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ABSTRACT

This paper expands upon conventional shadow rate models, which typically concentrate on
the term structure of nominal yields, by integrating real interest rates. Close to zero-lower
bound periods, real rates inherit part of the non-linearity stemming from the constraints that
apply to nominal rates. We introduce a specific macro-finance adaptation of our
real/nominal shadow rate model and apply it to U.S. data spanning the last five decades. We
exploit the model to calculate real and nominal term premiums and to examine how the
dynamic responses of real and nominal rates to economic shocks are constrained during
zero-lower bound periods.
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NON-TECHNICAL SUMMARY

Since the late 2000s, after many central banks hit the lower bound on policy rates in the wake of the
Global Financial Crisis, shadow-rate models of the yield curve—building on the original idea of Black
(1995)—have gained prominence. These models address situations where policy rates cannot fall
further, even though economic forces would push them lower. Although recent inflation has led to
higher rates, the risk of returning to very low yields remains, especially given the long-term decline in
the natural rate of interest driven by slower productivity growth, demographic changes, and rising
inequality. This makes it essential to use yield curve models that account for lower-bound constraints.

This paper extends the traditional shadow-rate framework, which typically focuses only on nominal
yields, by incorporating real (inflation-adjusted) interest rates. Real rates are central to household and
corporate decisions about saving, borrowing, and investment, and they play a key role in asset
valuation. Modeling nominal and real yields jointly also makes it possible to study the dynamics of
inflation compensation (the difference between the two), which reflects investors’ expectations of
future inflation. We propose approximation techniques to price inflation-linked securities alongside
nominal ones within a unified shadow-rate model.

We apply this framework to U.S. data spanning the past fifty years, allowing us to examine how
nominal and real term premiums evolve and how the dynamics of yields change when monetary
policy is constrained by the zero lower bound (ZLB). A central insight is that the probability of being
stuck at the ZLB is highly sensitive to the level of the equilibrium nominal short-term interest rate.
When this equilibrium rate is relatively high—for example, 4 percent—the chance of hitting the lower
bound is modest (around 5 percent). But when it falls to 2.5 percent, the probability roughly doubles
to 10 percent (see the figure below). This finding underscores how a low natural rate environment
amplifies the risk of ZLB episodes.

Figure 1. Conditional probabilities of being in the lower-bound regime
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Overall, the paper demonstrates that extending shadow-rate models to include both nominal and real
yields provides a richer understanding of bond market dynamics under policy constraints. It
highlights how secular trends in the natural rate of interest make economies more exposed to the
lower bound, and why tools that account for these risks are essential for policymakers and market

participants alike.

Le modéle « shadow rate » :

Rendons le réel !

RESUME

Cet article élargit le cadre des modeles de taux d’intérét implicite (dit « shadow rate »)
conventionnels, qui se concentrent généralement sur la structure par terme des rendements
nominaux, en y intégrant les taux d’intérét réels. Lorsque les taux nominaux sont a
proximité de leur borne inférieure (zéro), les taux réels héritent d’une partie de la non-
linéarité découlant des contraintes qui s’appliquent aux taux nominaux. Nous estimons
une version macro-financiére de notre modéle de shadow rate nominal/réel sur des
données américaines couvrant les cinq derniéres décennies. Nous exploitons ce modcle
pour calculer les primes de terme réelles et nominales et pour analyser la manicre dont les
réactions dynamiques des taux réels et nominaux aux chocs économiques sont affectées
lors des périodes de plancher zéro.

Mots-clés : modele « shadow rate », primes de risque nominale et réelle, courbe de taux d’intérét.

Les Documents de travail refletent les idées personnelles de leurs auteurs et n'expriment pas
nécessairement la position de la Banque de France. Ils sont disponibles sur publications.banque-france.fr
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1. Introduction

Since the late 2000s, after many central banks hit the lower bound on policy rates in the
wake of the Global Financial Crisis, shadow-rate models of the yield curve—building on the
original idea of Black (1995)—have gained considerable prominence. Although recent infla-
tionary pressures have compelled central banks to gradually raise interest rates, the potential
for returning to extremely low yields in the future remains a plausible scenario, especially
in a context of declining natural rate of interest.! As a result, it is important to have term
structure models that adequately accommodate and address the constraints posed by their
lower bounds.

This paper extends traditional shadow-rate models, which typically focus solely on nom-
inal yields, by incorporating real interest rates. Real interest rates, representing the inflation-
adjusted cost of borrowing or lending, are crucial for economic decisions and asset valua-
tions. The joint modeling of nominal and real yield curves allows, in particular, for an in-
vestigation into the dynamics of the break-even inflation rate (or inflation compensation),
defined as the difference between the two curves.

Any model of the term structure of nominal yields that features a nominal stochastic
discount factor and inflation—including the shadow rate models of Wu and Xia (2016) or
Wu and Zhang (2019)—also imply the term structure of real rates (see, e.g., Giirkaynak and
Wright, 2012). The latter are, however, not considered in the context of shadow rate models
because the computation of real rates then involves conditional expectations that are more
general than the ones needed to price nominal yields. Approximations to this type of con-
ditional expectations have been recently proposed in the credit-risk context by Pallara and
Renne (2024) and Renne and Pallara (2023), who extend the formulas originally proposed by
Wu and Xia (2016). In the present paper, we show how to adapt these approximations to
price inflation-linked bonds and thus to derive real yield curves.

We propose an application that exploits these formulae to build a macro-finance model

that captures the joint dynamics of macroeconomic variables, real and nominal yields. We

1Over the past decade, economists and policymakers have increasingly recognized a significant decline in
the average natural rate of interest. This decline is attributed to factors such as lower productivity growth,
demographic shifts, increased inequality, and heightened uncertainty, indicating that the downward trend in
the natural rate of interest is likely to persist(see, e.g., Rachel and Summers, 2019; Bielecki et al., 2023).



bring this model to U.S. data covering the last fifty years. The model is exploited to compute
real and nominal term premiums, and to analyse how the dynamic reactions of real and
nominal rates to economic shocks are constrained during zero-lower bound (ZLB) periods.
The model incorporates the natural interest rate (r;) and inflation target rate (7r;), enabling
analysis of how changes in the equilibrium nominal short-term interest rate (if = r; + 71;)
affect yield dynamics and frequency of ZLB events. Our findings show a significant increase
in the probability of a ZLB regime as the equilibrium nominal rate falls; for example, the ZLB
probability increases from 5% at i} = 4% to 10% at i} = 2.5%.

The present article relates to the literature that develops and investigates ZLB-consistent
models. Four main approaches stand out: (i) quadratic term structure models, or QTSM
(QTSM hereinafter, e.g, Ahn et al., 2002; Andreasen and Meldrum, 2019; Leippold and Wu,
2002), (ii) models based on square-root processes (or CIR processes, e.g., Cox et al., 1985; Pear-
son and Sun, 1994; Dai and Singleton, 2000), (iii) models based on auto-regressive gamma
processes (ARG processes, e.g., Gouriéroux and Jasiak, 2006; Dai et al., 2010; Monfort et al.,
2017; Roussellet, 2023), and (iv) shadow-rate models. The first three types provide closed-
form bond pricing formulas and positive heteroskedastic yields. Nevertheless, explicitly in-
corporating macroeconomic variables into these models is challenging as strong constraints
apply to the factors” dynamics for nominal rates to remain non-negative. For instance, in the
context of QTSM, the short-term nominal rate (i;) is a quadratic function of x;, that follows a
Gaussian vector autoregressive model (VAR). Assume inflation (71;) is one of x;’s components
and consider a value of x; that is such that i; is at the lower bound, i.e., i = 0. Everything else
equal, i; is a quadratic function of 7r; around that point. As a result, for very low values of i,
both a unit increase or a unit decrease in 7, everything else equal, have approximately the
same positive impact on i in a QTSM model. With regard to CIR or ARG processes, limitations
arise from the fact that in these models factors are all non-negative and positively correlated

with each other. While these constraints are not necessarily a problem if the factors are la-



tent, they become very strong and limiting if some of the factors are explicitly recognized as
macroeconomic factors—typically inflation.?-3

The shadow-rate model has been adopted by numerous studies (e.g., Ichiue and Ueno,
2007, 2013; Kim and Singleton, 2012; Krippner, 2013; Priebsch, 2013; Kim and Priebsch, 2013;
Lemke and Vladu, 2017; Bauer and Rudebusch, 2016; Christensen and Rudebusch, 2015, 2016;
Wu and Xia, 2016, 2020; Golifiski and Spencer, 2024).4 In this framework, the short-term
interest rate is defined as the maximum of zero and of the so-called shadow rate. ZLB periods
occur when the shadow rate turns negative. The model can generate prolonged periods
of ZLB, contrary to quadratic and square-root approaches, that treat the lower bound as a
reflecting barrier. While this feature is also achieved by the auto-regressive gamma zero
process introduced by Monfort et al. (2017), a key advantage of the shadow-rate model—over
all other lower-bound-consistent models—is its flexibility regarding the correlation structure
of the pricing factors. This makes it particularly well-suited when one wants to combine the
dynamics of macro-economic factors with those of interest rates.

To our knowledge, two other papers tackle the pricing of both nominal and inflation-
linked bonds in the context of shadow-rate model, namely Imakubo and Nakajima (2015) and
Carriero et al. (2018). To obtain tractable pricing formulas, the authors of these two papers
proceed by positing both the nominal and the real stochastic discount factors, using standard
specifications for each of them. Since the ratio of the two SDFs is the gross growth rate of the
price index, doing so fully constrain the inflation dynamics, that then turn out to be highly
nonlinear in the pricing factors. This complicates the use of inflation and of inflation forecasts

when it comes to estimating these models—inflation is absent from the empirical analyses of

ZRoussellet (2023) proposes a model that combines components of the ARG and QTSM frameworks that
kills the necessity to have positively correlated factors. The specifications however also imply constraints on
the relationships between nominal rates and macroeconomic factor. In particular, this framework also faces the
type of limitation mentioned above for the QTSM: periods of low i; correspond to periods where a quadratic
function of the factors x; is close to its minimum (zero), which implies that, everything else equal, the derivative
of i; to 71;—or any other variable—is then zero.

3CIR and standard ARG models treat the ZLB as a reflecting barrier and, in these frameworks, the proba-
bility of having an unchanged short-term rate for two subsequent periods is zero. Monfort et al. (2017) extend
the standard ARG models to allow factors for stay at zero for stochastic periods of time. In this framework,
however, the factors are all non-negative and positively correlated with each other.

“When contrasting shadow-rate arbitrage-free Nelson-Siegel (AFNS) models with their standard Gaussian
counterparts using Japanese term structure data, Christensen and Rudebusch (2015) observe that shadow-rate
models offer better in-sample fits and can capture yield dynamics at the Zero Lower Bound (ZLB). Similar
evidence was found for U.S. yield data by Christensen and Rudebusch (2016).



Imakubo and Nakajima (2015) and Carriero et al. (2018)—which limits the possibilities of
model validation and prevents from using inflation surveys at the estimation stage.’

Through our application, our study relates to the literature on the interactions between
the yield curve and macroeconomy. Seminal contribution in this respect include Ang and Pi-
azzesi (2003), Dewachter and Lyrio (2006), Hordahl et al. (2006), Diebold et al. (2006), Rude-
busch and Wu (2008), and Joslin et al. (2014). A strand of this literature focuses on the joint
modeling of nominal and real yield curves (Campbell and Viceira, 2001; Evans, 2003; Ang
et al., 2008; Christensen et al., 2010; Chernov and Mueller, 2012; Hordahl and Tristani, 2012;
Breach et al., 2020; Bletzinger et al., 2025). These papers are however not consistent with the
existence of a lower bound for nominal interest rates.

Our paper also touches upon the literature on the probability of reaching the zero lower
bound (ZLB) and its relation to equilibrium interest rates. Chung et al. (2012) find that pre-
Great Recession research underestimated the probability of reaching the ZLB because it failed
to account for parameter and latent variable uncertainty in the model. Sims and Wu (2020)
examine the increasing likelihood of the ZLB recurring, given the secular decline in the nat-
ural interest rate. Bianchi et al. (2021) demonstrate how deflationary bias emerges when the
probability of reaching the ZLB is non-zero. Fernandez-Villaverde et al. (2023) find that the
probability of reaching the ZLB increases when the inflation target is low and wealth inequal-
ity is high. They find that lowering the inflation target make ZLB events more likely.

The remainder of the paper is structured as follows. Section 2 discusses the challenges
associated with pricing inflation-linked bonds in the context of shadow-rate models, along
with the introduction of approximate pricing formulas. Section 3 introduces a specific version
of a real/nominal shadow-rate model and estimates it using U.S. data. Section 5 concludes.

The Appendix contains technical results. Proofs are gathered in the Online Appendix.

2. The general nominal-real shadow rate model

This section present the specification of our nominal-real shadow rate model. The ingre-
dients are the following: the link between the short-term nominal rate i; and the shadow rate

st (eq. 1), the link between the shadow rate and the state vector x; (eq. 2), the dynamics of x;

SThe importance of using inflation surveys when estimating the joint dynamics of real and nominal term
premiums is illustrated, e.g., by Chernov and Mueller (2012) and Breach et al. (2020).
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(eqg. 3), the specification of the stochastic discount factor (egs. 4 and 5), and the link between
inflation and the state vector (eq. 10). While we consider standard specifications for each of
these ingredients, we highlight that they jointly imply that the prices of inflation-linked bond
take the form of conditional expectations that are more general than those associated with
nominal bonds, which has not been discussed and solved earlier in the literature. Let us be
more specific.

The short-term nominal risk-free rate is given by:®
ir = max(i, st), (1)
where i is the effective lower bound and s; is the shadow rate affine in the state vector x;:
st = 6o + Ot 2)
The state vector follows a Gaussian VAR:
xt =pu+®x;_1+Le, &~ i.id N(0,1), (3)

where 0 denotes a vector of zeros and I is a conformable identity matrix.

The nominal stochastic discount factor (SDF) is given by:

) 1
M1 = exp (—lt + Alers1 — EMM) , 4)
where the vector of prices of risk, A4, is affine in x;:

Ar = Ag+ A'lxt. )

Under egs. (3) to (5), it is well-known that the risk-neutral dynamics of x; are given by (e.g.,

Ang and Piazzesi, 2003):

Xt = ”Q + ‘I)th—l + 283_1/ 83_1 ~ NQ(OI I)/ (6)

*While the effective lower bound i is generally considered to be zero in the US, the European Central Bank
(ECB) has ventured into negative territory with its deposit facility rate, effectively pulling short-term interest
rates into negative territory as well. This implies that i has at times been negative in the Euro Area. The ECB
deposit facility rate reached a low of —0.5% in September 2019 and remained there for several years. Wu and Xia
(2020) introduce a model incorporating an ELB that is stochastic, and recognized as such by market participants.
The model is estimated on eurozone data, and their results suggest that the ELB process explains a modest share
of the observed term premium (see their Figure 10).



with
e =u+xr, ®%=&+IA] 7)

Further, the prices of nominal bonds are given by:

By = lE(tQ lexp(—ir — -+ —ippp_1)]

= E2[exp(— max(i,s;) — - - - — max(i,s;45_1))] - 8)

Because the short-term nominal rate i; is not affine in x;, the standard machinery of affine
term structure model cannot be used to compute the previous conditional expectations. Sev-
eral approaches have then been proposed to approximate for the latter conditional expecta-
tion (e.g., Krippner, 2012; Priebsch, 2013; Wu and Xia, 2016). The present study utilizes the
approach developed by Wu and Xia (2016), but extends it to accommodate the pricing of
inflation-linked bonds, which requires a different form of conditional expectation than that
used for nominal bonds in eq. (8), as demonstrated in what follows.

To price real (or inflation-linked bonds), we need to consider the real SDFE. The latter relates

to the nominal SDF through:”

tr1 = Mpr1exp(rmig), 9)

where 71; is the continuously-compounded inflation rate between dates t — 1 and ¢. It is usual

to consider an inflation rate that is affine in the state vector x;:
T = Y0 + VXt (10)

Eq. (9) shows that the nominal SDF, the real SDF, and the dynamics of inflation cannot be
chosen independently. In the present case, the real SDF is determined once (i) the nominal

SDF is as in eq. (4) and (ii) inflation is as in eq. (10).

“Indeed, consider an asset whose real payoff on date t + 1 is p;;1. Its nominal payoff will then be
pi+1exp(miy1) on date t + 1. That implies that its date-f price has to be IE;[M, ;1 exp(741)pi4+1] and, in turn,
that the real SDF is M ;11 exp(7T;41). See also Campbell et al. (1997), Chapter 11.



According to eq. (9), the prices of real, or inflation-linked, bonds are given by:8

o= ]E? lexp(—if — -+ —dppp—1 + 1 + .o TTeyp)]

= EP [exp(—max(i,s¢) — -+ — max(i, spep_1) + 1+ - Tean)] - (11)

This conditional expectation is not of the standard (shadow-rate) type, since its combines,
in the exponential, terms of the form max(i, éy + d7x;,x) and others that are simply affine
in x¢, namely o + 7 X; . The standard formula provided by Priebsch (2013) and Wu and
Xia (2016) do not allow to compute these conditional expectations. (They accommodate only
terms involving the max operator, not max/affine combinations.) An approximation formula
that extends that of Wu and Xia (2016) is, however, proposed by Pallara and Renne (2024) and
Renne and Pallara (2023) in the context of credit-risk modelling; this approximation formula
is presented in Lemma 1 (see Appendix A). This formula allows to approximate the condi-

tional expectations appearing in eq. (11) with the closed-form expression:’

r o
Bl ~exp(—Foit—Fiot— = Fuint),

8Inflation-linked bonds typically include a deflation option: while the principal is indexed to the price index,
in the event of deflation (a decrease in the price index) between issuance and maturity, investors are guaranteed
to receive at least the original par value at maturity. This offers protection against deflation, ensuring that the
principal is not lost even if prices fall (e.g., Grishchenko et al., 2016). Such an embedded option is not considered
in equation (11). As demonstrated by Christensen et al. (2016), the value of this deflation option is generally low
and thus has a negligible impact on bond prices, particularly for older bonds that have accumulated positive
inflation since issuance and for which the option is effectively out-of-the-money. However, the effect is less
negligible for “young” bonds during periods of high deflation risk, such as the Great Financial Crisis. To account
for this, along with other potential crisis effects, we increase the measurement errors on real yields during the
GFC and COVID-19 crisis periods (see Section 4.2).

9As mentioned in the introduction, two papers (Imakubo and Nakajima, 2015, and Carriero et al.,

2018) circumvent this computational issue by positing that the real SDF is of the form: Mj,

exp (—rt + A e — AYAL/ 2). In that case, they obtain that the prices of real bonds are exponential affine

in x;, using the standard GTSM formulas. However, since their nominal SDF is given in eq. (4), they have no
choice in the inflation process, which, given egs. (4) and (9), and the previous expression for the real SDF, is
(implicitly) equal to:

. 1 1
Ty = log(M:’t+1/Mt/t+l) =1 — /\t/gtJrl + E/\t/At — Tt + /\;/é’t+1 — EAZ,A;

Inflation is then non-linear in x;, notably because it involves the max operator through i;. It also comprises
quadratic terms in x; (through A;'A¢ and ATAD).



with

. a,+b x; —i
Foiint = i+0ug (”—nt—>
On

(. J/

—
nominal forward rate

— b/ o
— (et dx) + oV (—a”+ nXt 7 L
a/_/

inflation discount

) b'®, I @ c,, (12)

On

interest rate - inﬁration interaction
where 0y, a,, 4y, by, ¢4, ¢y, and @y, are obtained by using simple recursive formulas (see
Appendix A), and where g(x) = x®V (x) + ¢V (x), where @ and ¢ are the c.d.f. and
p-d.f. of a standard normal variable, respectively.

The nominal forward rate—the first component in eq. (12)—is the same as in the shadow
rate model of Wu and Xia (2016). The inflation discount term in eq. (12) represents expected
inflation along with convexity adjustments. The final term accounts for convexity adjust-

ments related to the interplay between future interest rates and inflation.

3. A macro-finance framework

While eq. (3) that determines the law of motion of the state vector x; is general, this section
proposes a more specific dynamics for x; in the present section. At the core of the model are
three standard macroeconomic equations: the Phillips curve connects inflation to the output
gap; the Investment-Savings (IS) curve depicts the relationships between short-term real rates

and the output gap; the Taylor rule dictates the central bank’s response function.

3.1. Macro dynamics

We assume that log GDP (y;) is made of two components, namely the potential GDP (y;)
and the output gap (z;). Denoting the log growth rate of potential GDP by g; (i.e, g = Ayj),

we obtain the following expression for the log GDP growth rate:
Ayy = gt + 2t — 241. (13)

Following Wu and Zhang (2019), we assume that the short-term shadow rate follows a

generalized Taylor rule (see, e.g., Orphanides, 2007):

st = (L—pi)si—1 +pilri + 1) + ax(m — 71f) + azzi] + 04 g, (14)

9



with ¢;; ~ i.i.d. N'(0,1), and where 7, 7t} and r} are, respectively, the persistent component
of inflation (excluding volatile shocks), the inflation target, and the natural rate of interest.
Wu and Zhang (2019) show that using the shadow rate instead of the effective short-term rate
in the context of small-scale macroeconomic models constitutes a tractable way to capture
the effects of non-conventional monetary policy that are implemented during ZLB spells.
To this end, Wu and Zhang (2019) propose to combine the previous Taylor rule with an IS
curve featuring the shadow rate, whose objective is to summarize the effect of unconventional

monetary policy on the economy. Specifically, our IS curve reads:
zt = pz2p-1 — a(spo1 — E(me|Zi1) —1{_1) + 0zez, (15)

where ¢,; ~ i.i.d. N'(0,1).
As in Laubach and Williams (2003) and Holston et al. (2017), we tie the natural rate of

interest to the potential growth rate:
ri =68+ K, (16)

where 0 corresponds to the risk aversion parameter and x; corresponds to the pure preference
for present in the context of a Ramsey rule. The latter component is assumed to be time-

varying and follows:

Kt = Ux + PxKt—1 + Ok€x t- (17)

The inflation target and potential growth rates follow autoregressive processes:

o= (L= )W +p'mq + 07, (18)
gt = (1—pg)pg+pg8t—1+ 0geqt, (19)

with e}, e ~ i.i.d.N(0,1).
Inflation 71; has two components. The first component, 7;, is a persistent factor, whose dy-
namics take the form of a Phillips curve, with a long-term value that depends on the inflation

target 717. The second component, 1;, is more volatile and captures short-living deviations
g t p p g

from the persistent trend; we assume that it follows a moving average process (with a small

10



order p):

T = T+ Uy, (20)
= (1 - p) 7'[? + P71 + ﬁzt—l + On€nt, (21)
U = Aap€yt+ a1€yp—1 + -+ Ap€yt—p, (22)

With 87‘[[1‘, su,t ~ i.i.d.N(O, 1).

3.2. Prices of risk and stochastic discount factor
We introduce an additional state variable, denoted by w;, which aims to capture the fluc-
tuations in prices of risk. We adopt the following parsimonious formulation for the vector of
prices of risk (eq. 5):
At = Ag + Ay pwy, (23)

where Ay and A4 4, are vectors of dimensions 7, X 1, where 7, is the dimension of the vector
of shocks affecting the economy: & = [g;¢, €g4, €21, €5, €mts €t Ewt, €x ]’ Although wy is the
sole driver of the price of risk, it can be correlated with other variables. Indeed, its dynamics

are expressed as follows:
wy = (1 - Pw)ﬂw + PwWi—1 + OwEwt + Owz€zt + Ow,n€mt + Ow,g€gq,ts (24)

where e, ~ i.i.d. N'(0,1). Notice that while the shock &, ; is specific to w;, this variable is also

impacted by €., €7+, and €g .

4. Empirical implementation

4.1. Data

The model can be cast into a state-space form whose transition equations correspond to
the Gaussian VAR followed by the state vector x; (i.e., eq 3), and whose measurement equa-
tions involve macroeconomic variables, nominal and real yields, as well as survey-based fore-
casts. Since interest rates are nonlinear functions of x;, some measurement equations are not

affine. Accordingly, we employ the Extended Kalman Filter (EKF) to estimate the model.!”

10Most studies choose the EKF to estimate shadow-rate models. Christensen and Rudebusch (2015) compare
the extended Kalman filter with the unscented Kalman filter using Japanese yield data and found minimal
differences; they favor the EKF due to its lower computational intensity.

11



The measurement equations and the data they involve are as follows:

* Macroeconomic variables (4 variables): Inflation (eq. 20) is the monthly log growth
rate of the price index (CPIAUCSL series in the FRED database). Real activity (eq. 13)
is measured by the monthly GDP growth index constructed by Brave et al. (2019). The
output gap (eq. 15) is calculated as the relative deviation between quarterly GDP and an
estimate of the potential GDP (series GDPC1 and GDPPOT in FRED). Furthermore, we
use the measure of perceived inflation target (PTR) used in the FRB/US model (Brayton
et al., 2014) to anchor our 71} estimate (eq. 18).!! The output gap and PTR are available
on a quarterly basis; we convert them into monthly time series, filling missing values

with the last available observation.

* Nominal and real yields (11 variables): The financial block consists of nominal yields
with maturities of 3 months, 1, 2, 3, 5, 7, and 10 years, and of real yields based on TIPS,
with maturities of 2, 5, 7, and 10 years. Except for the 3-month nominal yield (series
DTB3 in FRED), nominal yields are taken from the updated Giirkaynak et al. (2007)
database. Real yields come from the updated Giirkaynak et al. (2010) database. Given
the relatively recent introduction of TIPS, we supplement our dataset with backcasted
10-year real rates from Groen and Middeldorp (2013), who estimate these rates by re-
gressing TIPS yields on an extensive array of over 100 macroeconomic and financial

variables, employing partial least squares to guide the variable selection process.'?

* Survey-based forecasts (6 variables): Among the observed variables we also incor-
porate survey-based forecasts. This approach, popularized by Kim and Wright (2005)
and Kim and Orphanides (2012), aims at capturing better the typically high persistence
in the estimation of term structure models (e.g., Jardet et al., 2013; Bauer et al., 2012).
We consider 1-year-ahead and 10-years-ahead survey-based forecasts of average infla-
tion and the average short-term interest rate. These surveys are taken from the quar-

terly Survey of Professional Forecasters of the Federal Reserve Bank of Philadelphia.

This variable has been used in various academic research, including Bauer and Rudebusch (2020)
and Shapiro and Wilson (2022). It is available at https://www.federalreserve.gov/econres/
us—-models—package.htm.

12The estimates of Groen and Middeldorp (2013) are available here.

12


https://www.federalreserve.gov/econres/us-models-package.htm
https://www.federalreserve.gov/econres/us-models-package.htm
https://newyorkfed.org/medialibrary/media/research/blog/groen_tips/Synthetic_TIPS_Breakeven_Rates.xlsx

To place greater emphasis on the long-run surveys during estimation, and considering
their slow-moving nature, we convert them into monthly time series, filling missing

values with the last available observation.

4.2. Parameters identification and estimation strategy

We estimate the model by maximizing the likelihood function using the extended Kalman
filter. Macroeconomic variables, bond yields, and survey-based forecasts are assumed to be
observed with measurement errors. Specifically, the measurement equations of the state-

space model take the following form:

Macro ay + Byxy EMt
Yields; = Q(x¢) + | eyy | (25)
Surveys; S(x¢) st

where €)1, €y, and g ; are independent Gaussian measurement errors, and where functions
Q and S are nonlinear functions of x;. Although these functions are non-linear, they admit
analytic derivatives, which facilitates their use in the EKF (see Appendix A for the bond
pricing equations, and III for the forecast equations).

We impose a number of constraints on the parameter space to facilitate the estimation and
to achieve a satisfying relative fit of the different variables. These constraints are detailed in

Appendix B.

4.3. Estimation results

Table 1 presents the model parameterization. To facilitate interpretation, some param-
eters have been annualized (when applicable, we show the annualization multiplier). The
standard errors, displayed in smaller font, are calculated from the inverse of the (numerical)
covariance matrix of parameter estimates based on the gradient of the likelihood function of
the estimated parameters, excluding the calibrated parameters and those that converged to
the boundaries during estimation.!3

Figure 1 illustrates the model fit of macroeconomic variables. Additional figures, gath-

ered in Supplement V, show the fit of nominal and real interest rates, and of survey-based

13These boundaries, and other parameter constraints, are detailed in Appendix B.
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Table 1: Model parameterization. To facilitate interpretation, some parameters have been annu-
alized (when applicable, we show the annualization multiplier). The standard errors, displayed
in smaller font, are calculated from the inverse of the (numerical) covariance matrix of parameter
estimates based on the gradient of the likelihood function. Calibrated parameters and those that
converged to the boundaries during estimation have been excluded from the calculation of standard
errors. We refer to Appendix B for details regarding constraints imposed on the parameter space.

Parameter Estimate (S.E.) Multiplier \ Parameter Estimate (S.E.) Multiplier

Estimated model parameters:

i 0.0105 x1 Pg 0.7901 x1
0.0010 0.1058
O 0.6088 x 1200 % 74.6946 x 100
0.0318 22.1453
0z 0.9464 x1 0y 0.4193 x 100
0.0223 0.0086
p* 0.9950 x1 o* 0.0370 x 1200
0.0000 0.0011
Ui 0.0000 x 1200 Ok 0.9950 x1
0.0000 0.0000
0 —0.3898 x1 B 0.0939 x12
0.3447 0.0223
O 0.0109 x 1200 Ay 1 0.0025 x1
0.0301 0.0001
ay 2 0.0008 x1 Pw 0.9286 x1
0.0001 0.0231
Tw,g 0.0933 x1 Cw,z 0.0000 x1
0.0255 0.0977
Ow, 0.0033 x1
0.1051
Calibrated model parameters:
i 1.5000 x1 o 0.5000 x12
o; 0.4176 x 1200 e 2.6532 x 1200
u* 4.0259 x 1200 O 0.1961 x 1200
0 1.0000 x1 i 0.0000 x1
Hw 0.0000 x 1200 Ow 0.2975 x1
Measurement errors:
0o 0.5000 %100 o 0.3229 %1200
0.0000 0.0059
oy 0.2429 x 1200 0y lig 0.9419 x 1200
0.0167 0.0946
Os 0.2400 x 1200 Optr = 5 X 05
0.0000
Oedp = 0,/100 Oinf = 0,/100
oy = 0s O3ty = 05/4
Price of risk parameters:
Aolsi 0.0775 )\w,gi 0.1536
0.2319 0.0958
Ao e . 0.2128 Awe . 0.2273
0.1084 0.8148
Aoe, —1.0851 Awe, —0.1914
3.7203 0.9255
e 102 e 0517
Ao, 2.0448 Ao 0.5400
63.8248 7.5356
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forecasts. These figures overall suggest that the model is flexible enough to capture satisfac-
torily the dynamics of all considered variables. Table 2 reports annualized root mean-square
error (RMSE) for nominal and real yields, and for surveys. The average RMSE for nominal
yields amounts to 26 basis points, which is reasonable for a macro-based model that does not
include yield factors (such as principal components of yield). The fit of real yields is slightly
better in normal (i.e., higher liquidity) times, amounting to 23 basis points on average across
maturities, but the fit deteriorates substantially during periods of low liquidity to 77 basis
points.14 The RMSE:s for inflation and interest rate surveys are about 28 and 15 basis points,
respectively. Again, given that the model does not include any yield-based factors, this fit

can be considered relatively good and in line with other studies.

Table 2: Root mean-square fitting errors. This table shows root mean-square errors
for annualized nominal and real yields, and for surveys. RMSEs are expressed in
basis points.

Maturities 3m 1ly 2y 3y 5y 7y 10y Average
Yields:

Nominal yields 5. 33 20 16 13 13 29 26
Real yields - high liq. 39 16 13 23 23
Real yields - low liq. 118 97 87 136 110
Surveys:

Inflation rate 31 26 28
3m T-bill rate 17 13 15

A byproduct of the estimation is the natural rate of interest (hence NRI), which we plot
in Figure 2, together with the estimates from Laubach and Williams (2003) and Holston et al.
(2017). While our NRI exhibits broad fluctuations consistent with the estimates in Laubach
and Williams and Holston et al., it is more volatile. In particular, it exhibits negative val-
ues over a substantial part of the last two decades. The second plot of Figure 2 shows the
inflation target, which declines steadily from the early 1980s until the end of the 1990s and
has been fluctuating around 2% since then. The third plot shows the risk premium variable

w; (egs. 4 and 23). This variable is identified up to its sign, so that changing the signs of all

14While we assume a uniform measurement error standard deviation across maturities and time for nominal
yields (cy), we allow two values for real real: o, outside low-liquidity periods, and ¢; + 0} ;; during 2008-2009
and before 2004, when TIPS were less liquid or unavailable, and during the COVID period, from March 2020 to
February 2021. This flexibility allows the model to account for the illiquidity premium of up to 100 basis points
during the great financial crisis and before 2004 as reported in D’ Amico et al. (2018).
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the components of Aq 4 and the signs of correlations of e, ; with other shocks (i.e., 0w,g, 0w,
and oy, ) results in a model with the exact same fit but with w; of opposite sign. We choose
identification scheme that results in a positive correlation between w; and the nominal term

premiums.

4.4. Term premiums

Since our model captures the joint dynamics of nominal and real yield curves, we can

derive estimates of nominal, real, and inflation risk premiums using the following equations:

TPNy, = (1o ER fexp(—i — -~ ir1)] -
log Bf [exp(—ir — - —irsn-1)]), (26)
1 . .
TPRyy = —E(log]E? lexp(—it — - —dpyp1+ M1+ T0gn)] —
logIEItP lexp(—if — - —lpap_1 + Tr1 + - Tean)]), (27)
1
IRP,, = —E<logIE;D lexp(mis1 + ... )] — log EY [exp (g1 + ... mipp)] ), (28)

where ET denotes the expectation under the physical probability measure. These term pre-
miums correspond to the components of nominal yields, real yields, and the break-even in-
flation rate, respectively, that would not exist if prices of risk A; were equal to zero.

Figure 3 displays the 10-year nominal, real, and inflation term premiums, together with
estimates based on alternative strategies that have been proposed in the literature (namely
Kim and Wright, 2005; Adrian et al., 2013; D’Amico et al., 2018). While the different estimates
show similar low-frequency fluctuations, including a secular decrease in the nominal and real
term premiums over the last fourty years, some differences are also apparent. In particular,
since 2020, our estimates of the nominal (respectively real) term premiums are about 50 to 100
basis points higher than those obtained by Kim and Wright (2005) and Adrian et al. (2013)
(resp. by D’Amico et al., 2018).

4.5. Impulse responses

Because the state vector follows a Gaussian VAR (Equation 3), the responses of macroeco-
nomic variables to shocks are derived using standard VAR formulas. Figure 4, for example,

displays the responses of inflation, the output gap, and the shadow rate to the various shocks
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Figure 1: Model fit of macroeconomic variables. This figure shows the model fit of macroeconomic
variables. Panel (a) shows the inflation rate (monthly growth rate of the price index, annualized), and the
7ty and 71} components of inflation (see eq. 20). Panel (b) compares the model-implied target rate 7r; with
the Perceived Target Rate of Brayton et al. (2014), that is used in the estimation. Panel (c) shows the trend
growth rate g;, together with the monthly GDP growth rate based on the approach proposed by Brave
et al. (2019). Panel (d) displays the model-implied output gap, together with that extracted from the FRED
database (calculated as log(GDPC1/GDPPOT)). All rates are annualized and expressed in percent.
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Figure 2: Natural rate of interest (+*) and inflation target (;r*). This figure shows the estimated natural
rate of interest (} in eq. 16), and compares it with the estimates of Laubach and Williams (2003) and
Holston et al. (2017). The second plot shows the inflation target (77} in eq. 18). The third plot shows the
time series of the risk premium factor w; (eq. 24), that drives the prices of risk (eq. 23). The grey area
corresponds to the 95% confidence interval (reflecting filtering uncertainty).
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Figure 3: Term premium estimates. This figure shows model-implied term premiums, together with
alternative estimates based on Kim and Wright (2005), Adrian et al. (2013), D’Amico et al. (2018). Term
premiums are expressed in percent (annualized). Formal definitions of the nominal, real, and inflation
term premiums are respectively given in (26), (27), and (28). The inflation risk premium is defined as
the difference between the nominal and the real term premium. Model-free risk premiums are based
on observed yields and survey only; for instance, the model-free inflation risk premium is calculated by
subtracting the survey-based inflation forecast to the break-even inflation rate (calculated as the difference
between the nominal yield and the real yield). Shaded areas indicate NBER recessions.
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included in the model. These responses exhibit the expected signs, given the model’s struc-
ture. The first row shows the response to a tightening monetary policy shock (¢; ; in eq. 14);
the desinflationary and recessionary effects peak at approximately 2.5 years.

Let us now turn to the responses of long-term real and nominal yields. These responses
cannot be obtained with standard techniques since yields—nominal and real—are nonlinear
functions of the state vector x;. The impulse response of different yields will depend, in
particular, on the level of the shadow rate. Intuitively, when the shadow rate is negative, the
impact of (any type of) shocks on yields are expected to be muted, consistently with the lower
yield volatility observed during ZLB periods. To fix ideas, consider the effect of an increase in
g; 1 by 25 bps (annualized). The effect of this shock on the shadow rate does not depend on the
level of s; since the latter is part of x;, that itself follows a homoskedastic VAR model. (This
response is shown in the last column of plots of Figure 4.) However, the impact of this shock
on iy = max(0,s;) depends on s;. For instance, if s; is equal to —1% (annualized), then i; is not
affected by this shock upon impact. If the shadow rate is persistent, this amortization effect
persists for the next few periods (in expectation). Indeed, if the shadow rate is persistent and
if s = —1%, then it is likely that s; will stay negative for the next few periods, even if it is
augmented by 0.25% today. Accordingly, the 0.25% shock on s; will have a smaller effect on
expected future short-term rates (iy) when s; = —1% than when s; > 0%. Since long-term
rates can be approximated by averages of expected future short-term rates (it), this effect is
transmitted to interest rates of longer maturity.

To quantitatively investigate these effects in our framework, we compute non-linear im-
pulse response functions in the spirit of Potter (2000). Consider a function g of x;. In our
context, g(x;) can be, for instance, a nominal or a real long-term yield. we define the general

conditional impulse response function as:

IRPh(q/ Ibd) = 1E(q(xt+h)|l“xt,1 =b,e=d)—
E(q(x¢41)|Tx;—1 = b, & = 0), (29)

where matrix I' determines the linear combinations of x; that serve as conditioning informa-
tion, and d determines the shock that one wants to apply to the system on date ¢. To fix ideas,

assume we consider the yield curve response to a monetary-policy shock (g;;) in the context
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Figure 4: Impulse response functions of inflation, output gap, and the shadow rate. This figure shows
the impulse response functions of inflation (or more precisely of its persistent component, 77;) and of the
output gap to different shocks (one standard deviation for each shock). ¢;; is a monetary policy shock
(eq. 14); €g+ is a shock to the trend growth rate (eq. 19); ¢;+ is a demand shock (eq. 15); ¢} is an inflation
target shock (eq. 18); e is an inflation shock (eq. 21). The first column shows inflation responses (ex-
pressed in percentage points, annualized). The second column shows output gap responses (expressed in
percentage points). The third column shows shadow rate responses (expressed in percentage points). The

x-axis indicates to the number of months after the shock.
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Figure 5: Responses of yields to monetary policy shocks (¢; ;), conditional on s. This figure shows the im-
pulse response functions of nominal and real yields to an accommodative monetary policy shock (increase
in the shadow rate by 25 basis points, via ¢; ;, see eq. 14) conditional on the initial value of the shadow rate

(s¢). It shows that yields are less responsive in the lower bound regime.
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Figure 6: Responses of yields to monetary policy shocks (¢;;), conditional on r* + 7t*. This figure shows
the impulse response functions of nominal and real yields to a tightening monetary policy shock (increase
in the shadow rate by 25 basis points, via ¢;;, see eq. 14) when we are initially close to the zero-lower
bound (i = s; = 0%), conditional on the initial value of the equilibrium nominal rate (r; + 7). It shows

that yields are slightly less responsive when r} + 7t} is low.
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of a specific value of the shadow rate, say s;_; = 5. In that case, we have:
r=[10..|, b=[s], and a=|ozmut o |, (30)

where At is the length of a model period expressed as a fraction of a year.

Appendix C details an approximate second-order calculation of eq. (29) in the context of
our framework. This computation makes, in particular, use of the fact that the conditional
distribution x; ;| {I'x;_1 = b, & = d}, appearing in eq. (29), is available in closed form.!

Figure 5 displays impulse response functions (IRFs) of nominal and real yields to a 0.25%
(annualized) shock to ¢; ; under two scenarios: a non-binding ZLB (s; = 4%, solid lines) and a
binding ZLB (s; = —2%, dashed lines). As expected, the IRFs indicate a more muted response
of yields when the ZLB binds, especially at shorter maturities (e.g., the 2-year yield is more
affected than the 10-year yield). This is because short-term yields face greater constraints at
the ZLB due to a larger expected fraction of their time before maturity being constrained by
the ZLB. The right panel of Figure 5 shows the responses of real yields to the same shock. We
tind that the reaction of real yields is also dampened when conditioning on a negative value
of s;. Notice that while Figure 5 shows the impact of monetary policy shocks (¢; ;) on yields,
this dampening effect is also observed for other shocks, illustrating the overall reduction in
yield volatility during ZLB periods.

While shocks to ¢; ; represent monetary policy shocks as they enter the model via the cen-
tral bank’s reaction function (eq. 14), it is important to note that these shocks do not translate
into changes in the policy rate—i.e., the one-period rate of the model—when the shadow rate
(s¢) is negative, which then makes their quantitative interpretation unclear. We therefore con-
duct an additional analysis focusing solely on scenarios with s; > 0, ensuring that shocks to
g; + fully transmit to the nominal short-term rate 7;. Interestingly, while the amortization effect
is much smaller when s; > 0, a small effect can subsist when s; is positive but close to zero,
especially in conditions favoring future ZLB periods. Figure 6 shows, for instance, that when

conditioning on s; = 0%, the yield response to a 25-basis-point increase in ¢; ; is smaller when

15Specifically, this conditional distribution is multivariate Gaussian, owing to the closure of the multivariate
normal under linear transformations and conditioning.
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the initial equilibrium nominal short-term rate, i} = r; + 7/, is low.!® This is because low
r; increases the probability of future ZLB events, and the occurrence of these events tends to
dampen the impact of the shock on yields. To better understand, consider an extreme case
where r; = —10%. Even with s; = 0, s; is then likely to become negative shortly thereafter,
and i; will then hit zero, regardless of the 25-basis-point increase; this will therefore result in
a muted response of the yields to the shock. Conversely, if r; = 10%, the probability of a
binding ZLB in subsequent periods is low, leading to the full transmission of the monetary

policy shock.

4.6. Conditional frequency of ZLB periods

Our framework can be exploited to investigate how specific environments influence the
frequency of ZLB regimes. Several researchers have highlighted, for instance, that the fre-
quency of ZLB episodes may depend on the level of the natural rate of interest or the inflation
target (e.g., Chung et al., 2012; Bianchi et al., 2021; Fernandez-Villaverde et al., 2023).

Assume that we want to compute the frequency of hitting the ZLB conditional on 7} = x

and 7t} = y, say. This frequency is equal to

P(se <i|ry =x, 71 =y).

The distribution of s;, conditionally on {r} = x, 7} = y}, is Gaussian. Hence, we have:'”

P (s; < ilrf = x,71f =y) = Y (#) ,

where e(x,y) := E(s¢|r}f = x, 1 = y) and v := Var(s;|r} = x, 17 = y).
Figure 7 uses the previous formulas to illustrate how the probability of hitting the ZLB
depends on the natural interest rate (r}) and the inflation target (7r;'). The iso-probability

curves in the figure appear to be close to lines relating constant sums of r; and 7t; (i.e., con-

16Supplemental Appendix V presents additional analyses. Figure E.12 displays IRFs conditioning only on r}
(and not on if = r} + 71}), while Figure E.13 examines the impact of a negative 0.25% monetary policy shock on

st (from 0.25% to 0%).
I'x; N Tex TVxI’ TVxd)
o + 5’1xt b0+ 5/1ex ’ 5/1VXFI (5/1VX(51 !

7Since
it comes that: e(x,y) = & + dex + & (VxI')(TVxI')"1(b — Tex) and ov(x,y) = &Vxé —
S (VxI')(TVxI')~1(VxI’) 5y, where T is such that Tx; = [r, /]’ and b = [x,y]". Note that v does not de-
pend on x and y.
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stant equilibrium nominal short-term rate, see Bauer and Rudebusch, 2020). In other words,
combinations of rj and 7t} that yield the same i} result in similar ZLB probabilities. The fig-
ure demonstrates a substantial increase in ZLB probability as the equilibrium nominal rate

decreases; for instance, it rises from 5% at i; = 4% to 10% at i} = 2.5%.18

4.7. The Mundell-Tobin effect

Shadow-rate models are well-known to effectively capture the volatility compression that
occurs at the ZLB (e.g., Christensen and Rudebusch, 2015). Because our shadow-rate model
tfeatures real and nominal yields, we can use it to explore the effects of ZLB on other condi-
tional moments relating yields and macroeconomic variables. In particular, we can analyse
how ZLB affects the change in the conditional correlation between real rates and inflation.
This correlation is at the heart of the so-called Mundell-Tobin effect (Mundell, 1963; Tobin,
1965; Fama and Gibbons, 1982), according to which increases in inflation are associated with
higher nominal interest rates, but lower real interest rates, driving a negative correlation be-
tween expected inflation and real rates.

One can compute this correlation in any model featuring real rates and inflation. In Gaus-
sian affine term structure models involving real and nominal yield curves (e.g., Hordahl et al.,
2006; Rudebusch and Wu, 2008; Chernov and Mueller, 2012), this correlation would be con-
stant as these models are homoskedastic. Using a regime-switching term structure model of
interest rates, Ang et al. (2008) compute this conditional correlation in different regimes and
tind weak evidence for the Mundell-Tobin effect, in the sense that the correlation is negative
in only a fraction of the regimes they identify.

Figure 8 displays the model-implied 12-month-ahead conditional correlations between
real rates of different maturities and expected inflation over the same maturity. The cor-
relations are negative, consistently with the Mundell-Tobin effect. While these correlations
remain relatively constant and negative during the pre-ZLB era—reflecting the GATSM-like
behavior of the model when the short-term rate is far from the ZLB—they vary and become

significantly more negative during ZLB periods. This enhanced effect stems from the fact

18This figure illustrates in particular that the influence of * and 7t* on this probability is nearly symmetric.
This might seem unexpected considering that r* and 77* do not enter the Taylor rule (equation 14) in a symmetric
manner. However, this arises because 71; fluctuates locally around its trend 71}, which makes the term 7r; — 77
in the Taylor rule relatively insensitive to the value of 7}.
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that, during ZLB periods, nominal interest rates are constrained and therefore move less than
expected inflation, thus amplifying the negative correlation between real rates and expected

inflation.

5. Conclusion

This paper advances the literature on shadow-rate models by incorporating real interest
rates, providing a comprehensive framework for analyzing yield curve dynamics, particu-
larly during periods of zero lower bound (ZLB). The model, applied to US data spanning
five decades, delivers novel estimates of real and nominal term premiums and reveals how
shocks differentially impact real and nominal yields under ZLB constraints. The analysis
empirically confirms the Mundell-Tobin effect, demonstrating its intensification during ZLB
periods due to constraints on nominal interest rates. Furthermore, the model quantifies the
significant increase in ZLB probability as the equilibrium nominal interest rate falls, offering
a new perspective on the relationship between monetary policy and the likelihood of ZLB

events.
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Figure 7: Conditional probabilities or being in the lower-bound regime. This
figure illustrates the influence of the natural rate of interest (r*) and of the inflation
target (77*) on the frequency of lower-bound regimes. Specifically, the blue curves
show combinations of * and 77* that yield a given conditional probability (labeled

on each curve) of being in the lower-bound regime.
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Appendix A. Extension of Wu and Xia (2016)

Lemma 1. Consider a process x; following a Gaussian vector autoregressive process:
Xt =p+ Dx;_ 1+ Xe, &~ ZZdN(O, I)
If b'x; is a persistent process, the following conditional expectation:

Ky(xt,a,b,¢) = Ei(exp[—max(i,a+b'x;y1) — - —max(i,a+b'xy)

+cxpp1 + o xpgl)

can be approximated with
exp(—Fot — - — Frnp),
where

an + b;Xt —1
On

an +b;1Xt —1

On

Pn—l,n,t - 1_’_ Ung ( ) — (Cn + C;,lXt) + CDN ( ) b’CDnZZ/Q:qC

where
g(x) = 2@V (x) + ¢V (x),

N and ¢pN being the c.d.f. and the p.d.f. of the standard normal distribution, respectively. The ®,
matrices are defined as follows:
n—-1
D=0, and ®,= ) @ forn>0.
i=0

Moreover:

* by, a,, a,, and oy, are obtained as follows:

b, = (®")'b
L_Zn = a + b/¢n]/l
ay, = @, — 3b'®,ZL'®,b (A1
n - n ) n n
02 = o2 +b'®"zxe" b with oy = 0.
(Note that a, + b!,x; = Es(a + b'x;1,) and Vari(a +b'xs1,) = 02.)
* ¢, and ¢, are obtained as follows:
¢ = /®uu+ 3/ P,IL/ P (A2)
cn = (®"¢, '
(Note that ¢, + ¢/, x¢ = E¢('Xp40) + %C’QnZZ’CI)nc.)
Proof. See Online Appendix I. O
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Appendix B. Parameter constraints

For identification purposes, as well as to facilitate the estimation and to achieve a satisfy-
ing relative fit of the different variables, we impose a number of constraints on the parameter
space.

First, for macroeconomic variables, we require that the standard deviation of the measure-
ment errors of the output gap (0;,) is less than 0.5%, which we find to be a binding constraint.
We relate the standard deviations of the (monthly) measurement errors for GDP growth and
inflation to o, by setting 04, = 03,y = 0,/100. For nominal rates, we assume a uniform
standard deviation of measurement errors across all maturities, denoted as o;,. For real rates,
we apply two different values for the standard deviations of measurement errors over time
to account for the relatively lower reliability of our data during three periods when TIPS
were either less liquid or nonexistent: (i) prior to 2004, (ii) during the global financial crisis
(2008-2009) (see D’ Amico et al., 2018) and (iii) during the COVID crisis (March 2020 - Febru-
ary 2021). Specifically, outside of these periods, we estimate the standard deviation or real
rates for all maturities as ¢, and during the low liquidity episodes, the standard deviation
of measurement errors is estimated as 0y + 0; ;. We assume that the standard deviation of
measurement errors for the perceived target rate (0y,) is larger than that of inflation surveys
(05); specifically opsr = 505. (For the surveys, this uniform standard deviation applies to both
horizons we consider.) Regarding the measurement errors associated with surveys on the
3-month T-bill rate, to ensure that the term premium generated by the model aligns with
market expectations, we set their standard deviation to a quarter of the value used for the
other surveys, i.e., 0 = 05/4.

To assure numerical stability of the system, we impose the upper bound of 0.995 on the
autoregressive persistence parameters.!” We found that this constraint is binding for py, the
autoregressive parameter of the pure preference for present (eq. 17), and p*, the autoregres-
sive parameter of the inflation target (eq. 18).

We restrict the conditional standard deviation of monthly r* to 0.0056, the value reported
in Laubach and Williams (2003).2° We also restrict the unconditional mean of «; (eq. 17) to be
non-negative, i.e., yx > 0.

To facilitate the estimation of « and 8, we impose that the contribution of monetary policy
shocks to the variance of the one-year-ahead inflation (77;) forecast error is not smaller than

In particular, this implies that we constrain the natural rate of interest r; and the inflation target 7} to be
stationary (contrary to, e.g. Laubach and Williams, 2003; Holston et al., 2017, for 7). Imposing these variables to
be stationary is consistent with the existence of a finite variance for these objects. Recent research by Rogoff et al.
(2024) provides strong and consistent evidence of trend stationarity in long-horizon series of the real short-term
rate, suggesting the stationary nature of the natural rate of interest. Studies imposing a stationary natural rate
of interest include, e.g., Mésonnier and Renne (2007) and Fries et al. (2018).

201n practice, this is implemented by setting o, = /0.00562 — 02 (subject to o, < 0.0056).
p p y setting 2 (subj ¢
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5%, which is broadly in line with the empirical evidence: Uhlig and Amir-Ahmadi (2012)
find that this share is of 25%, Uhlig (2005) finds approximately 15%, Herwartz et al. (2022)
find 5%, Gorodnichenko and Lee (2017) find about 10%. In estimation we find that the 5%
restriction is binding. Besides, we use the standard values of 1.5 and 0.5 for a,; and «, in the
Taylor rule (eq. 14).2!

We assume that ¢;;, Eqtr €.ty e;, and ¢; ; are priced, in the sense that SDF innovations
correlate to these shocks. This implies that five entries of Ag and A1 ;, (appearing in eq. 23) are
nonzero. Since w; is unobserved, for identification purposes, we set its mean to zero (yy = 0)
and we impose 0, = /1 — p2, so that its unconditional variance would be equal to 1 if it
were uncorrelated with other variables (i.e., if 0. = 0w,¢ = Ow,n = 0).

Finally, we seti = 0, & = 1, and pg and u* are set equal to the sample means of GDP
growth and inflation, respectively.

Appendix C. Conditional non-linear impulse response functions

Consider a function g of x;. In the spirit of Potter (2000), we define the conditional impulse
response function as:

IRF,(q,T,b,d) = E(q(x;1)|Txt—1 = b, & = d) —E(q(x¢11)|Txt—1 = b, & = 0)

In the present framework,
x; ~ N (ex, Vx),

where

ex = (Iyxn —®)'u, and vec(Vy) = (I —®®®) vec(ZL).

n2 xn?

Moreover, we have:

&t 0 I 0 ' oh
Ix; .1 | ~N | |Tex |,| 0 TVxll Tvxd'! |]. (C.1)
Xt 4h ex ®'y rtlvyr Vx

Using the properties of the multivariate normal distribution, we obtain:

Xpn|ITxe-1 =b,er =d (C2)
~ N(E(xpn||Tx—1 = b, & = d), Var(xgp||Txi—1 = b, & = d)).

2Specifically, we set a; = 1.5 and a; = 0.5/12. The latter reflects that our model is expressed in monthly
returns, whereas z; is independent of the model’s frequency.
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where E(x;.,||Tx;—1 = b, & = d) is given by

-1
I 0 d 0
o'y ®'Mlv,r’ — ,

and Var(x;,p||Tx;—1 = b, & = d) is equal to

I 0

—1
/
0 v r'] [cphz <1>h+1VXr’] .
X

Vx| @' @ 1VyT | [
A second-order Taylor expansion of q(x;, ) around [E(x;j|Z¢) is:

q(xe4n) =~ qQUEE4n|Tr)) + (Xeqn — IE(XtJrh‘It))/aian(xtJrhut)) +

Xt
1 92
E(xt—l—h - ]E(Xt+h|It))/WQ(1E(Xt+h|It))(xt+h — E(X¢n|Zt)).
t

This implies that, for any conditioning information set Z;:
1 9 ’
E((a)|T) =~ (E(xilT)) + 5 vee | 55 q(E(xilT)) | vee [Var(xiy/ ).
t

In our specific case, g(x¢) corresponds to a nominal or real zero-coupon yield, of the form:

1
q(xt) = 7 (Fore+ -+ Feinp),
where F,_1 , ; is defined in Lemma 1. To compute the derivatives of g, we use that:

a / _ /(I) Zzlq)/ = / _ 4
_Fn—l np = CI)N (aﬂ + bnxt l) bn e+ b n nC(P./\/ <ai’l =+ bnxt 1) bn-
Xt On On OUn

82
——F
rin—=1n,t
axtaxt

Iy i / ' &/ = 'y _ 3 - Iy 2
_ l<¢N(an+bnxt g)_bd>nZZl<I>nc (an+bnxt 1)¢N(an+bnxt l))(bnb;).

On On On On On
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— Supplementary Material —
The Shadow-Rate Model: Let’s Make it Real

Adam GOLINSKI, Sophie GUILLOUX-NEFUSSI, and Jean-Paul RENNE

I. Proof of Lemma 1 (Extension of Wu and Xia (2016))

Proof. We have
Kh(xt/ a, b/ C) — eXP(_fO,l,t -t fh*l,h,t)/
where, forn € {1,...,h},

fl’l*l,?l,t = - 108 K?’l (Xt/ a, b/ C) + log Kl’lfl (Xt/ a, b/ C)-

We look for an approximation to the f,,_1 ,:’s. For that, we use the fact that, for any random
variable z, we have log E(exp(z)) ~ E(z) + 3Var(z)—the approximation being exact when
z is Gaussian (which is not the case here due to the max operator). This gives the following
approximation to f,_1 , +:

E [max({,b+b'Wiyn) — Wiy Wi ]

1
_E\V‘l”t [ —max({,a+b'wiq) — - —max(La+bwi,)+ w4+ C/WH—n]
1
+§Wmt [ —max(£,a+b'w; 1) = —max(f,a+bwp, 1)+ Wi+ + c'wt+n_1} .

Without the max operator, the sum of the two variance terms would be equal to:

1 n—1
-5 {War ([c = b)'Wiin |we) +2 Y Cov ([c — b]'Wyig, [c — b] Wiy \w)}
k=1

= ey (21 q>k> r (21 cpk) (c—b) = —2(c— b)®,E®.(c — b).
2 k=0 k=0 2

Conversely, if the max terms were all equal to ¢, the variance terms would be equal to
—'®,ZP/ c/2.

Following Wu and Xia (2016), and assuming that b’w; is a persistent process, we obtain
the following approximation to the sum of the two variance terms:

1
-5 {pin(c—b)®,TE'®) (c—b) + (1 — ptn)' @, ZL' D)},



where p;, = Pi(a+b'wpyy, > 0).
At that stage, we have:
1
focint ~ By [max({a+b'wip,)] — CEi(Wipy) — EC/‘I’anﬂlC

+pp b ®, T c — ”;’”b@nm;b. (L1)

It is easily checked that a + b'E;(W¢y,) = d, + bj,w;, where d, and b, given in (A.1).
Therefore:

a+b'wig|Zi ~ N [a + b']Et(warn),a,%] , with 02 = Vari(a+b'wiiy,).

Using standard results regarding the truncated normal distribution, we then obtain:

an+bw;—/
oy '

Et(max({,a +b'wiiy)) — £ = 0ng (

Since ¢’ = N , where &V is the cumulative distribution function of N (0,1), we have p;,, =
&N [(a, +blw; — £) /0] = ¢'[(@y + b,w; — £) /7). Therefore, the last term of (I.1) rewrites:

- I _
_%b’d)n&%b =g (”" bWy ﬁ) (an — an),
OUn

where we have used that a, — 3, = —b'®,Z®/ b /2.
Therefore,

E; [max(4,a +b'wii,)] — £ — @b'd)nsz' b
n

. (g(an+b;wt—£>+an— ng,(an+b;wt—g>) wﬂg(aﬁb;wt—z)
o o o o

Equation (I.1) then rewrites:

a,+b w;—/¢ )
frona Lo (ML) e ) 4 '@, T
n
with ,
én+ c,wi = By (Wiiy) + Ec’cbn):d);c,
which leads to the result. O]



II. Matrix representation of the model

First note that we have:

E(7t¢|Zs—1)
= E(7t + u|Zi—1) = E((1 — p)7tf + pts—1 + Pzi—1 + a1€yp—1 + - - - + apeut—p|Li—1)
(1 =p)[(1 = p" )" +p 7} 4] + ptr—1 + Bzi—1 + a'eus
= (1-p)A—p")p" + (1 =p)p" {1 + p7te—1 + Pzi-1 + aJoeus-1,

Jo= Ouxp 0 :
Ip 0p><1

zt = Pz22p-1 —asi—1 + &E(m|Zi—q) + arf_q + 0z€24
= a(1-p)(1 = p")u" + (o2 +aB)ze1 +a(1 —p)p* 7} | + ap7t—1 + aa'Joeyu 11

—aSp_1 + ary_q + Oz 4.

where

Therefore, (15) rewrites:

Eq. (1), combined with the e macroeconomic equations presented in Subsection 3, and
with the nominal SDF (4)—with the price of risk specification of (23)—completely define the
model.

The state vector is

* ok = /
Xt = [Si’/ St—1,Kt, &tr Zts Zt—1, 70, Vs 70 €ty v v vy Su,tfp/ wl’] .

The model admits the following representation:

Ax; = ﬁ + ‘i)xt—l + i‘mﬁ't.

where
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00 —-10 0 0 0 1 0 0 0
0000 0 0 —(1-p 0 1 0 0
00 0 O 0 0 0 0 0 Iy 0

(00 0 0 0 0 0 0 0 0 1|
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This dynamics therefore satisfies (3) with:

p=A"g,

III. Model-implied forecasts

This appendix gives formulas that can be used to derive model-implied forecasts. These

®=A1®d, and X=AlL

O © O O O O = O o o o

8
oo of oo oo

O O

formulas are used if the measurement equations of the state-space model include surveys.

Using (3), it comes that:

#ip = EBe(xpn) = (I — @) 1(I - @")pu + @',

(IIL.1)

S O O O OO o o o o




and that
Ei(xip1+- %) = (I=@)7 [ - @(I— @) (1-@")| u+
&(I— @) (I - d")x,. (IIL.2)
Moreover, the conditional covariance matrices of x; can be obtained by applying recursively:
[, = Vari(xyy) = L + ®T,_1®, and Ty =0. (I11.3)

Let us now consider model-implied forecasts of the short-term nominal yield. According
to (1) and (2), we have:
ir = max(i, &g + I1x¢)-

Conditionally on the information available at date t (denoted by Z;), x;j, is Gaussian, with a
mean p, , that is given by (Ill.1), and a variance I';, given by (IIL.3). That is:

Xein|Zt ~ N (o, Tn),

and:
b0 + 01 Xe | Zi ~ N (80 + 81pt,,, 61T101),

Using standard results on the truncated Laplace transform, it then comes that:

. . o+ O1pyy — 1 . So+ Spy, —1i
Ei(iren) = i+®V ( ’1 > ) (6o + S1pyy — 1) + " ( /1 = V 1Tné1.
NI NI

So+8p, —i
— i o | L ) (IIL.4)
NTAYS

In the context of the extended Kalman filter, we need to differentiate the model-implied
forecasts w.r.t. the state vector x;. Exploiting the fact that ¢’ = &V (the c.d.f. of N(0,1)), we

have:
0 . o+ S1py, — 1
a_]Et(lt—l-h) = oV ( i J1.
Xt

\/ 5/1rn,051

IV. Using the pricing formulas of Lemma 1 in the context of the model of Section 3

The shadow rate is s; = &g + (5’1xt (this is eq. 2), with:

50 = O, and 51 = [1,0,...]/.



We also have s;_1 = §p + 5~1/xt, with:
5 =0, and &;=10,1,0,...]".
Inflation (eq. 20) is given by 71; = o + ¥} x;, with
Y% =0, and v, =10,0,0,0,0,0,0,1,a’,0]".
To price nominal bonds, one can use Lemma 1 with:
i=0, b=0, a=6=0, b=5=10,10,...], (IV.1)

and using the risk-neutral dynamics of x;, characterized by (6) and (7). (That is, in Lemma 1,
replace y# and @ with #Q and ®<.
Indeed, with the notations a, b, 4, b introduced in (IV.1), we have:

it + i1+ +ipp_1 = max(a + b'x;1,0) + max(a + b'x;12,0) + - - - + max(a + b'x;,,0) .

~ ~ -~

—i; =i =itpp-1
(Iv.2)
Then, in particular,
E(exp(—ir —itp1 —* —itn-1))
= E¢(exp(— max(a + b'x;11,0) —max(a + b’'x;42,0) — - - - — max(a + b'x;,1,,0))).
;?t :?t:»l :i;:hfl
To price real bonds, one can use Lemma 1 with:
i=v=0, b=—y, a=6=0 b=275=][010,...]. (IV.3)
Indeed, with the notations a, b, 4, b introduced in (IV.3), we have:
(it = 7teg1) + (1 — 7Teq2) + -+ -+ (Tpn—1 — Tein)
= max(a+b'x;11,0) + - +max(a + b'x;,p,0) +
=iy =i 1
a+b'xp 1+ +a+b'xy,. (IV.4)
— ——

=—Tlt41 ="Tl4n



V. Additional figures

Figure E.9: Observed and fitted survey expectations. This figure shows the model fit of surveys. Survey
data are from the Federal reserve Bank of Philadelphia website (https://www.philadelphiafed.
org/surveys-and-data/data-files). The forecasts are averages of expected future growth rates
(for inflation and GDP) or the 3-month T-Bill rate (for the interest rate forecasts) over the considered hori-
zon. The shaded areas represent the fitted estimates & 2 standard deviations (using the standard errors of
the measurement errors).
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Figure E.10: Observed and fitted nominal yields. This figure shows the model fit of nominal yields.
Except for the 3-month nominal rate (DTB3 in FRED), nominal yields are from the Federal Reserve Board
website (https://www.federalreserve.gov/data/yield-curve—-models.htm). These data are
based on updates of Giirkaynak et al. (2007). The shaded areas represent the fitted estimates + 2 standard
deviations (using the standard errors of the measurement errors).
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https://www.federalreserve.gov/data/yield-curve-models.htm

Figure E.11: Observed and fitted real yields. This figure shows the model fit of real yields. These data are
based on updates of Giirkaynak et al. (2010). The shaded areas represent the fitted estimates + 2 standard
deviations (using the standard errors of the measurement errors).
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Figure E.12: Responses of yields to monetary policy shocks (¢;;), conditional on r*. This figure shows
the impulse response functions of nominal and real yields to a tightening monetary policy shock (increase
in the shadow rate by 25 basis points, via ¢;;, see eq. 14) when we are initially close to the zero-lower
bound (i; = s; = 0%), conditional on the initial value of the nominal equilibrium rate (r}). It shows that
yields are slightly less responsive when 7} is low.
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Figure E.13: Responses of yields to monetary policy shocks (¢;,;), conditional on r*. This figure shows
the impulse response functions of nominal and real yields to an accommodative monetary policy shock
(decrease in the shadow rate by 25 basis points, via ¢;, see eq. 14) when we are initially close to the zero-
lower bound (i = s; = 0.25%), conditional on the initial value of the equilibrium nominal rate (r; + 7t}).
It shows that yields are slightly less responsive when r} + 7t/ is low.
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Figure E.14: Federal funds rate and the estimated shadow rate. This figure shows the effective federal

funds rate together with the estimated shadow rate (s;). The shaded area corresponds to the 95% confi-
dence interval (reflecting filtering uncertainty).
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