutral
parameters across models say with and without stochastic volatility. Here we are
finding, all within the Gaussian framework, that changing the nature of the state
vectors governing the P distribution of yields, including whether or not they include
macro information or are three or five dimensional, has very little effect on the pricing
distribution. This evidence serves to reinforce the findings in the extant literature
that the parameters of the risk-neutral distribution are determined largely by the
cross-sectional restrictions on bond yields, and not by their time-series properties
under the P distribution.

Table 2 also displays the weights β on the state variables that determine the
factors underlying variation in excess returns. In the A0(3)1UR

1RP model based on
P3(t), the slope factor (Pt(2)) is the primary determinant of variation in the risk
premium factor and, hence, in excess returns on bonds of all maturities. Moreover,
the comparable magnitudes (in absolute value) of α1,1 and α2,1 imply that slope
affects excess returns through both the market prices of level and slope risk. When
the fourth and fifth PCs are included in the state vector– model A0(5)1UR

1RP − Y –
the slope continues to play a role, the weights on “level” and “curvature” fall to
levels much closer to zero and the largest weights are on Pt(4) and Pt(5). This is
confirmation, in our setting and for our data set, of Cochrane and Piazzesi (2005)’s
finding that the higher order PCs contribute significantly to explaining variation in
excess returns. At the same time, by far the largest α coefficient is α1,1 indicating
that the effects of (Pt(4),Pt(5)) on risk premiums are channeled through the level
factor. That is, “level risk” is the dominant priced factor. This result, which is
obtained without constraining level risk to be the only priced risk a priori, suggests
that the answer to the question of which risks are priced depends on whether higher
order PCs are included in the state vector.

The patterns of α’s and β’s change substantially when the state vector P5t is
replaced by (P3t, GIPt, INFt). With the comparable constraint that R = 1 (there
is only one factor driving excess returns), GIP is the primary driver of variation
in excess returns, with level, slope, and INF risks playing somewhat smaller roles.
Moreover, as in model A0(3)1UR

1RP , the expectations factor affects variation in excess
returns through both the market prices of level and slope risks.

The most flexible macro-DTSM , model A0(5)1UR
2RP −M , also supports the conclu-

sion that both level and slope risks are priced. The first factor underlying variation
in the market prices of these risks is driven largely by variation in GIP (compare
the value of β1,4 to the other β1,j in the last column of Table 2). In contrast, the
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Parameter Estimate

A0(3)1UR
1RP A0(5)1UR

1RP − PC A0(5)1UR
1RP − M A0(5)1UR

2RP − M

λQ
1 -0.0021 -0.0021 -0.0021 -0.0021

λQ
2 -0.0417 -0.0418 -0.0418 -0.0417

λQ
3 -0.1299 -0.1296 -0.1296 -0.1298

rQ
∞ 0.1141 0.1134 0.1142 0.1139

α1,1 -2.886 -5.884 -4.460 -3.514
α2,1 2.841 1.249 4.716 5.279
α3,1 -0.1576 0.3674 -0.3568 -0.4578
α1,2 -1.316
α2,2 -0.9096
α3,2 -0.3907
β1,1 0.0857 0.0179 0.1456 0.1016
β1,2 0.2106 0.1257 0.1293 0.0732
β1,3 0.1021 0.0204 0.0299 -0.0228
β1,4 0.5257 -0.3591 -0.3512
β1,5 -0.2456 -0.0875 -0.0314
β2,1 0.1899
β2,2 0.2942
β2,3 0.2638
β2,4 -0.0977
β2,5 -0.2814

γ1 -5.425 -5.006 -5.346 -4.587
γ2 2.641 2.693 2.702 2.888
γ3 0.1084 0.0168 0.0955 -0.0852

Table 2: Risk Neutral and Risk Premium Estimates: λQ is the vector of
eigenvalues of KQ

1 . Risk premia for exposure to PC1 - PC3, in basis points, are
given by γ +αβ ′X̂t, where X̂t is standardized version of either the first five principal
components or Xt = 〈PC1, PC2, PC3, GIP, INF 〉 in the M-model. α, β are chosen
so that β ′X̂t has covariance of identity subject to α·1 having maximal length.

second expectations factor appears to be comparably influenced by all three elements
of P3 and INF (see the estimated β2,j). That is, it depends on both yield curve and
inflation risks (which, as we saw in Section 2, are highly correlated).
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With these estimates and preliminary observations as background, we turn next
to a more in depth exploration of the characteristics of risk premiums and excess
returns in these models.

5 Risk Premium Accounting

Using our factor-replicating portfolios and the maximum likelihood estimates of the
parameters, we compute the model-implied monthly expected excess returns associ-
ated with the portfolio positions in the level and slope factors (Figure 2). The most
volatile level risk premium arises in the A0(5)1UR

1RP −Y model. Indeed this time series
is sufficiently jumpy to suggest that the level risk premium in this model is proba-
bly not adequately captured by a Gaussian AR(1) process. From the lower portion
of Figure 2 it is seen that the market price of slope risk in this model shows very
little variation over time (there is some movement around the two recession in our
sample period). Together these patterns suggest that most of the variation in the
level risk premiums in this yield-only model is associated with choppy behavior of
the fourth and fifth PCs of bond yields. This view is supported by the large weights
on PC(4) and PC(5) for this model in Table 2. More directly, as can be seen from
Figure 3, level risk premiums in model A0(3)1UR

1RP , which omits the higher order PCs,
show relatively small variation (especially compared to the level risk premium in
model A0(5)1UR

1RP − Y ). Interestingly, forcing cointegration (1UR) in the A0(3) model
smooths out the excess returns on P(1).

A strikingly different pattern of factor risk premiums is implied by model A0(5)1UR
2RP−

M . Expected excess returns on exposure to level risk show sizable cyclical swings,
as in model A0(5)1UR

1RP − Y . However the level excess returns in the model incorpo-
rating macro information are not nearly as jumpy as in the yields-only model. Our
descriptive evidence in Section 2 suggested that substitution of GIP and INF for
PC(4) and PC(5) in descriptive regressions of excess returns on predictors actually
increased the explanatory power of these regressions. Combining these observations,
it appears that information about excess returns on exposure to level risk over and
above that captured by the first three PCs of bond yields is well represented by the
macro variables, particularly GIP . While inclusion PC(4) and PC(5) also improves
the forecasts of excess returns, these variables also induce a high degree of jumpiness
in measured risk premiums, perhaps excessively jumpy behavior relative to what
would reasonably be attributed to market participants.

Perhaps the most notable feature of Figure 2 is that the risk premium associated
with slope risk in the A0(5)1UR

dRP −M models, with R equal to either one or two, show
nontrivial variation over time, particularly when compared to all of the yield-only
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Figure 2: Risk Premia: The top panel plots the risk premia for (negative) level
risk. This measures the expected excess return of a portfolio exposed only to the
risk in PC1. The bottom panel plots slope risk. For full details on the construction
of the replicating portfolio, see Section 3.3.
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Figure 3: Level Risk Premia in A0(3) Models: The excess returns on the level
factor (P(1)) are displayed for models with and without a common trend and for
values of R governing the dimension of the variables driving excess returns ranging
between 1 and 3.

models. The slope risk premium is at its highest values during the two recessions,
and achieves its lowest values (during our sample period) around the time of the
Asian crisis in 1997-98. The slope of the swap curve (PC(2)) increased substantially
in these recessions, especially during the recession in early 2000, and the curve was
relatively flat around the time of the Asian crisis.

For a given risk premium (level or slope), the matching pairs of risk premiums
in the two macro-DTSMs appear quite similar in magnitude and in time-series
behavior. This suggests that whether there is one or there are two factors driving
variation in expected excess returns, the models generate similar premiums at least
for monthly excess returns (short-horizon holding periods).

5.1 Impulse Responses of Market Risk Premiums

We next examine the dynamic response of market risk premia (as embodied in ex-
pected excess holding returns on bonds of medium to long maturities) to shocks to
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each component of the state vector P5t (for the yield-only models) or (P3t, Mt) (for
the macro models). From (7) it follows that the expected excess return over h periods
on a bond with maturity n at time t is affine in the state vector:

EP
t [rx

n,h
t+h] = an + bn · Xt. (11)

where the loadings an and bn can be computed by recursion based on the parameter
estimates in Table 2. Xt evolves according to a (restricted) Gaussian V AR and,
hence, we can compute conventional orthogonalized impulse-response functions to a
one standard deviation shock to each element of Xt.

17 Substituting into (11) gives
the implied responses in expected excess returns. We consider n ∈ {24, 60, 120} and
h = 12 (i.e., an annual holding period). Figure 4 plots the impulse-response functions
for the for the high-order PC4 and PC5 in model A0(5)1UR

1RP − Y and GIP and INF
in model A0(5)1UR

2RP − M ; and Figure 5 plots the implied impulse-response functions
for PC2, PC1, and PC3, in that order.

We begin by comparing the responses of expected excess returns to shocks to
the higher-order PCs and the macro variables, because these are the conjectured
sources of information, over and above the core yield factors PC1 - PC3, that is
useful for forecasting excess returns. Shocks to PC4 and PC5 induce large, but
mostly transitory, responses in expected excess returns which die off monotonically.
In contrast, the responses to the macro shocks appear to be longer lived and non-
monotonic, particularly for the ten-year bond. Interestingly, the shock to GIP has
a long-lived (up to three years), but relatively small, effect on excess returns on the
ten-year bond. On the other hand, shocks to INF have a large (-25 bp) initial effect
on the ten-year bond, and then this effect dies out over the first year. In contrast, for
the shorter maturity bonds, the largest impact effects are associated with GIP , with
INF having relatively smaller and short-lived effects on expected excess returns.
Recall that in our analysis of monthly expected excess returns it was GIP that was
the primary macro driver. The patterns in Figure 4 suggest that, at least over the
investment horizon of one year, inflation shocks play a much larger role at the longer
end of the yield curve.

Shifting to the yield-curve factors, shocks to PC2 raise expected excess returns
in both models. Particularly for the ten-year bond, the response in the macro model
is roughly twice as large as in the yields-only model. Additionally, the response is

17We use the Cholesky decomposition to orthogonalize the conditional covariance matrix of Xt.
For the macro models, we order the state variables as (GIP, INF, PC2, PC1, PC3), which seems
natural given our findings that macro and slope shocks are important sources of variation in risk
premia. For consistency with the macro models, the factors in the yield-only model are ordered
(PC4, PC5, PC2, PC1, PC3). The results are qualitatively similar if we consider other orderings.
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Figure 4: Excess Return Impulse Responses for (PC4, PC5) and (GIP, INF ):
Each panel plots the responses of expected excess returns on 2 year, 5 year, and 10
year bonds held for one year to shocks in the state variables.

more persistent in the macro model, with lingering positive effects for nearly two
years. We find it interesting that both INF and PC2 have such large impacts on
returns on long-term bonds in the macro model with two risk-premium factors, with
higher inflation lowering and a steeper yield curve raising expected excess returns.
These patterns suggest some interactions between inflation and yield-curve slope
over intermediate holding periods, perhaps tied to the reactions of the monetary
authorities to concerns about inflation. Though, as noted, we cannot identify risk
premium on inflation in our models, shocks to inflation and the stance of monetary
policy (as reflected in the slope of the yield curve) do have quantitatively large
effects on excess returns on long-term bonds. An interesting question then for future
research is whether these effects show up as non-trivial inflation risk premiums when
inflation-sensitive payoffs are incorporated into our framework.

Only for the long end of the yield curve do shocks to PC1 have sizable effects on
excess returns. For the ten-year bond, the effects in both models are negative and
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Figure 5: Excess Return Impulse Responses for PC1, PC2, and PC3: Each
panel plots the responses of expected excess returns on 2 year, 5 year, and 10 year
bonds held for one year to shocks to a state variable under one of our models.
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they persist for several years. These patterns are not surprising in the light of past
evidence that the slope of the yield curve is a much better predictor of excess returns
than the level of the yield curve.

Somewhat more surprising are the large responses, in both models, of the expected
excess returns to a shock to PC3. They are negative, increase in magnitude with
maturity, and they persist for several years. Using yield-curve information alone,
Duffee (2002) concludes that the third factor in his affine DTSMs has very short-
lived effects on excess returns and he describes it as a “flight to quality” factor.
However, using our smoothed GIP series and curvature-mimicking portfolio PC3,
and bearing in mind that we are studying swap and not Treasury yeilds, we find that
a one standard deviation shock to GIP leads to a response in PC3 that looks much
like a scaled up version of the response of the excess return on the ten-year bond to
a GIP shock in Figure 4. The response of PC3 to GIP peaks at about twenty basis
points and troughs at about minus ten basis points, but the persistence is similar in
that it asymptotes to zero after about five years. We conjecture that this pronounced
cyclical pattern is a manifestation of hedging by mortgage traders. Swaps are often
used to hedge out the interest rate risk on mortgages and the durations of many
mortgages are in the five- to seven-year range. Therefore, pronounced changes in
hedging patterns over the business cycle will induce corresponding changes in the
curvature of the yield curve. Consistent with this interpretation, Duarte (2008)
documents significant effects of hedging activity in mortgage markets on the implied
volatility of interest rate options and the properties of the yield curve.

5.2 Forward Rate Term Premiums

Up to this point our analysis of risk premiums has focused on relatively short hori-
zons, a one month holding period. To explore the nature of risk premiums over long
horizons we examine the difference between the forward rate on a one-year bond
issued nine years from now and the model implied expectation of the one-year spot
bond rate in nine years, EP

t [y12
t+108] (where horizons are measured in months).

Figure 6 displays the forward term premiums based on the point estimates of the
models in Table 2 (in particular, all of these models impose cointegration).

6 Concluding Observations
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Figure 6: Term Premiums: The top panel plots the term premia as measured by
the difference between the expected 1-year rate in 9 years, EP

t [y12
t+108], and the 9-year

ahead 1-year forward rate.

Appendices

A Tests for Unit Roots

Central to much of our analysis is the question of whether the variables included in
our econometric model evidence near unit-root behavior. Several researchers have
concluded that inflation exhibits near unit root behavior (e.g., Stock and Watson
(2007), Henry and Shields (2004)), and under a Fisher-type relationship between
inflation and nominal interest rates the level of nominal bond yields will inherit this
persistence. We therefore subject each of our variables to unit root tests. The first
panel of Table 3 reports Dickey-Fuller τ statistics. The specification with 0 lags
corresponds to the standard Dickey-Fuller test, whereas the specifications with 1, 3,
6, and 12 lags refer to augmented Dickey-Fuller tests that include lagged differenced
terms up to the specified order on the right-hand side of the estimated regression
equation. Our selection of lag lengths is guided by the desire to cover a broad range
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Figure 7: Term Premiums and Macro Variables: Standardized term premia for
model A0(5)1UR

2RP −M , along with standardized measures of the output gap (based on
IP or GDP ) and unemployment gap.

of potential monthly, seasonal, and annual effects. The second panel of Table 3
reports the Phillips-Perron statistics. These tests use Newey-West standard errors
to account for serial correlation, and the lag length here refers to the number of lags
included in the computation of the standard error. Finally, the last line in Table 3
shows the statistics from Breitung’s (2002) non-parametric unit root test. For each
of the three tests, the null hypothesis is that of a unit root process (without drift),
against the alternative of a level stationary process.18 A significant statistic implies
that we can reject the null hypothesis of a unit root.

The conclusion we draw from these tests – which is remarkably robust across
the different specifications – is that PC1, PC2, and INF exhibit behavior that we
cannot statistically distinguish from a unit root process, whereas PC3 and GIP
appear to be stationary. The stationarity of GIP is consistent with the way in
which consumption growth is specified in a number of recent equilibrium models:
consumption growth is i.i.d. in the models of Campbell and Cochrane (1999) and

18The qualitative conclusions remain unchanged if we instead test for a unit root with drift against
a trend stationary process.
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Wachter (2006), while it follows a persistent but nevertheless stationary path in the
long-run risks literature (Bansal and Yaron (2004), Bansal and Shaliastovich (2007)).
These specifications, in turn, are in line with empirical evidence in Lopez and Reyes
(2007) suggesting that consumption growth is stationary, at least after accounting
for the possibility of structural breaks.

Lags PC1 PC2 PC3 CPI IP

Augmented Dickey-Fuller Unit Root Tests (τ Statistic)
0 −2.04 −1.98 −4.28∗∗∗ −1.75 −2.99∗∗

1 −2.60∗ −2.09 −4.82∗∗∗ −1.64 −2.62∗

3 −2.35 −2.02 −4.98∗∗∗ −1.60 −3.03∗∗

6 −1.83 −2.25 −3.77∗∗∗ −1.70 −3.06∗∗

12 −2.53 −2.22 −3.86∗∗∗ −1.92 −2.36
Phillips-Perron Unit Root Tests (Zρ Statistic)

0 −4.99 −7.81 −34.41∗∗∗ −3.87 −17.67∗∗

1 −5.73 −8.24 −38.50∗∗∗ −3.61 −16.21∗∗

3 −6.09 −7.88 −41.63∗∗∗ −3.30 −17.68∗∗

6 −6.18 −8.61 −36.75∗∗∗ −3.41 −18.97∗∗

12 −6.85 −9.69 −33.68∗∗∗ −3.70 −18.36∗∗

Breitung’s Non-Parametric Unit Root Test (ˆ̺T /T Statistic)
n/a 0.05 0.03 0.01∗∗ 0.07 0.01∗∗

Table 3: Unit Root Tests. The (∗, ∗∗, ∗ ∗ ∗) indicate statistical significance at the
(10%, 5%, 1%) level.

B Order Selection of Autoregressive Models

We compute three well-known information criteria based on unrestricted VARs with
one through twelve lags (the maximum lag length was chosen so that both seasonal
and annual effects would be captured): Akaike’s information criterion (AIC), Han-
nan and Quinn’s information criterion (HQIC), and Schwarz’s Bayesian information
criterion (SBIC). When additional lags are included as explanatory variables, the in-
sample fit improves; the information criteria trade off this gain in likelihood against
the additional number of parameters introduced. The recommended lag length is that
at which the information criteria attain their minimum values. As Table 4 shows, all
three criteria are minimized at a lag length of 1, suggesting that a first-order Markov
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structure fits our data well.19

Lags AIC HQIC SBIC
0 −31.7416 −31.7106 −31.6649
1 −44.2046∗ −44.0190∗ −43.7448∗

2 −44.1569 −43.8165 −43.3139
3 −44.1256 −43.6306 −42.8995
6 −43.8899 −42.9307 −41.5142
9 −43.7246 −42.3013 −40.1993

12 −43.4121 −41.5247 −38.7372

Table 4: Assessments of Lag Length in V AR Models. The optimal lag lengths are
denoted by ‘∗’.

C Derivation of Results in Section 3.4

We first consider the case of yield-only models, and then examine their counterparts
when X is comprised of P3t, GIP , and INF .

To derive (??), let B0(τ) be the loadings given by Ḃ0 = diag(~λ)B0−~1, B0(0) = 0.
Let B0

PC(i) =
∑

−ℓiB
0(τi)/τi where PC-i has loading ℓi on yield maturity τi. Let B

be the N × N matrix with ith row given by B0
PC(i). It follows that the covariance

matrix of the innovations to the PCs is BΣ0
XB⊤. In order that (1) is satisfied, it

must be that H0
0 = (B⊤)−1ΣPB−1.

Now let A0(t) solve Ȧ0 = 1
2
(B0)⊤H0

0B
0 − rQ

∞, A0(0) = 0. Define A0
PC(i) =

∑

−ℓiA
0
y(τi)/τi. Let a be the N × 1 vector with i-th entry A0

PC(i). Then Pt = a +

BX0
t . From an invariant affine transformation it follows that: KQ

1 = B(diag(~λQ)B−1,
KQ

0 = −(KQ
1 )−1a, ρ0 = r∞ −~1⊤B−1a, and ρ1 = (B⊤)−1~1.

To get reliable starting values for the case of restrictions on the number factors
driving excess returns (R < N), given λQ, r∞, ΣP , we compute the required KQ

1 and
conduct the reduced rank regression of ∆PNt + KQ

1 PNt on PNt with restricted rank
and the covariance of the innovations specified by ΣP .

For the case of the models with macro variables, to get starting values for models
with R < 5, we proceed as follows. Given ΣX , we use reasoning analogous to that in

19HQIC and SBIC are consistent, i.e. they will lead to the correct order choice asymptotically,
while the AIC asymptotically overestimates the true VAR order with positive probability. This
holds both when the true process is stationary and when it contains unit roots, as is discussed in
Lutkepohl (2005), especially Propositions 4.2 and 8.1.
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the literature on block-exogenous V AR models. We first compute the ML estimates
of the reduced rank regression of Pt+1 − KQ

1 Pt on [Pt, Mt] and a constant to obtain
the ML estimates (conditional on λQ, r∞, ΣP) of KP

0P , KP
1PP

, KP
1PM . From these

estimates, we then construct the ML estimates KP
0M , KP

1MP , KP
1MM as in the block

exogenous V AR case.
Note that, in these restricted models, when KQ

1 has no zero eigenvalues, the risk-
premium reduced rank condition is equivalent to KP

1 (KQ
1 )−1 having ones as eigenval-

ues. A unit root under P requires that KP
1 , and thus KP

1 (KQ
1 )−1, has a 0 eigenvalue.

Thus, for example, in a three-factor model, the joint restriction that there are 2 unit
roots (2 zero eigenvalues of KP

1 (KQ
1 )−1) and one factor underlying time variation

in risk premiums (two eigenvalues of KP
1 (KQ

1 )−1 are ones) is incompatible with the
assumption that KQ

1 does not have a zero eigenvalue.
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