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ABSTRACT

As part of the Eurosystem’s annual banknote production planning, the national central banks draw
up forecasts estimating the volumes of national-issued banknotes in circulation for the three years
ahead. As at the end of 2021, more than 80 per cent of euro banknotes in circulation (cumulated net
issuance) had been issued by the national central banks of France, Germany, Italy and Spain
(collectively referred to as the “4 NCBs”). To date, the 4 NCBs have been using ARIMAX models
to forecast the banknotes issued nationally in circulation by denomination (“benchmark models”).
This paper presents the structural time series models developed by the 4 NCBs as an additional
forecasting tool. According to the forecast accuracy measures employed, the Structural Time series
Models (“STSMs”) outperform the benchmark models at each of the 4 NCBs and for most of the
denominations. However, it should be borne in mind that the statistical informative value of this
comparison is limited by the short projection period of just 12 months.
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NON-TECHNICAL SUMMARY

This paper presents the outcomes of a research study that focuses on forecasting the net issuance of
euro banknotes by denomination for France, Germany, Italy, and Spain. These 4 NCBs account for
a substantial proportion of the total euro area circulation, exceeding 80 percent (see Figure).

Cumulated net issuance of euro banknotes (€ billion)

1,600
1,400 “".--
1,200 -
1,000
800 ]
600
100 7
" “mwm“m
0 L
-200
=+ w o ~ ==} (=N (=] — o~ 3] -+ v o ~ (=~ [=] (=] -
(=1 (=] = (=] (=] (=] - - - - - - - - - — ] o~
= = = = = = = = = = = = = = = = = =
= =, = s o= =, R § = =, =, s o= R A | = =,
mmmDE mmm[ES mmmFR o T Other countries =+=+=Euro area

The annual determination of banknote production requirements is a collaborative effort between the
national central banks of the Eurosystem and the European Central Bank. The primary objective of
this exercise is to prevent imbalances in banknote supply, avoiding both shortages and excessive
surpluses. The overarching goals are to ensure that credit institutions and citizens have an appropriate

quantity of banknotes, maintain the quality standards of cash in circulation, and optimize cost
efficiency.

The benchmark models currently used for national banknote requirement planning at the 4 NCBs
essentially belong to the ARIMAX family. However, the existing forecast models employed in the
euro area heavily rely on assumptions about the undetlying properties of the relevant time series. This
paper seeks to address certain limitations of these models by introducing estimates based on STSMs
for France, Germany, Italy, and Spain. The main objective is to enhance the accuracy of forecasts
regarding the net issuance of euro banknotes across these countries.

STSMs represent a very broad class of time series models including ARIMAX models and exponential
smoothing models. They break a time series down into its unobservable components such as trend
and seasonal components. As in regression models, explanatory variables and intervention variables
can also be incorporated. Here the explanatory variables represent calendar effects on banknotes in
circulation, and intervention variables stand for special events which lead to trend breaks and outliers.

The results obtained from the study indicate a favorable performance of the proposed models in
forecasting net banknote issuance at a twelve-month horizon. In certain instances, these models
exhibit superior predictive capabilities compared to the current models used by individual national
central banks (as measured by a lower ex-post RMSE for STSMs than the ARIMAX models). It is
important to acknowledge, however, that this comparison is based on a relatively short time interval.
It is worth noting that a variety of crisis-related events turned out to be significant. These include
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global crises like the great financial crisis and the COVID-19 pandemic. Moreover, intervention
variables for the euro cash changeover and the halt to €500 banknote issuance also play a role.

Prior to integrating these models into the coordinated banknote demand forecasting exercise, which
spans multiple years, further analyses are necessary to evaluate their long-term forecasting
performance. This step is crucial in assessing the viability and effectiveness of the proposed models
within the broader context of forecasting euro banknote issuance.

Prévision de la circulation des billets en
euros a 1'aide de mod¢les structurels de

séries temporelles durant la pandémie de
COVID-19

RESUME

Dans le cadre de la planification annuelle de la production de billets par I'Eurosysteme, les
banques centrales nationales établissent des prévisions estimant les volumes de billets en
circulation émis au niveau national pour les trois années a venir. Fin 2021, plus de 80 %
des billets en euros en circulation (émissions nettes cumulées) avaient été émis par les
banques centrales nationales d'Allemagne, d'Espagne, de France et d'Italie (« 4 BCNs »).
Jusqu'a présent, les 4 BCNs ont utilisé des modéles ARIMAX pour prévoir les billets émis
au niveau national par coupure (« modéles de référence »). Ce document de travail présente
les mode¢les structurels de séries temporelles développés par les 4 BCNs en tant qu'outil
de prévision supplémentaire. Selon les mesures de la précision des prévisions utilisées, les
modeles structurels de séries temporelles sont plus performants que les modeles de
référence dans chacune des 4 BCNs et pour la plupart des coupures. Toutefois, il convient
de garder a l'esprit que la pertinence statistique de cette comparaison est limitée par la
courte période de projection s’établissant a 12 mois.

Mots-clés : euro, demande de billets, prévision des billets en circulation, modeles structurels de
séries temporelles, modéles ARIMA, variables d'intervention

Les Documents de travail refletent les idées personnelles de leurs auteuts et n'expriment pas
nécessairement la position de la Banque de France. Ils sont disponibles sur publications.banque-france.fr
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Y, =Z/a, +&, £~NID(0,0?), [7.1]
a,,, =Ta +Rn, nt~N|D(O,Qt), t=1...,T. [7.2]

The terms Yy, and & are still scalars as before. However, the remaining terms in [7.1] and [7.2]
denote vectors ot matrices. Zg is an z x 1 observation vector, Tyis an » X m transition matrix, &y is an
m x 1 state vector, and m therefore denotes the number of elements in the state vector. In many
state-space models R; is simply the identity matrix of order 7 x . The rx 1 vector 1), contains
the 7 state disturbances with zero means, and unknown variances collected in an 7 x r diagonal
matrix Q. In this general formulation, equation (7.1) is called the observation or measurement
equation, while (7.2) is called the #ransition or state equation. The measurement equation relates the
time series Y¢ to the vector of unobservable components or state vector, @;. The transition

equation is a first order autoregression for the states a.

By appropriately defining the vectors z;, @, and 7, and of the matrices Ty, Ry and Q, all the
STSMs described above can be derived as special cases of [7.1] and [7.2]. For example, the basic
structural time series model [4] for quarterly data (s = 4) requires a 5 x 1 state vector, that is one

element for the level Uy, one element for the slope V¢ and three elements for the stochastic

seasonal dummy effect. By defining:

y7A 11 0 0 O 1
0, & 01 0 0 O 0
G =Y v = §t+l , T=00 -1 -1 -1}, Z, = 1]
Vo @, 00 1 0 O 0
Vax 00 0 1 O] 0
) 1 0 0]
O'§ 0 0 010
Q=0 0'2 0|, and R,=/0 0 1],
0 0 o2 0 0O
- ’ 00 0

we easily verify that the scalar notation of [7.1] and [7.2] leads to [4].



According to equation [4a] the effects of explanatory variables and intervention variables can be
investigated by adding these variables to the observation equation [7.1]. The addition of an

explanatory variable to the observation equation [7.1] is achieved by defining:

Hy 1 1 0 0O 0 O 1
b £ O 1 0 0O 0 O 0
B, o 0O 0 1 0 0 O X,
at = 1 nt = §t+1 1 T = ’ Zt = ’
Y1t 0O 0 0 -1 -1 -1 1
wt+l
Yo O 0 0 1 0O O 0
Y _0 0O 0 O 1 0 | 0
1 0 0]
o> 00 0190
5 0 0O
Q=0 of (2) and R‘=O 0 1l
_O 0 0_
In scalar notation, we obtain the model:
ytzlut+7l,t+ﬂtxt+gt’ 5t~NID(010-52)1
M = e +Vi+ G, & ~ N|D(0,0‘§),
Vi =i+ 8 G~ NID(O’O'E)’

Bt+l = ﬂt

Viea = Ve~ Vax~Var T @1y @ ~NID(0,07),
Vara = Vi

Vard = Vot t=1..T,

which is a special case of model [6].

The Kalman filter (KF) plays the same role for time series in state-space form as least squares

computations for a regression model. The KF is mainly a set vector and matrix recursions. The

KF enables:

1) the calculation of one-step ahead predictions of observation and state vectors, and the

corresponding mean squared errors;
2) diagnostic checking via one-step ahead prediction errors;
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3) computation of the likelihood function by means of the one-step ahead prediction error

decomposition;

4) calculation of smoothed estimates of the unobserved components (level, slope and

seasonal).”

The unobserved state @, can be estimated from the observations with the KF in the following

way.

writing Y, ={y,,....y,}, definea,, =E(a, |Y,) and R,, =var(e,,,|Y,). Then
vV, =Y, - &,
F =2Pz +o?,
K,=TPz Ft‘l,
a,, =Ta +Kyv,
P,=TRPT/+RQR -KFEK/, t=1...,n,

for given values @,and P,. F, isascalar, K isan »x 1 vector and P, is an 7 x 7 matrix. Then,

using the smoothing algorithm these estimates are used for predicting the development of the

time series. The one-step ahead prediction error is:

Ve =Y, —E(Y, [Ys)
=Y, —E(zie, + & [Y,1)
=Y, Zt’ E(O{t |Yt—l)
=Y, —Za;

the one-step ahead prediction error variance is F, = var(v,) = 2Pz, + .

To evaluate the performance of the model, a common practice is to start the estimation with the
most general specification, run the maximum likelihood estimation and evaluate the significance
of the hyperparameters (i.e. disturbance variances). If some of the components are not
significant one can re-estimate the model until all the components included are significant. A

well specified STSM should achieve strong convergence of the (maximum likelihood) estimation

12 Smoothing ot signal extraction means to estimate the unobserved components at all points in the sample using all the
observations.
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of the hyperparameters. Moreover, the model has to pass the diagnostic tests and, if needed,

exhibit good forecasting performance.

3. Banknotes in circulation in the euro area

Developments in the cash industry have, in recent years, been marked by a number of
fundamental trends. There has been rapid innovation and technological progress where means
of payment are concerned. In addition, the industry has also had to respond to changes in

payment habits and consumption patterns (in particular the growth of e-commerce).

The dematerialisation of payment instruments has accelerated over the last five years. The ratio
between card payments and ATM withdrawals, a good indicator of cash payments (see Figure
1), rose from 1.2 in 2017 to 2.1 in 2021 in the euro area. This strong growth can be mainly
attributed to the outbreak of e-commerce — an area still expanding with particular speed — and,
in 2020’s case, to the sharp decline in ATM withdrawals.”” The increase is less marked for card
payments at point-of-sale (POS) terminals alone, with the ratio rising from 1.1 to 1.7 over the

2017-2021 period."* This increase was boosted by the introduction of contactless card payments.

According to the latest SPACE survey on the use of cash by consumers in the euro area,
conducted in 2022 by the ECB, cash was used in 59 per cent of transactions at the point of sale,
down from 79 per cent in 2016 and 72 per cent in 2019. In terms of value of payments cash
accounted for 42 per cent in 2022, down from 54 per cent in 2016 and 47 per cent in 2019."
Moreover, Zamora-Pérez (2021) estimates that transactional use of euro banknotes accounted
for around 20 per cent of their circulation in value terms in 2019. Given the estimates of foreign
demand in 2019 in Lalouette et al. (2021), the remaining 80 per cent is split roughly evenly
between euro area citizens’ cash savings (including, at the margin, cash held by credit institutions)

and cash held outside the euro area, which has been constantly increasing.

13 According to European Central Bank (2022a), the value of cash withdrawals at ATMs in the euro area dectreased
sharply from €1,210 billion in 2019 to €1,045 billion in 2020. This was primarily due to the COVID-19 restrictions.
However, cash withdrawals recovered somewhat afterwards and amounted to €1,070 billion in 2021.

14See European Central Bank (2022a, Tables 13.1 and 15.1).

15See European Central Bank (2022b).
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Figure 1

Card payments and ATM cash withdrawals in the euro area (€ billion)
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Source: ECB (2022a).

Note: PSPs stands for payment service providers.

These trends resulted in a decline in the use of cash for transaction purposes, and hence in the
volumes processed by the cash industry as a whole. However, the decline in inflows of banknotes
to the cash industry did not prevent net issuance from growing at a sustained pace in the euro

area.

This phenomenon is what has been referred to in recent years as the “cash paradox™: the use of
payment instruments alternative to cash has never been so high but, at the same time, there has
never been so much demand for cash among the public. This paradox can be explained by the
wide range of reasons for holding cash (Zamora-Pérez, 2021). As well as being used as a means
of payment, euro banknotes, and especially those with a high face value, are held by European
households for store of value purposes, particularly in times of economic uncertainty and
historically low interest rates. For these reasons the demand for banknotes driven by non-

transactional needs has never been higher.
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In order to better describe the dynamics of euro banknotes in circulation both in the euro area
as a whole and in the main countries belonging to the monetary union, we need to take into
account two additional factors relating to foreign demand for banknotes. The first one is
represented by net shipments. The shipments cover the registered imports and exports of euro
banknotes between the Eurosystem and the rest of the world (non-resident credit institutions
and national central banks). These shipments are processed by international banknote wholesale
banks that are active in the global market for currency dealing. Net shipments represent
banknotes exported minus banknotes imported. A second factor to be taken into account are
cross-border flows of euro banknotes within the euro area. Within a monetary union banknotes
issued by the different central banks can flow between member countries. Therefore, countries
visited by large numbers of international tourists and with high levels of tourism related activity
may benefit from a second source of banknotes, namely those issued by other Eurosystem NCBs

that flow into the country primarily through tourism.

3.1 Banknote circulation before the pandemic

Euro banknote circulation, defined as cumulated net issuance (“CNI”), has been constantly
rising in the euro area since the new single currency was introduced. This is due to the stronger
growth of cumulated withdrawals compared to cumulated lodgements of euro banknotes at

Eurosystem NCBs.'

From 2002 to 2019, three main phases can be discerned (see Figures 2 and 3): i) a decade (2002-
2012) of high but declining growth rates in the aftermath of the cash changeover, with two
temporary recoveries following the financial and sovereign debt crises (2008 and 2011,
respectively), when there was exceptional demand for high denomination notes, mostly for
precautionary reasons; ii) a phase showing an upward trend in growth rates (2013-2015); iii) a

period of moderate and stable positive growth (2016-2019). In terms of nominal GDP,

16 Cumulated net issuance is computed as the sum of withdrawals at a Eurosystem central bank net of the
corresponding sum of lodgements since the euro’s introduction in 2002. Due to migration of notes amongst euro
area countries, the aforementioned variable does not necessarily coincide with the actual amount of banknotes in
circulation in a member country. Moreover, CNI does not necessarily reflect the use of cash in the economy, not
least with regard to cash management activities performed in many countries by what are known as cash handlers
(CIT companies and commercial banks). These cash handlers provide their customers with cash, choosing between
recirculation and central bank issuance. The factors that feed into their choice include the operational and logistic
costs involved (Baldo et al., 2021).
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banknotes in circulation have been steadily increasing in the last two decades from slightly lower

than 5 per cent to about 11 per cent at the end of 2019.

Figure 2
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A closer look at the dynamics reveals a degree of heterogeneity between the largest countries
belonging to the monetary union: while developments of cash in circulation in Italy, France and
Germany broadly followed the pattern traced by the euro area apart from temporary deviations,

the evolution observed in Spain is quite different.

Turning first to Italy, we see that, during the sovereign debt crisis, a legislative intervention fixing
the limit for cash payments at €1,000 in combination with new anti-money laundering controls
took circulation into negative growth rates in the period 2012-2016. At the same time, the cash-
to-GDP ratio stopped increasing and remained broadly stable between 8 per cent and 9 per cent

from 2012 to 2019.

In France, cash deposits made at Banque de France counters by banks and other cash handlers
decreased by 250 million banknotes per year in the years 2014-2016 and by 500 million
banknotes per year in the years 2017-2019, reducing the level of inflows from more than 7 billion
banknotes in the early 2010s (peak) to about 4.6 billion in 2019. The preference of French
citizens for cashless means of payment is relatively high and the digitalisation of the economy
has continued, accentuated by the COVID-19 crisis. However, the decline in flows of banknotes
did not prevent net issuance from growing at an average sustained pace of 7 per cent per year
(in value) over the period 2010-2019. In terms of nominal GDP, CNI increased at a steady pace
to around 6 per cent of GDP in 2019 compared with 2 per cent in 2002.

In Spain, after the changeover, banknotes in circulation accounted for 7 per cent of nominal
GDP. CNI reached its peak at the end of 2006 and afterwards showed a continuous descent
until the outbreak of the COVID-19 pandemic. It even turned negative at the end of the first
quarter of 2020 (-0.2 per cent of nominal GDP). At that time, the central bank was issuing less
banknotes than were being returned. This particular profile can be explained by the dynamics of
foreign net cash inflows (e.g. cash flowing into Spain from abroad mainly due to tourism) which

strongly increased in the last decade, providing a substantial supplementary source of

banknotes.!”

The development of German-issued euro banknotes in circulation was similar to that of total

euro banknotes in circulation, albeit with significantly higher annual growth rates (Deutsche

17 1n 2019, a historical high of 83 million tourists visited the countty, tourism reached a weight of 12.4 per cent of
GDP and the typical tourism-related branches generated 2.7 million jobs (12.9 per cent of total employment).
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Bundesbank, 2022, page 68). In the period from January 2013 to December 2019, the average
growth rate of German-issued banknotes in circulation was about 3.2 percentage points above
the average annual growth rate of total euro banknotes in circulation. This growth rate
differential can be attributed to the traditionally important role of foreign demand for German-
issued banknotes. According to an update of the estimate of foreign demand based on net
shipments and travel data in Bartzsch et al. (2011), about 60 per cent of German-issued euro
banknotes on a value basis were held outside of Germany at the end of 2019 (40 per cent outside
the euro area and 20 per cent in the rest of the euro area)."”” However while the share of foreign
demand in German-issued banknotes had been rising continuously from about 40 per cent at
the end of 2004 to 70 per cent at the end of 2013, since then it has been declining.
Correspondingly, the share of German domestic demand had been rising steadily from about 30
per cent at the end of 2013 to about 40 per cent at the end of 2019. This increase in the share of
domestic demand is due to a significant increase in banknotes held as a domestic store of value.
Their share in German-issued banknotes in circulation increased from 17 per cent to 33 per cent
in the period under review whereas the corresponding share of domestic transaction balances

fell from 11 per cent to about 8 per cent.”

3.2 Banknote circulation during the COVID-19 pandemic

The outbreak of the COVID-19 pandemic accelerated the downward trend in the use of cash as
a means of payment that had been observed for years but, at the same time, total euro banknotes
in circulation increased by 9.9 per cent in the second quarter of 2020.” This was the result of the
exceptional decline in banknote lodgements at the national central banks of the euro area (-19.1
per cent, on a yearly basis) and of the smaller reduction in withdrawals (-9.5 per cent). The 12-

month growth rate of total euro banknotes in circulation kept increasing strongly up to a high

18 Correspondingly, German-issued banknotes held outside of the euro atea came to €300 billion at the end of 2019.
This can be contrasted with the findings of Lalouette et al. (2021) according to which total foreign demand for euro
banknotes amounted to between €400 billion (or 30 per cent of total euro banknotes in circulation) and €600 billion
(or 50 per cent of total euro banknotes in circulation) at the end of 2019.

19 According to estimates by Zamora-Pérez (2021), given the foreign demand estimates of Lalouette et al. (2021) of
foreign demand, the share of domestic store of value balances in total euro banknotes in circulation amounted to
between 28 per cent to 50 per cent in 2019 and the corresponding shate of domestic transaction balances added up
to between 20 per cent to 22 per cent.

* The corresponding increase in the average value of banknotes was also reflected in higher average ATM
withdrawals during the lockdown.
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of 12.2 per cent in February 2021; since then it has been steadily decreasing, mainly due to base
effects, though has still remained at levels markedly higher than in the years after the great

financial crisis and before the pandemic (8.6 per cent in September 2021).

A number of factors may have played a role in explaining these developments. First, the
pandemic induced an increase in the demand for banknotes as a store of value and for
precautionary reasons: credit institutions, businesses and citizens increased their cash reserves
amid increased uncertainty and a lack of expenditure opportunities. Second, international travel
restrictions led to a sharp decline in tourism flows as well as of the high migratory flows of
banknotes derived from it. Finally, the subdued economic activity reduced consumption and, in
turn, banknote lodgements; in the years prior to 2020, consumption had increased steadily, which
contributed positively to banknote lodgements. All these circumstances suggest that technical
factors, too — elements not necessarily related to macroeconomic conditions or payment habits
— have been at work. This makes it challenging to determine whether the increase in the non-
transaction component of cash demand was “forced” (businesses and households were unable
to spend on some of their usual activities) or “voluntary” (economic operators refrained from

spending, in reaction to the pandemic).

Overall, during the pandemic both components of net issuance were negatively affected by travel
and commercial restrictions, but lodgements reported a stronger reduction than withdrawals —
automatically leading to an increase in net issuance. These patterns set the recent increase of
CNI apart from any other surge observed before, previous instances having always been

characterised by an increase in withdrawals, rather than a reduction.

Finally, it is worth mentioning that the COVID-19 crisis, accelerating the downward trend in the
use of cash as a means of payment, led to particularly subdued dynamics for withdrawals of low

denomination euro banknotes, especially in the early months of the health crisis.

Unlike in the pre-pandemic period, quite similar patterns are in evidence here across the main

countries in the euro area.

In Germany, the rise in net issuance seen in 2020 — the highest increase ever except for the cash

changeover year 2002 — was due solely to the sharp increase in domestic circulation in connection
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with banknotes held as a stote of value and in line with the increased household saving ratio.”
This significant increase was due to the rise in large denominations in circulation at the beginning
of the COVID-19 crisis (March and April 2020), while the growth in small-denomination
banknotes was more modest than usual. Large denominations predominantly used for store of
value purposes (€100, €200 and €500 banknotes) as a share of annually cumulated net issuance
(in value terms) rose from 58 per cent at the end of 2019 to 73 per cent at the end of 2020. The
corresponding share attributable to small denominations predominantly used for transactions
(€5, €10 and €20 banknotes) fell in the same period from 11 per cent to 3 per cent. The — still
positive — contribution from foreign circulation was negligible, while the annually cumulated net
shipments in 2020 were even in slightly negative territory due to pandemic-related restrictions

on foreign travel, a key motive behind demand for shipments.”

In Italy, CNI rose by 9.3 per cent on a yearly basis in the second quarter of 2020, as a result of
the exceptional decline recorded in lodgements at Banca d’Italia (-26.3 per cent) and the more
modest contraction in withdrawals (-7 per cent). Cash circulation in Italy has been particularly
affected by travel restrictions. Up to the COVID-19 pandemic net foreign inflows of euro
banknotes connected to tourism activity had reduced the net issuance of Banca d'Italia owing to
increased lodgements. During the pandemic, however, this channel became less important due
to the travel restrictions. The breakdown by denomination shows that the observed dynamic

was mostly driven by €50 banknotes.”

The outbreak of the COVID-19 pandemic broke the downward trend observed in the Spanish
CNI since late 2006. In 2020, CNI was almost €10 billion compared to €0.4 billion in 2019.
Similarly to Italy, international travel restrictions led to a sharp decline in tourism flows as well
as in the high migratory flows of banknotes derived from it. As a consequence, the inflows of
banknotes on the central bank’s balance sheet fell notably leading to an increase in net issuance.
The breakdown by denomination of euro currency issued by Banco de Espafia was similar to
that observed in Italy and France: the pandemic crisis led to a large increase in the demand for

€50 banknotes, whereas the rate of return for the larger banknotes slowed down.

21 At an estimated €70 billion, the total store of value formed in 2020 was twice the size of those formed in each of
the previous two years.

22For a comprehensive description of German-issued banknotes in circulation, see Deutsche Bundesbank (2022).
23 For an extensive desctiption of Italian-issued banknotes in circulation since the changeover see Baldo et al. (2021).
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Against the backdrop of the pandemic, the decline of inflows in France became even more
pronounced in 2020 (-1.1 billion banknotes), bringing the level of inflows to an all-time low of
3.5 billion banknotes. Over the same period, French CNI rose by almost 11 per cent or rather
€16 billion. When it comes to annually cumulated net issuance (on a 12-months rolling basis),
this was even more pronounced with an increase of 30% in 2020 compared to 2019. The high
denominations have remained negative (up to €2.4 billion in 2020), but to a lower extent than in
the previous year (up to €3.7 billion in 2019). The €50 was the most impacted denomination as
it grew by 16 per cent compared with the preceding year. The higher demand for the €50
denomination in recent years can also be illustrated by the outflow statistics, as its corresponding
share increased from 20 per cent of the volumes withdrawn in 2016 to 27 per cent in 2020.
Between 2019 and 2020, the rise in the share of the €50 denomination at 2.5 percentage points
was particulatly relevant. By contrast, the share of the €20 banknote remained broadly stable
(around 39 per cent) and the share of the €10 banknote decreased (from 34 per cent in 2016 to

30 per cent in 2020).*

4. Forecasting national-issued banknotes in circulation with structural
time series models

In this section we present the structural time seties forecasting models that were developed by
the Banque de France, Deutsche Bundesbank, Banca d’Italia and Banco de Espafia in order to
forecast their national banknotes in circulation. The purpose of those exercises is to improve the
statistical forecasts that feed into the Eurosystem’s yearly banknote production requirement
planning. At present, banknote production requirements are calculated using two different
approaches so as to gain robust results: (i) bottom-up based on national forecasts provided by
the national central banks and (ii) top-down using a centralised euro area forecast made by the
ECB (ABCD-2 forecast). National expertise is thus combined with a euro-area-wide perspective.
The national forecasts of the bottom-up approach are not harmonised: each national central
bank of the Eurosystem can decide for itself which forecasting models to choose and how to
evaluate them. This also applies to the evaluation of the forecasts presented in this section. That

is why the goodness-of-fit measures as well as the measures for forecast accuracy and the

24 For more details, see Seitz, Devigne and de Pastor (2022) as well as Banque de France (2021).
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corresponding benchmark models may differ between the 4 NCBs. The benchmark models are
those models that are currently being used in the framework of banknote production
requirement planning at the national central banks. In France, Germany and Spain these are
ARIMA models.” Banca d’Italia derives its forecast of banknotes in circulation from combining
the predictions of withdrawals and lodgements generated by a basket of models which also

includes ARIMA models and exponential smoothing.

This section juxtaposes the main features of the structural times series models (“STSMs”)
developed by the 4 NCBs for forecasting their banknotes in circulation based on the
methodology described in Section 2.” We first compate the regression specifications. We then
check the forecasting performance of the models against the national benchmark models

currently employed by the 4 NCBs.

The regression specifications are summarised in Tables 1 to 3. For ease of analysis the low-
denomination banknotes (Table 1) and the large-denomination banknotes® (Table 3) are not
shown separately but as an aggregate. This means that — unless stated otherwise — the entries in
these tables represent the sum of the specifications of the underlying denominations. The models
of Banca d’Italia and Banco de Espafia employ estimation samples running from January 2004
to September 2020. The observations of the first two years of euro cash have been excluded in
order to remove the effects of the euro cash changeover. In contrast, the estimation samples of
the STSMs of Germany run from January 2002 to September 2020 and the effects of the cash
changeover are accounted for by trend breaks. The STSMs of Banque de France are mainly
based on the whole sample, except for the €100 denomination where observations relating to
the cash changeover have been removed to ensure convergence. All of the estimation samples
end in September 2020 in order to include enough observations to capture the impact of the
COVID-19 pandemic (March 2020 to September 2020). Each of the 4 NCBs has chosen the
time period from October 2020 to September 2021 as a forecast horizon. In view of the
considerable uncertainty about the further effects of the pandemic, we have refrained from

extending the length of the forecast horizon. The specifications of the STSMs usually include a

%5 The benchmark ARIMA models used by Banque de France and the Bundesbank ate described in Annex 1 and
Annex 2.

26 The national forecasting models are presented in mote detail in Annex 1 to Annex 4.

27 €500 banknotes in circulation are not considered since they ate not issued anymore.
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trend consisting of a stochastic level and a stochastic slope, a trigonometric seasonal component,
an irregular component, intervention variables® and (usually for small- and medium-
denomination banknotes in circulation) dummy variables for Ascension Day and Easter as
explanatory variables. The explanatory variables represent calendar effects that lead to an
increase in banknote demand for transaction purposes. The intervention variables play a
prominent role as they allow for all kinds of events that have had an impact on banknotes in
circulation. Most of these events are related to various crises that led to a rise in banknote
demand. This is in line with the fact that crises usually coincide with an increased demand for
cash. In times of crises people prefer to rely on tried and tested concepts and place their

confidence in the default-free central bank money that we know as cash.”

The specifications for Italian-issued banknotes in circulation stand out in three respects. First,
they do without regression variables for calendar effects. Second, the Italian model for €10
banknotes is the only STSM to contain a (deterministic) cycle component as an additional
unobserved component. Third, they include only a few intervention variables and the effects of
these are temporary (outlier interventions). This result probably follows from the prominent role
of the trend component in describing the series. The outlier interventions represent the great
financial crisis (in the case of medium to large denominations) and measures related to the

banknote issuance policy in the case of low-denomination banknotes.*

The model specifications of the STSMs for small-denomination banknotes in circulation are
shown in Table 1. Banknotes belonging to this grouping are usually used for transaction
purposes. The great financial crisis resulted in a positive level break — that is a permanent increase
—in French-issued €20 banknotes. The restrictions on withdrawals from ATMs in Greece in the
summer of 2015, when the debt crisis came to a head, had a positive and permanent impact on
low-denomination (and €50) German-issued banknotes. At that time, the Greek government

was in negotiations with the European Commission, the rest of the euro area, the ECB and the

28 Outlier interventions (impulse dummies) represent transitory effects on banknotes in circulation. They ate only taken
into account here if they are explicable, that s, if they can be related to some event like for example a policy measure.
In contrast to outliers, #end breaks have a permanent effect on banknotes in circulation. A Jeve/ break is modelled by
means of a step dummy and a slgpe break by means of a staircase function.

29 Rosl and Seitz (2021) examine the demand for small-denomination and large-denomination banknotes since the
1990s from an international perspective. They show that demand for cash always increases in times of crisis,
independent of the nature of the crisis itself.

30 Specifically, these measures comprise the introduction of the €5 banknote from the Europa series (ES2) and
policy measures to improve the quality of banknotes in circulation.
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International Monetary Fund about a further bailout programme in return for reform measures.
As a result, German tourists took more €10 and €20 banknotes with them on their travels to

Greece. This additional demand was transaction-related.

The intervention variables for the COVID-19 pandemic are of particular importance for the
purpose of this study. The pandemic stands for major trend breaks in banknotes in circulation
at the end of the estimation sample. As a result, forecasts cannot be evaluated in-sample by
retaining some observations for pseudo out-of-sample forecasts.” Instead, we had to content
ourselves with an out-of-sample evaluation of the forecast accuracy that is based on only 12
observations (October 2020 to September 2021).”* The models in Table 1 contain a positive
trend break at the onset of the pandemic which is sometimes accompanied by a negative trend
break in the subsequent month. As an explanation for this development in Germany it stands to
reason that consumers and professional cash handlers built up considerable cash holdings for
precautionary reasons at the start of the first lockdown in March 2020, which is reflected in the
positive level break.” Concerns regarding potential logistical restrictions on the supply of cash
during lockdown were probably behind this precautionary motive. As from April 2020, the
month in which the reduction of precautionary holdings began, German net issuance of small-
denomination banknotes was well below the previous year’s figure.” This intervention effect is

allowed for by the negative slope break in April 2020.

€50 banknotes are in demand for use both in transactions and as a store of value. The model
specifications of the STSMs for €50 banknotes in circulation, shown in Table 2, are similar to
those for small-denomination banknotes in circulation. However, unlike in the case of low-

denomination banknotes, we now have the great financial crisis coming into play in Germany

31 For example, without the COVID-19 health ctisis the models for small-denomination banknotes in circulation
could have been estimated with data running from January 2002 or rather January 2004 to December 2014
(estimation sample). Pseudo out-of-sample forecasts running from January 2015 to September 2020 could then
have been calculated and compared with actual banknotes in circulation.

32 In view of the considerable uncertainty relating to the COVID-19 sanitary ctisis, we abstained from expanding
the forecasting horizon.

33 The fitst lockdown in tesponse to the COVID-19 health crisis was between March 2020 and May 2020 and the
second lockdown lasted from November 2020 to May 2021. Since September 2021, varying degrees of restrictions
on public life linked to vaccination status were in effect in Germany.

3+ Looking at 2020 as a whole, net issuance of German-issued low-denomination banknotes was atound 64 per cent
lower than the level seen in the previous year. This was due to the significant decline in the use of cash at the point
of sale as a result of limited opportunities to spend cash — in retail, restaurants and at fairs, for example — owing to
the pandemic.
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and Italy as well as the end of €500 banknote issuance in France and Germany. These
interventions resulted in a sustained and significant increase in French-issued and German-
issued €50 banknotes in circulation.” In the financial crisis liquid, secure assets for use as a store
of value were sought after, which caused demand for large-denomination banknotes especially

to grow steeply.”

The ECB Governing Council’s decision on 4 May 2016 to discontinue the
production and issuance of the €500 banknote resulted in declines in these banknotes and shifts
to the next smaller denominations all the way to the German-issued €50 banknote. In France,
this decision impacted €50 banknotes in circulation only after issuance of the €500 banknote
was actually stopped at the end of January 2019. The Spanish-issued €50 banknotes in circulation
were impacted by the uncertainty resulting from the financial bailout in May 2012. This entailed
an instantaneous and permanent increase in Spanish net issuance of €50 banknotes. The
reduction of the precautionary holdings of €50 banknotes that were built up in Germany at the
beginning of the COVID-19 pandemic is reflected in the negative slope break in May 2020. This
process took longer for the €50 and the high denominations, as it was obscured by the
simultaneous build-up of cash reserves as a store of value. This sharp rise in the store of value

was mainly due to the restrictions on opportunities for spending on account of the measures

adopted to contain the pandemic.

Large-denomination banknotes are typically used for store-of-value purposes. The model
specifications of the STSMs for large-denomination banknotes in circulation (Table 3) differ
from those for €50 banknotes in circulation in a number of ways. In addition to the positive
level break in October 2008 the effect of the financial crisis on large-denomination German-
issued banknotes contains a negative level break in December 2008 and a negative slope break
in February 2009. Therefore, the rise in large-denomination banknotes in circulation in Germany
in October 2008 was (at least partly) reduced in the subsequent months.”” In contrast to the
medium-denomination banknotes, the cessation of €500 banknote issuance and the COVID-19
pandemic did not have any effect on French-issued large-denomination banknotes in circulation.
Unlike the smaller denominations driven by transactional demand, German-issued large-

denomination banknotes were not affected by the limitation of outpayments at ATMs in Greece

35 The financial crisis also affected French-issued €20 banknotes in circulation.
36 See Deutsche Bundesbank (2009).
37 For details, see Table 1a in Annex 2.
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The forecasting performance of the STSMs and the respective benchmark models currently used
for national banknote requirement planning are shown in Table 4. According to the forecast
accuracy measures employed, the STSMs outperform the benchmark models for each
denomination in Spain. In France and Italy, STSMs do a better job at forecasting banknotes in
circulation for all but the €50 denomination and in Germany for four out of six denominations
(€10, €20, €50 and €200). However, it should be borne in mind that the statistical informative
value of this comparison is limited by the short projection period of just 12 months. All things
considered, STSMs seem to be a promising extension to time series models currently employed
in the context of national banknote requirement planning at the national central banks of France,
Germany, Italy and Spain. Nevertheless, in order to assess the robustness of this finding, further

exercises of this kind are advisable.
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Table 4

Forecast accuracy of structural time series models versus benchmark models

France:
Estimation sample, number of observations
Forecast horizon, length in months
RMSE of STSM
RMSE of benchmark ARIMA model

Germany:
Estimation sample, number of observations
Forecast horizon, length in months
RMSE of STSM
RMSE of benchmark ARIMA model

Italy:
Estimation sample, number of observations
Forecast horizon, length in months
WMAPE of STSM
WMAPE of benchmark models

Spain:
Estimation sample, number of observations
Forecast horizon, length in months
MAPE of STSM
MAPE of benchmark ARIMA model

National-issued banknotes in circulation

€5 banknotes

€10 banknotes

€20 banknotes

€50 banknotes

€100 banknotes

€200 banknotes

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12
4.9
8.4

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12
49.1
315

2004:01 2020:09, 201
2020:10 - 2021:09, 12
1.0%

2.9%

2004:01 2020:09, 201
2020:10 - 2021:09, 12
4.7%

4.9%

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12
7.3
8.3

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12
62.2
79.7

2004:01 2020:09, 201
2020:10 - 2021:09, 12
1.3%

1.8%

2004:01 2020:09, 201
2020:10 - 2021:09, 12
0.4%

1.7%

2002:01-2020:09, 225
2020:10 - 2021:09, 12
14.4
21.2

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12
44.8
75.5

2004:01 2020:09, 201
2020:10 - 2021:09, 12
1.8%

4.3%

2004:01 2020:09, 201
2020:10 - 2021:09, 12
1.5%

2.1%

2002:01-2020:09, 225
2020:10 - 2021:09, 12
28.5
28.1

2002:01-2020:09, 225
2020:10 - 2021:09, 12
24.4
67.8

2004:01 2020:09, 201
2020:10 - 2021:09, 12
0.9%

0.9%

2004:01 2020:09, 201
2020:10 - 2021:09, 12
2.4%

3.8%

2003:01 - 2020:09, 213
2020:10 - 2021:09, 12
2.7
6.6

2002:01-2020:09, 225
2020:10 - 2021:09, 12
22.3
7.0

2004:01 2020:09, 201
2020:10 - 2021:09, 12
5.2%

11.0%

2004:01 2020:09, 201
2020:10 - 2021:09, 12
1.3%

2.8%

2002:01-2020:09, 225
2020:10 - 2021:09, 12
0.1
0.8

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12
4.3
83.6

2004:01 2020:09, 201
2020:10 - 2021:09, 12
0.1%

0.2%

2004:01 2020:09, 201
2020:10 - 2021:09, 12
16.1%

24.3%

Source: Authors’ calculations.

Notes:

RMSE: root mean square error, MAPE: mean absolute percentage error, WMAPE: weighted mean absolute percentage etror,

STSM: structural time series model.
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5. Summary and conclusions

Avoiding shortages or excessive surpluses of banknotes is crucial for the Eurosystem to provide
credit institutions and citizens with the quantity demanded in a cost-effective way. To this end,
the Eurosystem determines banknote production requirements once a year. For this process it
is necessary to forecast the net issuance of each denomination together with other variables.
Previously, banknote circulation was forecasted by exploiting cointegration relationships (the
“ABCD model”). Despite some updates, the ABCD model was not able to fully reflect
developments affecting cash demand over recent years at the time. This applied especially to the
ramifications of the 2008 financial crisis. A new Eurosystem workstream was set up with the aim
of improving the previous forecasting model of euro banknote demand (“ABCD-2”
workstream). Drawing on the experience from the work of ABCD-2, experts at the NCBs of
France, Germany, Italy and Spain believed that it was worthwhile developing structural time
series models as an alternative tool for forecasting their national-issued banknotes in circulation

by denomination. This paper presents the outcome of this endeavour.

The benchmark models currently used for national banknote requirement planning by the 4
NCBs essentially belong to the ARIMAX family. STSMs represent a very broad class of time
series models including ARIMAX models and exponential smoothing models. They break a time
series down into its unobservable components such as trend and season. As in regression
models, explanatory variables and intervention variables can also be incorporated. Here the
explanatory variables represent calendar effects on banknotes in circulation, and intervention
variables stand for special events which lead to trend breaks and outliers. In this analysis a variety
of crisis-related events turned out to be significant. These include global crises like the great
financial crisis and the COVID-19 pandemic as well as local crises like the Catalan political crisis
or the financial bailout in Spain. Moreover, intervention variables for the euro cash changeover
and the halt to €500 banknote issuance also play a role. The structural time series models
developed by Banca d'Italia are quite parsimonious in that they mainly consist of the unobserved
components of Italian-issued banknotes in circulation like trend and season, and include
dummies to account for the introduction of the second series of €5 banknotes, the
implementation of measures to improve the quality of €10 banknotes, and the impacts the great
financial crisis exerted on the circulation of higher denominations. This might stem from the
prominent role of the trend component in describing Italian-issued banknotes in circulation.
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Comparing the models of Banque de France, Deutsche Bundesbank and Banco de Espafia with
one another leads us to a number of findings, as detailed below. In France and Germany, the
great financial crisis led to a positive level break in €50 and higher denomination banknotes in
circulation in October 2008. This was because people sought liquid and secure assets as a store
of value in this period. In Spain, meanwhile, the great financial crisis resulted in a decrease in
€200 banknotes in circulation. This might be explained by a lower demand for banknotes as a
consequence of the corresponding housing bust in Spain. In Germany, the COVID-19 pandemic
had an impact on each denomination; in Spain it had an impact on all denominations apart from
€5 banknotes. In France it only affected the €5, €20 and €50 denominations. A lowest common
denominator can be identified across all the countries under review, with a significant increase
in banknotes in circulation occurring more or less at the onset of the crisis in spring 2020. This
was probably due to precautionary motives or concerns regarding potential logistical restrictions
on the supply of cash. In Germany these precautionary holdings were scaled back again in the
subsequent months. On 4 May 2016 the ECB Governing Council announced that the
production and issuance of the €500 banknote would be discontinued. This led to declines in
these banknotes and shifts to the next smaller denominations. In addition to these “global”
intervention variables, country specific interventions play a role for Spanish-issued banknotes in

circulation.

According to the forecast accuracy measures employed, the STSMs outperform the benchmark
models for each denomination in Spain. In France and Italy, STSMs do a better job at forecasting
banknotes in circulation for all but the €50 banknotes and in Germany for four out of six
denominations (€10, €20, €50 and €200). However, it should be borne in mind that the statistical
informative value of this comparison is limited by the short projection period of just 12 months.
All things considered, STSMs seem to be a promising extension to the time series models
currently employed in the context of national banknote requirement planning at the 4 NCBs.
Nevertheless, in order to assess the robustness of this finding, further exercises of this kind are

advisable.
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Annex A: Forecasting French-issued banknotes in circulation

Table 1a (at the end of this section) contains the results of the maximum likelihood estimation
of structural time series models (STSMs) for the number of French-issued banknotes in
circulation. The models were estimated using monthly data from January 2002 to September
2020 except for the €100 denomination. The sample for €100 banknotes ranges from January
2003 to September 2020 to ensure convergence of the model. The forecast horizon runs from
October 2020 to September 2021. All of the models contain a trend, a seasonal component, an
irregular component and interventions. In most of the models the trend consists of a stochastic
level and a stochastic slope and the seasonal component is fixed. While the underlying
development of banknotes in circulation is described using trend and season as unobservable
components, “intervention variables” are added to explain the time series. Additionally, for all
of the denominations except for the high denominations (€100 to €500 banknote) the calendar
effect of the Easter holidays is modelled by means of a regression variable. The intervention
variables capture special factors resulting in trend breaks.” These comprise 1) the euro cash
changeover at the beginning of 2002, 2) the escalation of the great financial crisis in October
2008, 3) the ECB Governing Council’s decision to discontinue the production and issuance of

the €500 banknote around the end of 2018 and 4) the COVID-19 pandemic.

All of the estimated coefficients of the STSMs in Table 1a are significant at the 1 per cent level

at least.®

All significance tests in linear Gaussian models are based on three assumptions
concerning the standardised one-step-ahead prediction errors. These residuals should satisty the
following three properties, which are listed in decreasing order of importance: 1) independence,
2) homoscedasticity and 3) normality.” These and other diagnostic statistics and goodness-of-fit
measures are shown in Table 1b at the end of this section. Independence was tested by means
of the Ljung-Box (J-statistic. Accordingly, most of the models show serial correlation at four
lags except for the €100 banknotes. According to the H(h) test statistic the null hypothesis of
homoskedastic residuals is rejected in the STSMs for €100 and €200 banknotes and, to al lesser

extent, for the €5 denomination. Similarly, according to the Doornik-Hansen statistic, the null

3 The intervention vatiables also include outliers
40 Moteovet, when estimating the models, in each case vety strong convergence could be achieved.
# See Commandeur and Koopman (2007, Section 8.5).
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hypothesis of normally distributed residuals is rejected in the STSMs for the €50 to €500
banknotes. Hence, with regard to the three desirable criteria mentioned above, the STSMs for
French denominations are acceptable. The parameters are stable in the last two years of the
sample at least. In a correctly specified model, the ratio of the prediction error variance and the
prediction error mean deviation should be approximately equal to unity. This condition is
tulfilled by the models especially for the €10 denomination. The fit of the models in terms of
the coefficient of determination based on the difference around the seasonal mean lies in a range

of 0.56 to 0.97, which seems to be reasonable.

The out-of-sample forecasts resulting from the STSMs and the corresponding benchmark
ARIMA models are compared in Figures Al to A6. In the bottom part of Table 1b the root
mean squared errors of 12-step-ahead forecasts are listed for the STSMs and benchmark ARIMA
models. Correspondingly, the structural time series models outperform the ARIMA models for
all of the denominations except for the €50 banknotes. However, the statistical informative value

of this comparison is limited by the short forecasting horizon of just 12 months.

The benchmark ARIMA models, which are traditionally used in banknote requirement planning
at Banque de France, are described in Table 2 at the end of this section. For example, an
ARIMA4,1,4)(0,1,1)12 was fitted to €50 banknotes in circulation. Except for €50 banknotes in
circulation, the ARIMA models outperform the STSMs in terms of serial correlation at higher
lags. The null hypothesis of homoskedastic residuals cannot be rejected for any denomination.

The null hypothesis of normally distributed residuals is rejected for all but the €10 denomination.

These findings can be recapitulated as follows. In terms of diagnostic tests, the benchmark
ARIMA models perform better than STSMs. When it comes to forecasting, the STSMs generally
perform better than the ARIMA models according to the rather limited evidence at hand. Hence
it might be promising to use STSMs in addition to the traditional ARIMA forecasting models in
the context of banknote requirement planning at Banque de France. Running these models head

to head against each other in real time will shed more light on their relative performance.
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Table 1a

Structural time series forecasting models: estimation results

Estimation sample, number of observations
Forecast horizon, length in months

Model speciﬁcationl)' 2

(¥ : number of French-issued banknotes
in circulation in million pieces)

Specification of trend

Specification of trigonometric seasonal
Explanatory variable:

dummy variable for Easter

Interventions for cash changeover :
level break in 2002:03
level break in 2002:04
level break in 2002:05
level break in 2002:12
slope break 2002:05
slope break 2002:07
Interventions for the great financial crisis :
level break in 2008:10
Intervention for stop of issuance of €500
banknotes ¥:
slope break in 2019:03
Interventions for COVID-19 crisis :
level break in 2020:03
level break in 2020:04
level break in 2020:05
slope break in 2020:03

€5 banknotes

€10 banknotes

€20 banknotes

€50 banknotes

€100 banknotes

€200 banknotes

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12

y=trend + seasonal +

irregular + explanatory
variable + interventions

stochastic level and
stochastic slope

stochastic

0.64%**

14.98%**
29.56***

2.70%**

37.12%**
3.35%x*

-4.12%%*

2.02%**

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12

y=trend + seasonal +

irregular + explanatory
variable + interventions

stochastic level and
stochastic slope

fixed

5.93%**

14.49%**

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12

y = trend + seasonal +
irregular + explanatory
variable + interventions

fixed level and stochastic

slope

fixed

Q. 57Kk

-28.32%**

15.02%**

14.11%**

15.26***

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12

y=trend + seasonal +
irregular + explanatory
variable + interventions

stochastic level and
stochastic slope

fixed

2.57%%%

12.04%**

6.21%**

19.42%**

2003:01 - 2020:09, 213
2020:10 - 2021:09, 12

y=trend+ seasonal +
irregular + interventions

stochastic level and
stochastic slope

fixed

4.93%x*

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12

y=trend + seasonal +
irregular + interventions

stochastic level and
stochastic slope

fixed

0.83***

1.04%**

Source: Authors’ calculations.

Notes: Outlier interventions (impulse dummies) are not shown here.

1) *** significant at the 1 per cent level.

2) All of the models were estimated by maximum likelihood (exact score) using the software package STAMP of

Koopman et al. (2007).
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The estimation of all of the models showed very strong convergence relative to 1e-007, comprising the convergence

criteria likelihood, gradient and parameter.

3) On 4 May 2016 the ECB Governing Council decided to halt the production and distribution of the €500

banknotes. In France the issuance of €500 banknotes was stopped on 27 January 2019.
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Table 1b

Structural time series forecasting models: diagnostics and goodness-of-fit

Goodness-of-fit statistics:
Log-Likelihood
Akaike Information Criterion (AIC)
Bayesian Information Criterion (BIC)
Prediction error variance (p. e.v.)
Prediction error mean deviation (m. d.)

Ratio p.e.v./m.d.in squaresl)
Coefficient of determination based on
difference around seasonal mean (sz)

Basic diagnostics of residuals
(standardised one-step-ahead prediction errors):

Test of the null hypothesis of normally distributed
residuals by means of the Doornik-Hansen statistic.”

Test of the null hypothesis of homoskedastic
residuals by means of the H (h) test statictic.”)

Test of the null hypothesis of serially uncorrelated
residuals by means of the Ljung-Box Q -statistic.”

Period with stable parameters according to
recursive residuals

Test of the null hypothesis of no seasonality
by means of a chi-square test.”)

Forecast horizon, length in months
Root mean squared error of 12-step-ahead forecast

Root mean squared error of 12-step-ahead forecast
with benchmark ARIMA model

€5 banknotes €10 banknotes €20 banknotes €50 banknotes €100 banknotes €200 banknotes
48.32 -325.52 -397.89 -296.81 63.65 324.95
-0.70 2.98 3.64 2.67 -0.87 -3.37
-0.36 3.33 3.94 299 -0.63 -3.10
0.41 16.08 31.89 11.94 0.36 0.03
0.35 12.83 23.71 9.08 0.28 0.02
0.88 0.99 1.15 1.10 1.08 1.25
0.97 0.63 0.56 0.81 0.63 0.58

3.32 <x¥(2; 0.05) = 5.99

1/H(68)=1/0.54=1.65>
F (68, 68;0.025) = 1.62

The null hypothesis is
rejected for
q =12to 24 atthe 1%
significance level.

2018:05 - 2020:09

994.43 > x2(11; 0.05) = 19.68

2020:10 - 2021:09,12

4.9

8.4

0.09 <x*(2; 0.05) = 5.99

H(67)=1.02<
F (67, 67;0.025) = 1.62

The null hypothesis is

rejected for g =4 to 24 at the
1% significance level.

2017:01-2020:09

1404.69 > x*(11; 0.05) =
19.68
2020:10 - 2021:09, 12

7.3

8.3

3.69 <x¥(2; 0.05) = 5.99

H(68)=158<
F (68, 68; 0.025) = 1.62

The null hypothesis is

rejected for g = 4 at the 5%
significance level.

2017:08 - 2020:09

1917.08 > x3(11; 0.05) =
19.68
2020:10 - 2021:09, 12

15.7

21.2

19.55>x*(2; 0.05) = 5.99

H(68) =144 <
F (68, 68;0.025) = 1.62

The null hypothesis is

rejected for g =4 to 24 at the
1% significance level.

2018:12-2020:09

1399.13 > x¥(11; 0.05) =
19.68
2020:10 - 2021:09, 12

28.5

28.1

14.65 >x*(2; 0.05) = 5.99

H(66) =3.48 >
F (66, 66;0.025) = 1.63

The null hypothesis cannot
be rejected for any lag.

2017:11-2020:09

72337 >x¥(11; 0.05) = 19.68

2020:10-2021:09,12

2.7

6.6

75.86 > x*(2; 0.05) = 5.99

1/H(69)=1/0.45=2.23>
F (69, 69;0.025) = 1.61

The null hypothesis is
rejected for g =4 to 24 at the
1% significance level.

2018:02 - 2020:09

195.59 >x3(11; 0.05) = 19.68

2020:10 - 2021:09, 12

0.1

0.8

Source: Authors’ calculations.

Notes: 1) In a correctly specified model this ratio should be approximately equal to unity.

2) The Doornik-Hansen statistic is the Bowman-Shenton statistic with the correction of Doornik and Hansen (1994), distributed approximately as y?with 2 degrees of freedom

under the null hypothesis. The critical value is %2(2; 0.05) = 5.99.
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3) H()) is distributed approximately as F(h, 4). If H(}) is larger than 1, it is enough to check whether H(5) < F(h, b; 0.025). On the other hand, if H(4) is smaller than 1, we
have to use the reciprocal of H(h), and check whether 1/H(4) < F(h, h; 0.025).

4) The Ljung-Box Q-statistic, 0(g, ¢ - p) is based on the first ¢ residual autocorrelations and distributed approximately as y? with ¢ - p degrees of freedom under the null
hypothesis of uncorrelated residuals. The parameter p denotes the number of relative variance parameters. For all of the models presented here p is equal to 3. The maximum
number of residuals taken into account is 24, thatis ¢ =1, ..., 24.

5) This is a test joint test of significance of the 11 seasonal effects at the end of the sample period. Under the null of no seasonal pattern the test statistic is asymptotically 2
with 11 degrees of freedom when the seasonal is deterministic. The critical value is y2(11; 0.05) = 19.68. In the case of a stochastic seasonal, the joint seasonal test is also
performed although a formal joint test of significance of the seasonal effect is inappropriate. However, when the seasonal pattern is persistent throughout the series and when

the seasonal pattern changes relatively slowly, which is usually the case, the test statistic can provide a useful guide to the relative importance of the seasonal.
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Table 2
Benchmark ARIMA models

Model specification”

Stationary transformation of dependent variable
(number of banknotes in circulation)z)

ARMA terms (ar, ma) and multiplicative seasonal
ARMA terms (sar, sma)

Estimation sample (adjusted)

Adjusted R-squared

Breusch-Godfrey Serial Correlation LM Test”

White test ofheteroskedasticitys):
Obs*R? statistic [p-value]

Jarque-Bera test of normal distribution®:
B [p-value]
Forecast sample

Root mean squared error of 12-step-ahead
forecast

€5 banknotes

€10 banknotes

€20 banknotes

€50 banknotes

€100 banknotes

€200 banknotes

ARIMA(8,1,8)(0,1,1) 1,

AA,nn005

ar(8), ma(8), sma(12)

2003:10 - 2020:09

0.30

The null hypothesis is
rejected forlags 12,13 and
20 at the 1% significance
level.

13.78 [0.47]

17.98 [0.00]

2020:10 - 2021:09

841

ARIMA(0,1,1)(0,1,1) 1,

AA{,nn010

ma(1), sma(12)

2003:02 - 2020:09

0.61

The null hypothesis is
rejected for lags 8 and 13 at
the 5% significance level.

9.23 [0.42]

1.95[0.38]

2020:10 - 2021:09

8.33

ARIMA(0,1,1)(0,1,1);,

AA,nn020

ma(1), sma(12)

2003:02 - 2020:09

0.61

The null hypothesis is
rejected forlag 8,13 and 23

at the 1% significance level.

8.76 [0.46]

17.86 [0.00]

2020:10 - 2021:09

21.21

ARIMA(4,1,4)(0,1,1) 1,

AA,nn050

ar(4), ma(4), sma(12)

2003:06 - 2020:09

0.21

The null hypothesis is
rejected forlag 1,7, 13 to 14
and 23 at the 1%
significance level and for lags
6,8 and 12 at the 5%
significance level.

13.11[0.52]

120.07 [0.00]

2020:10 - 2021:10

28.05

ARIMA(1,1,1)(0,1,1),,

AA,nn100

ar(1), ma(1), sma(12)

2003:03 - 2020:09

0.53

The null hypothesis cannot
be rejected for any lag.

5.17 [0.98]

579.34 [0.00]

2020:10 - 2021:09

6.64

ARIMA(1,1,3)(0,1,1);,

AAH,NNn200

ar(1), ma(3), sma(12)

2003:03 - 2020:09

0.55

The null hypothesis cannot
be rejected for any lag.

15.15[0.37]

1122.97 [0.00]

2020:10 - 2021:09

0.83

Source: Authors’ calculations.

Notes: 1) Multiplicative seasonal models are written in the form ARIMA (p,d,9)(P,D,0),, where X = exogenous regressors, p and g = the nonseasonal ARMA coefficients, 4 = number

of nonseasonal differences, P = number of multiplicative seasonal autoregressive coefficients, D = number of seasonal differences, O = number of multiplicative seasonal moving-

average coefficients and s = seasonal period. All of the models are estimated by conditional least squares and heteroskedasticity and autocorrelation consistent covariance (HAC)

standard errors and covariance.

2) A denotes the first difference of a series: (1 - L) y. 12 denotes the first seasonal difference of a series: (1 - L12) y,.

3) No exogenous regressors were specified.

4) Null hypothesis: no serial correlation of residuals up to the specified number of lags.
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5) Null hypothesis: homoskedasticity of residuals.

6) Null hypothesis: normal distribution of residuals.

7) Coefficients ate consideted to be stable if they are within a +/- 2 coefficient standard deviation cottidor in the range of recursive parameter estimation. This range runs from
2015:01 to 2020:09. The corresponding date in the entry indicates the time from which an instable coefficient had been within the +/- 2 coefficient standard error cortridor. There

are no entries for stable coefficients.
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Figure Al

Forecasts of €5 banknotes in circulation obtained by STSM and by benchmark ARIMA model
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Figure A2
Forecasts of €10 banknotes in circulation obtained by STSM and by benchmark ARIMA
model (million pieces)
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Figure A3
Forecasts of €20 banknotes in circulation obtained by STSM and by benchmark ARIMA
model (million pieces)
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Figure A4

Forecasts of €50 banknotes in circulation obtained by STSM and by benchmark ARIMA
model (million pieces)
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Figure A5
Forecasts of €100 banknotes in circulation obtained by STSM and by benchmark ARIMA
model (million pieces)
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Figure A6
Forecasts of €200 banknotes in circulation obtained by STSM and by benchmark ARIMA
model (million pieces)
-10
A
-14 RN
-16 o~
-18 IS
-20 .
22
24 o

-26
SRR x‘b»‘bx‘b\?’@ OO AR
\Q\@Q\"’o“\’b \°0°\’b Q\"Q"\’b Q\QQC‘\'&\;&\\}
--- Actual circulation €200 STSM €200 ARIMA €200

Sources: Banque de France and authors’ calculations.

42



Annex B: Forecasting German-issued banknotes in circulation

Table 1a (at the end of this section) contains the results of the maximum likelihood estimation
of STSMs for the number of banknotes put into circulation by the Bundesbank. The models
were estimated using monthly data from January 2002 to September 2020. The forecast horizon
runs from October 2020 to September 2021. All of the models contain a trend, a seasonal
component, an irregular component and interventions. In all of the models, the trend consists
of a stochastic level and a stochastic slope and the trigonometric seasonal component is usually
fixed. While the underlying development of banknotes in circulation is described using trend
and season as unobservable components, “intervention variables” are added to explain the time
series. Additionally, for all of the denominations except for the €200 banknote and the €500
banknote, the calendar effect of the Easter holidays is modelled by means of a regression
variable. The intervention vatiables capture special factors resulting in trend breaks.” These
comprise 1) the euro cash changeover at the beginning of 2002, 2) the escalation of the great
financial crisis in October 2008, 3) the limitation of outpayments at ATMs in Greece in 2015
when the debt crisis came to a head, 4) the ECB Governing Council’s decision from 4 May 2016
to discontinue the production and issuance of the €500 banknote around the end of 2018* and
5) the COVID-19 pandemic. The components of the estimated STSMs are presented in Figures
Bl to B6. For a detailed description of the model specification and a comprehensive
interpretation of the estimated model using the example of €50 banknotes in circulation, see

Deutsche Bundesbank (2022).

All of the estimated coefficients of the STSMs in Table 1a are significant at the 5 per cent level
at least.* All significance tests in linear Gaussian models are based on three assumptions
concerning the standardised one-step-ahead prediction errors. These residuals should satisty the
following three properties, which are listed in decreasing order of importance: 1) independence,
2) homoscedasticity and 3) normality.”” These and other diagnostic statistics and goodness-of-fit

measures are shown in Table 1b at the end of this annex. Independence was tested by means of

42 The intervention vatiables also comprise outliers but these ate not shown here.

4 The Bundesbank stopped issuing €500 banknotes on 26 April 2019.

4 Moreovet, when estimating the models, in each case vety strong convergence could be achieved.
4 See Commandeur and Koopman (2007, Section 8.5).
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the Ljung-Box (-statistic. Accordingly, in each model except for the €200 banknotes, there is
serial correlation in the higher lags. According to the H(/) test statistic the null hypothesis of
homoskedastic residuals is rejected in STSMs for the high denominations (€100 to €500).
Similarly, according to the Doornik-Hansen statistic, the null hypothesis of normally distributed
residuals is rejected in the STSMs for the €200 and €500 banknotes. Hence, with regard to the
three desirable criteria mentioned above, the STSMs for the large denominations perform
relatively poorly. Except for the model for €20 banknotes, the parameters are stable in the last
four years of the sample at least. In a correctly specified model, the ratio of the prediction error
variance and the prediction error mean deviation should be approximately equal to unity. This
condition is fulfilled by the models for the small denominations and the €50 banknotes and to a
lesser extent by the models for the high denominations. The fit of the models in terms of the
coefficient of determination based on the difference around the seasonal mean lies in a range of

0.62 to 0.88, which seems to be reasonable.

The out-of-sample forecasts resulting from the STSMs and the corresponding benchmark
ARIMAX models (i.e. regARIMA models) are compared in Figures B7 to B12. The bottom part
of Table 1b lists the corresponding root mean squared errors (RMSEs) of the 12-step-ahead
forecasts. Although the statistical informative value of this comparison is limited by the short
forecasting horizon of just 12 months, some tentative conclusions may be drawn. The STSMs
outperform the ARIMAX models for all of the denominations except for the €5 banknotes and
the €100 banknotes.” In terms of the RMSE the STSMs cleatly outperform the ARIMAX
models for €50 and €200 banknotes in circulation while the ARIMAX model does a much better
job at forecasting €100 banknotes in circulation. The ARIMAX models overestimate small
banknotes in circulation while the STSMs underestimate them. Because of the discrepancy in

the results yielded, it might make sense to combine the two forecasts.

The benchmark ARIMAX models, which are traditionally used in banknote requirement
planning at the Bundesbank, are described in Table 2 at the end of this section. For example, an
ARIMAX(1,1,0)(1,1,0)12 was fitted to €50 banknotes in circulation. The exogenous regressors X
comptise step dummies (intervention variables) for the financial crisis in October 2008 and the

discontinuation of €500 banknote issuance in Germany in April 2019. The effect of the COVID-

46'The forecast compatison for the €50 banknote is illustrated in more detail in Deutsche Bundesbank (2022, pages
80-81).
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19 pandemic is modelled using impulse dummies (intervention variables) for the months
spanning the March 2020 to September 2020 period. As is the case with the STSMs, in the
ARIMAX models serial correlation of the residuals at the higher lags can be observed for most
of the denominations. The null hypothesis of homoskedastic residuals is rejected for €10
banknotes in circulation at the 1 per cent significance level. The null hypothesis of normally
distributed residuals is rejected for €5 and €200 banknotes in circulation. Finally, the ARIMAX

models for €20 and €200 banknotes show instability of coefficients.

These findings can be recapitulated as follows. In terms of diagnostic tests, the STSMs and the
benchmark ARIMAX models perform similarly. When it comes to forecasting, the STSMs
generally outperform the ARIMAX models according to the rather limited evidence at hand.
Hence it might be promising to use STSMs in addition to the traditional ARIMA forecasting
models in the context of banknote requirement planning at the Bundesbank. Running these
models head to head against each other in real time will shed more light on their relative

performance.
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Table 1a

Structural time series forecasting models: estimation results

Estimation sample, number of observations
Forecast horizon, length in months

Model specificationn'z]

(v : number of Geman-issued banknotes in
circulation in million pieces)

Specification of trend

Specification of trigonometric seasonal
Explanatory variables:

dummy variable for Ascension Day
dummy variable for Easter

Interventions for cash changeover:
level break in 2002:02
level break in 2002:03
level break in 2002:04
slope break 2002:03

Interventions for great financial crisis:

level break in 2008:10
level break in 2008:12
slope break in 2009:02

Interventions for limitation of outpayments at
ATMs in Greece in 2015:

level break in 2015:07

Interventions for stop of issuance of €500

banknotes®:

level break in 2016:06

slope break in 2016:04

slope break in 2019:04
Interventions for COVID-19 crisis:

level break in 2020:03

slope break in 2020:04

slope breakin 2020:05

€5 banknotes

€10 banknotes

€20 banknotes

€50 banknotes

€100 banknotes €200 banknotes

2002:01 - 2020:09, 225
2020:10 - 2021:09,12

y=trend + seasonal +
irregular + explanatory
variables + interventions

stochastic level and
stochastic slope

fixed

5.93**
8.14%%*

- 133.99%**

- 52.32%%*

22.84%**
- 11.87%**

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12

y=trend + seasonal +
irregular + explanatory
variables + interventions

stochastic level and
stochastic slope

fixed

11.30%**

- 88.96***

- 34.87***

18.38**

29.47%**
-20.00%***

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12

y=trend + seasonal +
irregular + explanatory
variables + interventions

stochastic level and
stochastic slope

fixed

8.58%**

- 86.25%**

- 24.55%**

24.33%**

27.35%**
-18.171%**

2002:01 - 2020:09, 225
2020:10 - 2021:09,12

y=trend + seasonal +
irregular + explanatory
variables + interventions

stochastic level and
stochastic slope

fixed

12.54%**

29.10%**

45.23***

22.43**

32.96%**

71.25%**

-12.66%**

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12

2002:01 - 2020:09, 225
2020:10 - 2021:09, 12
y=trend + seasonal +
log(y)= trend + seasonal +

irregular + explanatory . . ) i
irregular + interventions

variables + interventions

stochastic level and
stochastic slope

stochastic level and
stochastic slope

stochastic stochastic
1.03**
- 0.04+**
28.29%** 0.06***
- 0.03***
- 9.36%**
5.18**
9.49%**
6.81%** 0.04***
37.48*** 0.07***
- 7.26%** - 0.03%**

Soutrce: Authors’ calculations.
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Notes: Outlier interventions (impulse dummies) are not shown here.

1) *** significant at the 1 per cent level, ** significant at the 5 per cent level.

2) All of the models were estimated by maximum likelihood (exact score) using the software package STAMP.#” The estimation of all of the models showed very
strong convergence relative to 1e-007 comprising the convergence criteria likelihood, gradient and parameter.

3) On 4 May 2016 the ECB Governing Council decided to halt the production and distribution of the €500 banknotes. In Germany the issuance of €500 banknotes
was stopped on 26 April 2019.

47 See Koopman et al. (2007).
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Table 1b

Structural time series forecasting models: diagnostics and goodness-of-fit

Goodness-of-fit statistics:
Log-Likelihood
Akaike Information Criterion (AIC)
Bayesian Information Criterion (BIC)
Prediction error variance (p.e.v.)
Prediction error mean deviation (m. d.)

Ratio p.e.v./m.d.in squares”
Coefficient of determination based on
difference around seasonal mean (R ;%)

Basic diagnostics of residuals
(standardised one-step-ahead prediction errors):

Test of the null hypothesis of normally distributed
residuals by means of the Doornik-Hansen statistic.”

Test of the null hypothesis of homoskedastic
residuals by means of the H(h) test statictic.”

Test of the null hypothesis of serially uncorrelated
residuals by means of the Ljung-Box Q-statistic.‘”

Period with stable parameters according to
recursive residuals

Test of the null hypothesis of no seasonality
by means of a chi-square test.”

Forecast horizon, length in months
Root mean squared error of 12-step-ahead forecast

Root mean squared error of 12-step-ahead forecast
with benchmark ARIMA model

€5 banknotes €10 banknotes €20 banknotes €50 banknotes €100 banknotes €200 banknotes

-337.66 -467.06 -445.14 -473.60 -218.96 993.26
3.13 4.36 4.16 4.49 2.19 -8.62
3.51 4.71 4.51 496 2.60 -8.28
18.40 63.25 51.12 75.88 6.09 4.97e-005
14.14 49.39 40.50 58.39 4.52 3.59e-005
1.08 1.04 1.01 1.08 1.16 1.22
0.87 0.62 0.64 0.74 0.88 0.83

0.25 < x%(2; 0.05) = 5.99

1/H(67)=1/0.99 =1.01 <
F(67,67;0.025) = 1.62

The null hypothesis is

rejected for g =12 to 24 at
the 1% significance level.

2013:07 - 2020:09

1478.06 > x*(11; 0.05) =
19.68
2020:10 - 2021:09, 12

49.1

315

1.11 < x*(2; 0.05) = 5.99

1/H(68)=1/0.71=1.42<
F (68, 68; 0.025) = 1.62

The null hypothesis is

rejected forqg =12 to 24 at
the 1% significance level.

2014:09 - 2020:09

1125.36 > x*(11; 0.05) =
19.68
2020:10 - 2021:09, 12

62.2

79.7

0.27 <x*(2; 0.05) = 5.99

H(68) =147 <
F (68, 68; 0.025) = 1.62

The null hypothesis is

rejected for g =12 to 24 at
the 1% significance level.

2017:11 - 2020:09

1109.02 > *(11; 0.05) =
19.68
2020:10 - 2021:09, 12

44.8

75.5

0.85 < x*(2; 0.05) = 5.99

H(65)=1.37<
F (65, 65; 0.025) = 1.63

The null hypothesis is

rejected forq =14 to 17 at
the 5% significance level.

2016:04 - 2020:09

1827.61 > x%(11; 0.05) =
19.68
2020:10 - 2021:09, 12

244

67.8

5.51 <x%(2; 0.05) = 5.99

H(67)=3.96>
F(67,67;0.025) = 1.62

The null hypothesis is

rejected for g =14 to 16 at
the 5% significance level.

2016:09 - 2020:09

320.30 > x(11; 0.05) = 19.68

2020:10 - 2021:09,12

22.3

7.0

25.60 > x*(2; 0.05) = 5.99

1/H(68)=1/0.50 = 2.01 >
F (68, 68; 0.025) = 1.62

The null hypothesis cannot
be rejected for any lag.

2016:04 - 2020:09

13.18 < x}(11; 0.05) = 19.68

2020:10 - 2021:09,12

4.3

83.6

Source: Authors’ calculations.

Notes: 1) In a correctly specified model this ratio should be approximately equal to unity.

2) The Doornik-Hansen statistic is the Bowman-Shenton statistic with the correction of Doornik and Hansen (1994), distributed approximately as y? with 2 degrees of freedom
under the null hypothesis. The critical value is y?(2; 0.05) = 5.99.

3) H()) is distributed approximately as F(h, 4). If H(b) is larger than 1, it is enough to check whether H(4) < F(h, 5; 0.025). On the other hand, if H(}) is smaller than 1, we have to
use the reciprocal of H()), and check whether 1/H(h) < F(h, b; 0.025).
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4) The Ljung-Box O-statistic, (g, ¢ - p) is based on the first q residual autocorrelations and distributed approximately as y2 with ¢ - p degrees of freedom under the null hypothesis
of uncorrelated residuals. The parameter p denotes the number of relative variance parameters. For all of the models presented here p is equal to 3. The maximum number of
residuals taken into account is 24, thatis ¢ = 1, ..., 24.

5) This is a joint test of significance of the 11 seasonal effects at the end of the sample petiod. Under the null of no seasonal pattern the test statistic is asymptotically 2 with 11
degrees of freedom when the seasonal is deterministic. The critical value is ¥2(11; 0.05) = 19.68. In the case of a stochastic seasonal, the joint seasonal test is also performed
although a formal joint test of significance of the seasonal effect is inappropriate. However, when the seasonal pattern is persistent throughout the series and when the seasonal

pattern changes relatively slowly, which is usually the case, the test statistic can provide a useful guide to the relative importance of the seasonal.
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Table 2
Benchmark ARIMAX models

Model specification“

Stationary transformation of dependent variable
(number of banknotes in circulation)z’

Exogenous regressors (X]al

ARMA terms (ar, ma) and multiplicative seasonal
ARMA terms (sar, sma)

Estimation sample (adjusted)

Adjusted R-squared

Breusch-Godfrey Serial Correlation LM Test”

White test of heteroskedasticity™:
Obs*R? statistic [p-value]

Jarque-Bera test of normal distribution®:
JB [p-value]

Instable coefficients”

Forecast sample

Root mean squared error of 12-step-ahead
forecast

€5 banknotes

€10 banknotes €20 banknotes €50 banknotes €100 banknotes €200 banknotes
ARIMAX(12,1,1)(0,1,0);, ARIMAX(1,1,12)(0,1,0);, ARIMAX(4,1,12)(0,1,0);, ARIMAX(1,1,0)(1,1,0);, ARIMAX(4,1,0)(1,0,0);, ARIMAX(12,1,5)
AA,nn005 AA,nn010 AA,nn020 AA,nn050 Alog(nn100) Alog(nn200)
absolute term, absolute term,
AA ) 0810 Aseas_12,
wstep_intv 0810, Astep_intv_0810,
AApstep_intv 1904, iv0810_100, absolute term,
absolute term, . .
absolute term, absolute term, AAyimpulse_intv_2003,

AA,impulse_intv_2003,
AAimpulse_intv_2004,
AA,,trend_break 2007

ar(12), ma(1)

2004:02 - 2020:09

0.39
The null hypothesis is
rejected forlags 13 to 17 and
22to 23 atthe 5%
significance level and for lag
24 at the 1% significance
level.

11.93[0.75]

27.71[0.00]

2020:10- 2021:09

315

AA,impulse_intv_2003,
AAimpulse_intv_2004,
AA,,trend_break_ 2007

ar(1), ma(12)

2003:03 - 2020:09

0.49

The null hypothesis is
rejected for lags 14 to 17,19
to 20 and 22 to 24 at the 5%

significance level.

67.00 [0.00]

2.16 [0.34]

2020:10 - 2021:09

79.7

AAimpulse_intv_2003,
AAimpulse_intv_2004,
AA,impulse_intv_2005,
AA,trend_break_ 2008

ar(1), ar(3), ar(4), ma(12)

2003:06 2020:09

0.48

The null hypothesis is
rejected for lag 20 at the 5%
significance level and for lags
14 to 19 and 21 to 24 at the
1% significance level.

46.76 [0.64]

2.15[0.34]

absolute term 2017:10

2020:10 - 2021:09

75.5

AA,impulse_intv_2004,
AAimpulse_intv_2005,
AA,impulse_intv_2006,
AA,impulse_intv_2007,
AAimpulse_intv_2008,
AA impulse_intv_2009

ar(1),sar(12)

2004:03 2020:09

0.35

The null hypothesis is
rejected for lag 4 at the 5%
significance level and for lags
12 to 24 at the 1%
significance level.

11.78 [0.99]

3.71[0.16]

2020:10 - 2021:09

67.8

Astep_intv_1605,
Astep_intv_1904,
Aimpulse_intv_2003,
Aimpulse_intv_2004,
Aimpulse_intv_2005,
Aimpulse_intv_2006,
Aimpulse_intv_2007,
Aimpulse_intv_2008,
Aimpulse_intv_2009

ar(1), ar(4), sar(12)

2003:06 2020:09

0.85

The null hypothesis is
rejected forlags 13 to 21 at
the 5% significance level and
forlag 12 at the 1%
significance level.

62.73 [0.41]

3.42[0.18]

2020:10 - 2021:09

7.0

Astep_intv_0508,
Astep_intv_0810,
iv0810_200,
Astep_intv_1605,
Atrend_break_1905,
Astep_intv_2003

ar(12), ma(1), ma(2), ma(4),
ma(5)

2003:02 2020:09

0.81

The null hypothesis is
rejected for lags 3,10, 11 and
14 at the 5% significance
level.

103.31[0.06]

17.86 [0.00]

d(step_intv_0810) 2020:05,
d(step_intv_1605) 2020:04,
d(trend_break_1905)
2020:04

2020:10 - 2021:09

83.6

Source: Authors’ calculations.
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Notes: 1) Multiplicative seasonal models are written in the form ARIMA (p,d,q)(P,D,0),, where X = exogenous regressors, p and ¢ = the nonseasonal ARMA coefficients, 4 = number
of nonseasonal differences, P = number of multiplicative seasonal autoregressive coefficients, D = number of seasonal differences, O = number of multiplicative seasonal moving-
average coefficients, s = seasonal period. All of the models are estimated by conditional least squares and heteroskedasticity and autocorrelation consistent covariance (HAC) standard
errors and covatiance.

2) A denotes the first difference of a series: (1 - L) y. 12 denotes the first seasonal difference of a series: (1 - L1?) y,.

3) No exogenous regressors were specified.

4) Null hypothesis: no serial correlation of residuals up to the specified number of lags.

3) impulse_inty_xxyy: impulse intervention (outlier) in 20xx:yy, step_inty_scxyy: step intervention (level break) in 20xx:yy, 20870_xxx: intervention variable for the impact of the great
financial crisis on the circulation of €xxx banknotes in circulation after 2008:10, #rend_break_xxyy: slope break or rather staircase intervention beginning in 20xx:yy. The trend
breaks in the regressions for €5 to €20 and €200 banknotes in circulation are smoothed. seas_72: seasonal dummy for December.

4) Null hypothesis: no serial correlation of residuals up to the specified number of lags.

5) Null hypothesis: homoskedasticity of residuals.

6) Null hypothesis: normal distribution of residuals.

7) Coefficients ate considetred to be stable if they are within a +/- 2 coefficient standard deviation cotridor in the range of recutsive parametet estimation. This range runs from
2015:01 to 2020:09. The corresponding date in the entry indicates the point from which an instable coefficient had been within the +/- 2 coefficient standard error corridor. There

are no entries for stable coefficients.
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Figure B1

STSM for €5 banknotes in circulation (million pieces)

Intervention effects

Trend + regression effect + interventions
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Intervention effects
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Figure B3

STSM for €20 banknotes in circulation (million pieces)
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Trend + regression effect + interventions
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STSM for €50 banknotes in circulation (million pieces)

Figure B4
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Intervention effects
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Figure B7
Forecasts of €5 banknotes in circulation obtained by STSM and by benchmark ARIMAX model
(million pieces)
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Figure B8

Forecasts of €10 banknotes in circulation obtained by STSM and by benchmark ARIMAX model
(million pieces)
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Figure B9
Forecast of €20 banknotes in circulation obtained by STSM and by benchmark ARIMAX model
(million pieces)
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Figure B10

Forecast of €50 banknotes in circulation obtained by STSM and by benchmark ARIMAX model
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Figure B11
Forecast of €100 banknotes in circulation obtained by STSM and by benchmark ARIMAX model
(million pieces)
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Figure B12
Forecast of €200 banknotes in circulation obtained by STSM and by benchmark ARIMAX model
(million pieces)
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Annex C: Forecasting Italian-issued banknotes in circulation

The estimation exercise for circulation of Italian-issued banknotes by denomination has been
conducted using data from January 2004 to September 2020. By dropping the first two years after the
adoption of euro cash we excluded months characterised by unique episodes related to the euro cash
changeover and the simultaneous circulation of both the Italian Lira and the new common currency.
Moreover, people needed some time to adapt to the new prices and to the different denominations of
the newly issued banknotes and coins, and to adjust their habits as regards withdrawing, holding,
spending and depositing money.* This choice did not severely affect the length of the time series,
since more than two hundred monthly observations were left to conduct the exercise. Excluding this
period from the estimation sample, instead of including a set of (step) dummy variables to account for
its peculiarity, was more conducive, in our opinion, to obtaining both consistent estimates for the
various components in the time span considered and better predictions in the forecast exercise. In the
estimation stage, we take the logarithm of the number of banknotes in circulation in order to smooth
the series; afterwards, fitted values and forecasts are reconverted into the number of banknotes in
order to compute goodness-of-fit statistics and to plot the predicted series. A step-dummy equal to
one for March, April and May 2020 is added as an exogenous regressor to take into account the effects
exerted by the first wave of the COVID-19 pandemic and the related lockdown. This episode affected
the dynamics of circulation differently from any other previous crisis and merited particular attention

as illustrated in Section 3.2 in the main text.

Each series was decomposed into trend, cycle, seasonal and irregular components. Not all components
are actually informative when is comes to describing circulation dynamics. The trend component (both
in its level and its slope) is the one contributing most to the variance explained by all models, reaching,
together with the seasonal component, the highest level of significance across all denominations. The
cyclic component is found to contribute significantly to describing the dynamic of €10 banknotes in

circulation only.”

Outliers are automatically detected by the procedure employed for each
denomination and the corresponding additive effects are included in the different specifications. The
presence of these outliers varies across denominations and may stem from a wide set of events that
occurred at the national or European level, such as the introduction of the second series (ES2) of €5

banknotes (outliers in April and May 2013), the implementation of measures aimed at improving the

quality of €10 banknotes in circulation (outliers in July and December 2019) and the great financial

48 For an extensive description of Italian-issued banknotes in circulation since the changeover, see Baldo et al. (2021).
49 With a significance level somewhat higher than 10 per cent, the cyclic component is also significant for €50 banknotes
in circulation.
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crisis impacting on the circulation of higher denominations (outliers in September and October
2008).” In the case of Italy, the parameters estimated for the COVID-19 step-dummy turn out to be
not significant for all denominations. This evidence indicates that the structural time series approach
seems able to fit the actual series even in the event of relevant shocks. This result is likely to originate

from the above-mentioned predominance of the trend component in describing the series.

To evaluate the model goodness-of-fit, we use the weighted mean absolute percentage error
(WMAPE), where weights are represented by actual circulation.”® This indicator gives a very reliable
picture of the fit of the model because, after scaling the estimation error to its actual value, it magnifies
percentage errors arising in predicting large amounts, and dampens percentage errors generated for
small values. Moreover, from a policy perspective, greater attention should be paid to correctly
estimating moments of high circulation — which are usually associated with a rise in banknote demand
and necessitate higher production levels — rather than concentrating on periods of low circulation,

when lodgements exceed withdrawals.*

The fit of the model is very good for all denominations. The WMAPE, computed using the actual and
the estimated number of banknotes in circulation, is very small, ranging from 0.2 per cent for €5
banknotes in circulation to 1.7 per cent for €100 and €200 banknotes in circulation (Table 1a, at the
end of this annex). The denominations going into negative circulation in the estimation sample, namely
€10 and €200 banknotes, display maximum absolute percentage errors (APEs) which are more than
40 times higher than the respective WMAPE. This happens around the months where the series
change their sign and should not cause concern since, in those periods, the values observed are very
small and so are absolute errors.” To support this view, we can compare the mean absolute error
(MAE) and the maximum absolute error: for both denominations the maximum absolute error is less
than twice the respective MAE, a ratio which is in line with the corresponding ratios for the other

denominations, ot even lowet.

50 Other outliers ate detected and included as additive effects: April 2019 for €5 banknotes in circulation; July 2020 for €10
banknotes in circulation; March and October 2013 for €20 banknotes in circulation; December 2019 and February 2020

for €100 banknotes in circulation.
T
§ lye=9el
|J’t| |yel T 5
t=1 _ Zt=1lye=9il

T =TT
thllyﬂ Zt=1|3’t|
absolute percentage error (MAPE), not taking into account the size of each observation, can be misleading.
52 As illustrated in Section 3.2 of the main text the circulation growth obsetved in connection with the COVID-19
pandemic was mainly driven by the strong decrease in lodgements at the central bank. This was unprecedented in Italian
circulation dynamics.

5 For these denominations the MAPE is much larger than the WMAPE because estimation errors for actual values near
to zero, although very small, contribute heavily to the indicator.

62

. The mean

>1'The formula for the weighted mean absolute petcentage etror is WMAPE =



The forecast exercise to predict circulation dynamics from October 2020 to September 2021 performs
well for all denominations. In particular, the STSM forecasts largely outperform, in terms of WMAPE
(Tables 1b and 1c and Figure C7), the circulation forecasts obtained by combining the predictions of
withdrawals and lodgements generated by the models currently in use at Banca d’Italia for €5, €20 and
€100 banknotes in circulation, show a slightly higher accuracy for €10 and €200 banknotes in
circulation, and display a similar precision for €50 banknotes in circulation. Circulation of €100
banknotes turns negative in the forecast sample, generating very high APEs in the corresponding
months. As described for €10 and €200 banknotes in circulation in the estimation sample, this was
expected and should not be a concern: we find a maximum APE more than 10 times larger than the

WMAPE but this corresponds to a maximum absolute error which is less than three times the MAE.

We can conclude that STSMs provide a useful tool for forecasting circulation dynamics in Italy, at least
within a forecast horizon of 12 months. This technique may therefore serve as a major aid in checking
the consistency of predictions obtained by combining forecasts of withdrawals and lodgements

generated by the models currently in use at Banca d’Italia.”*

Table 1a
STSM estimation statistics

Structural Time Series Model - Estimation Sample (Jan 2004 - Sep 2020)

Mean Absolute Weighted Mean Absolute Median Absolute Maximum Absolute Mean Absolute Median Absolute Maximum Absolute

Percentage Error Percentage Error** Percentage Error Percentage Error Error Error Error
€5 0.2% 0.2% 0.1% 0.4% 223,313 145,970 552,604
€10 4.5% 1.6% 1.7% 67.6%* 2,719,400 3,195,528 4,696,471
€20 1.3% 1.5% 1.5% 2.0% 2,291,242 1,826,947 8,822,987
€50 0.9% 0.8% 0.8% 1.4% 18,354,218 17,537,242 37,906,328
€100 2.1% 1.7% 1.6% 13.1% 4,174,658 3,528,076 10,928,322
€200 6.3% 1.7% 1.8% 76.1%* 405,138 462,225 761,651

* Excludes the Absolute Percentage Error in the months the circulation changes sign.
** Weighted by actual circulation in corresponding months.

Source: Authors’ calculations.

>4 In the context of the coordinated exetcise to predict banknote requitements at the euro atea level, national central banks
are asked to provide separate forecasts for withdrawals and lodgements. Given that fact, circulation forecasts obtained via
STSMs presented in this paper cannot be used directly to complete this particular task. Forecasting withdrawals and
lodgements using STSMs is beyond the scope of this paper.
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Table 1b
STSM forecast accuracy

Structural Time Series Model - Forecast Sample (Oct 2020 - Sep 2021)

Mean Absolute Weighted Mean Absolute Median Absolute Maximum Absolute Mean Absolute Median Absolute Maximum Absolute

Percentage Error Percentage Error** Percentage Error Percentage Error Error Error Error
€5 1.0% 1.0% 1.0% 2.3% 1,035,367 1,032,847 2,490,224
€10 1.3% 1.3% 1.3% 3.6% 3,198,877 3,130,438 8,546,101
€20 1.8% 1.8% 1.7% 1.9% 8,589,300 8,565,453 9,410,877
€50 0.9% 0.9% 0.9% 0.9% 39,865,853 39,901,092 40,864,795
€100 9.2% 5.2% 2.9% 57.8%* 966,920 896,607 2,524,737
€200 0.1% 0.1% 0.1% 0.2% 66,425 59,768 149,564

* Excludes the Absolute Percentage Error in the months the circulation changes sign.
** Weighted by actual circulation in corresponding months.

Source: Authors’ calculations.

Table 1c
Forecast accuracy of models currently in use at Banca d’Italia

Models currently in use at Bank of Italy - Forecast Sample (Oct 2020 - Sep 2021)

Mean Absolute Weighted Mean Absolute Median Absolute Maximum Absolute Mean Absolute Median Absolute Maximum Absolute

Percentage Error ~ Percentage Error**  Percentage Error Percentage Error Error Error Error
€5 2.8% 2.9% 1.7% 7.1% 3,084,176 1,866,942 7,686,504
€10 1.8% 1.8% 1.9% 3.9% 4,470,660 4,589,272 9,683,996
€20 4.2% 4.3% 4.3% 7.1% 20,870,200 22,293,309 33,717,777
€50 0.9% 0.9% 0.9% 2.0% 42,664,059 43,646,476 95,597,569
€100 22.0% 11.0% 7.0% 51.7%* 2,049,406 1,640,509 5,130,995
€200 0.2% 0.2% 0.2% 0.5% 128,157 130,902 338,548

* Excludes the Absolute Percentage Error in the months the circulation changes sign.
** Weighted by actual circulation in corresponding months.

Source: Authors’ calculations.
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Table 2a
Structural time series forecasting models: estimation results

€5 banknotes €10 banknotes

€20 banknotes

€50 banknotes

€100 banknotes

€200 banknotes

Estimation sample, number of observations
Forecast horizon, length in months

2004:01 - 2020:09, 201
2020:10-2021:09, 12

2004:01 - 2020:09, 201

2020:10 - 2021:09, 12

) log(y) = trend + seasonal
+irregular +
interventions

log(y)= trend + seasonal
+cycle + irregular +
interventions

Model specification1
(v: number of Italian-issued banknotes in
circulation in million pieces)

stochastic level and
stochastic slope

stochastic level and

Specification of trend .
P stochastic slope

Specification of cycle - deterministic

Specification of trigonometric seasonal fixed fixed

Interventions for the great financial crisis :

outlierin 2008:09
outlierin 2008:10

Interventions for Europa series issuance :

outlierin 2013:04

outlierin 2013:05
Interventions for policy to improve the quality of
banknotes in circulation :

-0.056%**
0.041%**

outlierin 2019:07
outlierin 2019:12

0.022%**
0.031%**

Other interventions:

outlierin 2013:03
outlierin 2013:10
outlierin 2019:04
outlierin 2019:12
outlierin 2020:02
outlierin 2020:07

0.024**

-0.022%**

2004:01 - 2020:09, 201
2020:10-2021:09, 12

log(y) = trend + seasonal
+ irregular +
interventions

stochastic level and
stochastic slope

fixed

0.166***
0.128%**

2004:01 - 2020:09, 201
2020:10 - 2021:09, 12

log(y) = trend + seasonal
+irregular +
interventions

stochastic level and
stochastic slope

fixed

-0.012**

2004:01 - 2020:09, 201
2020:10-2021:09, 12

log(y) = trend + seasonal
+irregular +
interventions

stochastic level and
stochastic slope

fixed

-0.013%**

0.024%**
-0.014***

2004:01 - 2020:09, 201
2020:10 - 2021:09, 12

log(y) = trend + seasonal
+irregular +
interventions

stochastic level and
stochastic slope

fixed

-0.002%**
0.002%**

Source: Authors’ calculations.

Note: 1) *** significant at the 1 per cent level, ** significant at the 5 per cent level.
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Table 2b

Structural time series forecasting models: diagnostics and goodness of fit

Goodness-of-fit statistics:
Log-Likelihood
Akaike Information Criterion (AIC)

Bayesian Information Criterion (BIC)

Basic diagnostics of residuals:

Test of the null hypothesis of no seasonality
by means of a chi-square test.”

Forecast horizon, length in months

WMAPE of 12-step-ahead forecast

€5 banknotes €10 banknotes €20 banknotes €50 banknotes €100 banknotes €200 banknotes
536.35 662.62 285.01 651.71 591.21 1028.20
-1057.00 -1039.00 -554.00 -1287.00 -1166.00 -2040.00
-1031.00 -1283.00 -528.00 -1262.00 -1141.00 -2015.00

340.99 > x*(11; 0.05) =
19.68

2020:10 - 2021:09,12
1.1%

356.09 > x*(11; 0.05) =
19.68

2020:10-2021:09,12
1.1%

89.06 > x*(11; 0.05) =
19.68

2020:10 - 2021:09, 12
3.0%

48.82 > ¥¥(11; 0.05) =
19.68

2020:10-2021:09,12
0.3%

211.07 > x*(11; 0.05) =
19.68

2020:10-2021:09,12
4.8%

59.00 > x*(11; 0.05) =
19.68

2020:10 - 2021:09, 12
0.1%

Source: Authors’ calculations.

Note: 1) This is a joint test of significance of the 11 seasonal effects at the end of the sample period. Under the null of no seasonal pattern the test statistic is asymptotically y? with 11

degrees of freedom when the seasonal is deterministic. The critical value is y?(11; 0.05) = 19.68. In the case of a stochastic seasonal, the joint seasonal test is also performed although a

formal joint test of significance of the seasonal effect is inappropriate. However, when the seasonal pattern is persistent throughout the series and when the seasonal pattern changes

relatively slowly, which is usually the case, the test statistic can provide a useful guide to the relative importance of the seasonal.
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Figure C1
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Figure C2
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Figure C5
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Figure C7

Forecasts obtained by STSMs and comparison with models currently in use at Banca d’Italia
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Annex D: Forecasting Spanish-issued banknotes in circulation

The main objective of this exercise is to model the monthly series of banknotes issued by Banco de

Espafia using STSMs and evaluate their performance against SARIMA-based models.

The results presented in this work refer to the period January 2004 to September 2020 that was used
to train the models and the period October 2020 to September 2021 as the test for forecasting
performance. The final specification of the STSM for each denomination was done on the basis of the
significance of the parameters and the tests on the residuals for normality and serial correlation. The

results are reported in Table 2a, Table 2b and Figure D1 to Figure D6 at the end of this annex.

All models include a trend component and an irregular component. Moreover, a seasonal component
is included in the models for the low (€5 and €10) and medium (€20 and €50) denominations while in
the large denominations (€100 and €200) this component turned out to be non-significant. Similarly,
the models for the small and medium denominations contain a regression component to model the
calendar effect of the Easter holidays which occur either in March or April each year. Finally, different
break points in the trend and outliers were identified and intervention variables were created. Some of
these are the result of events of various natures affecting banknote issuance. As an example, the
uncertainty stemming from the financial rescue of a Spanish credit institution in the spring of 2012 led
to an increase in the net issuance of €50 banknotes. The introduction of a limit to cash payments in
late 2012 had a negative effect on the net issuance of €100 banknotes. In October 2017, the uncertainty
related to the political situation in Catalonia led to a significant increase in the net issuance of €100
banknotes; and more recently, the outbreak of the COVID-19 pandemic resulted in a rise in net

issuance for most denominations.

The Shapiro-Wilk test is applied to test normality. The null hypothesis of normality cannot be rejected
for a critical value of 5 per cent for all denominations. The Ljung-Box statistic of serial correlation is
computed based on the first p autocorrelations and reported as Q(p) were the values of p are set to 12
and 24. Based on the Ljung-Box statistic we cannot reject the null hypothesis of no serial correlation
for a critical value of 1 per cent in all models and frequencies with the exception of the model for €100

banknotes in which we reject the null hypothesis for 0(24).
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Table 1

Forecast accuracy

Accuracy of monthly forecasts at different horizons

denomination months STSM ARIMA
MAPE MAE MPE RMSE MAPE MAE MPE RMSE
1 1.756 3.745 -1.756 3.745 1.137 2.426 -1.137 2.426
5 3 2.200 4.642 -2.200 4.817 2.171 4567 -2.171 5.248
6 3.231 6.862 -3.231 7.306 2.881 6.106 -2.881 6.612
12 4,738 10.065 -4.738 10.875 4901 10.402 -4.901 11.626
1 0.509 7.812 -0.509 7.812 0.359 5.518 -0.359 5.518
10 3 0.470 7.204 -0.470 7.644 0.927 14.192 -0.927 17.057
6 0.511 7.859 -0.511 8.143 1.173 18.063 -1.173 20.341
12 0.405 6.262 -0.405 7.021 1.698 26.347 -1.698 29.252
1 0.790 16.674 -0.790 16.674 0.388 8.189 -0.388 8.189
20 3 0.906 19.109 -0.906 20.008 1.021 21.512 -1.021 25.610
6 1.254 26.633 -1.254 28.081 1.295 27.466 -1.295 30.563
12 1.517 32.480 -1.517 33.951 2.078 44,541 -2.078 49.188
1 0.883 11.528 0.883 11.528 1.089 14.210 1.089 14.210
50 3 0.500 6.627 0.500 7.599 2.564 34.627 2.564 41.244
6 1.170 16.065 0.865 22.749 3.030 41.428 3.030 45.901
12 2.408 34.114 2.256 40.863 3.826 53.946 3.826 58.558
1 0.369 0.379 -0.369 0.379 0.865 0.887 -0.865 0.887
100 3 0.885 0.914 -0.885 1.035 1.663 1.717 -1.663 1.890
6 1.181 1.238 -1.181 1.347 2.244 2.355 -2.244 2.578
12 1.317 1.416 -1.186 1.563 2.813 3.056 -2.813 3.296
1 0.726 0.038 0.726 0.038 0.334 0.018 -0.334 0.018
200 3 1.034 0.053 1.034 0.054 1.823 0.092 -1.823 0.110
6 2.604 0.112 -0.701 0.171 5.909 0.258 -5.909 0.353
12 16.054 0.444 -15.103 0.603 24.332 0.697 -24.332 0.887

Source: Authors’ calculations.

Forecast accuracy is evaluated using different forecast error measures including the mean absolute
percentage error (MAPE), mean absolute error (MAE), the mean percentage error (MPE) and the root
mean squared error (RMSE). Table 1 displays the forecast errors across different horizons for both the
STSMs and SARIMA models. All measures are consistent in showing that the STSMs generate the
most accurate forecast for most denominations with the exception of €5 banknotes where the SARIMA
model seems to perform better at certain horizons. However, the differences in forecast accuracy
among the models are only marginal in the short term while the STSMs outperform especially at the

one year ahead forecast.

All in all, it can be concluded that STSMs perform better for the period evaluated (12 months ahead)
in most denominations. It should be taken into account that the issuance of banknotes between
October 2020 and September 2021 was still conditioned by the restrictions associated with the public
health crisis and it would therefore be prudent to re-run this exercise with the inclusion of a longer

horizon.
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Table 2a

Structural time series forecasting models: estimation results

Estimation sample, number of observations
Forecast horizon, length in months

Model specificationl)

(v : number of Spanish-issued banknotes in
circulation in million pieces)

Specification of trend

Specification of trigonometric seasonal
Explanatory variable:

dummy variable for Easter

Interventions for:

Lehman brothers, slope break: 2008:09
financial bailout , level break: 2012:05
cash payments limits, slope break: 2012:11

announcement stop issuance €500, level break:
2016:09

Catalonia political instability , level break:
2017:10

COVID-19 crisis , level break: 2020:03
COVID-19 crisis, level break: 2020:04
COVID-19 crisis, slope break: 2020:04

€5 banknotes

€10 banknotes

€20 banknotes

€50 banknotes

€100 banknotes

€200 banknotes

2004:01 - 2020:09, 201
2020:10 - 2021:09, 12

y=trend + seasonal +
irregular + explanatory
variable

stochastic level and
stochastic slope

stochastic

0.35%*

2004:01 - 2020:09, 201
2020:10 - 2021:09, 12

y=trend + seasonal +

irregular + explanatory
variable + intervention

stochastic level and
stochastic slope

stochastic

0.28%**

2.14**

2004:01 - 2020:09, 201
2020:10 - 2021:09, 12

y=trend + seasonal +

irregular + explanatory
variable + intervention

stochastic level and
stochastic slope

stochastic

1.10**

13.271%**

2004:01 - 2020:09, 201
2020:10 - 2021:09, 12

y=trend + seasonal +
irregular + explanatory
variable + interventions

stochastic level and
stochastic slope

stochastic

2.00**

9.171***

22.27%**

2004:01 - 2020:09, 201
2020:10 - 2021:09, 12

y=trend + irregular +
interventions

stochastic level and
stochastic slope

-0.02**

0.03%**

0.002*

2004:01 - 2020:09, 201
2020:10 - 2021:09, 12

y=trend + irregular +
interventions

stochastic level and
stochastic slope

-0.026%**

0.65***

L0.53%%*
0.32%**

Source: Authors’ calculations.

Note: 1) ***: significant at the 1 per cent level, **: significant at the 5 per cent level, *: significant at the 10 per cent level.
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Table 2b

Structural time series forecasting models: diagnostics and goodness-of-fit

Goodness-of-fit statistics:
Log-Likelihood
Akaike Information Criterion (AIC)
Bayesian Information Criterion (BIC)
Posterior mean of the residual standard deviation parameter
S.d. of the one-step-ahead prediction errors for the training data
Harvey’s goodness of fit statistic

Basic diagnostics of residuals
(standardised one-step-ahead prediction errors):

Test of the null hypothesis of normally distributed
residuals by means of the Shapiro-Wilk statistic

Test of the null hypothesis of serially uncorrelated
residuals by means of the Ljung-Box Q-statistic

Forecast horizon, length in months
MAPE of 12-step-ahead forecast
MAPE of 12-step-ahead forecast with benchmark ARIMA model

€5 banknotes €10 banknotes €20 banknotes €50 banknotes €100 banknotes €200 banknotes
691.90 834.08 727.54 405.19 629.87 427.19
-1365.81 -1650.17 -1437.08 -796.37 -1249.75 -848.39
-1336.08 -1620.44 -1407.35 -773.25 -1233.23 -838.48
0.98 3.69 5.34 0.08 0.01 0.08
1.40 3.98 6.04 0.19 0.01 0.19
0.75 0.72 0.80 0.81 0.58 0.48
W=0.9919 W = 0.9616 W =0.9793 W =0.9912 W =0.96 W =0.9744

p-value = 0.3311

Q(12)=18.75
p-value = 0.06582

Q(24) =38.161
p-value = 0.02447
12
474
490

p-value = 0.1404

Q(12)=22.153
p-value = 0.02321

Q(24)=30.924
p-value = 0.1247
12
0.40
1.70

p-value = 0.2145

Q(12)=15.444
p-value = 0.1631

Q(24) =23.505
p-value = 0.4316
12
1.52
2.08

p-value = 0.8633

Q(12)=21.469
p-value = 0.02883

Q(24)=32.032
p-value = 0.09948
12
2.41
3.83

p-value =0.1216

Q(12) =19.586
p-value = 0.05136

Q(24) =44.178
p-value = 0.00505
12
1.32
2.81

p-value = 0.4136

Q(12)=17.864
p-value = 0.08478

Q(24) =36.223
p-value = 0.03914
12
16.05
24.33

Source: Authors’ calculations.

Note: MAPE stands for mean absolute percentage error.
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Seasonal

Observed vs. trend

STSM for €5 EUR banknotes in circulation

Figure D1
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Seasonal

Observed vs. trend
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STSM for €20 banknotes in circulation

Figure D3
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STSM for €50 banknotes in circulation

Figure D4
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Residual
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STSM for €100 banknotes in circulation

Figure D5
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STSM for €200 banknotes in circulation

Figure D6
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