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ABSTRACT
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linked securities does not necessarily imply more beneficial debt-to-GDP ratios in the medium- to
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expense of being higher on average. Our findings call into question the view that GDP-linked
securities tame debt.
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NON-TECHNICAL SUMMARY

With the Great Recession, general government debt-to-GDP ratios in advanced economies increased
considerably, from 71% in 2007 to 103% in 2019. Such large debt-to-GDP ratios can be a source of
vulnerabilities, which amplify macroeconomic and financial shocks and thus increase the likelihood
of a decline in economic activity. Discussions in policy circles suggest that indexing debt to GDP
would reduce the severity of such an event by providing the government with an automatic stabilizer
to its finance. By issuing state-contingent debt instruments, the government’s burden of servicing its
debt is higher in periods of strong economic growth, while payments are reduced in periods of
economic downturn. In other words, if all of a country’s public debt were indexed to GDP, one
would expect the public debt-to-GDP ratio to be hedged against unforeseen changes in nominal
GDP growth. However, other drivers, beyond economic growth, are key in determining the debt-to-
GDP ratio, such as the quantity of debt issued across time, the bond prices associated with these
issuances and other debt-related vatiables. Do GDP-linked bonds remain a relevant tool for the
stabilization of debt once accounting for a wider set of determinants?

In this paper, we address this question by extending the representation of the debt-to-GDP process
to allow for the issuance of any type of bond (conventional or GDP-linked) with any maturity. This
generalization features several drivers of the debt-to-GDP process and notably requires information
on the price dynamics of GDP-linked bonds, which is not directly observable given no large
developed economy has ever issued them. To this end, we estimate an asset-pricing model that
exploits observed macroeconomic and financial data that are informative about the pricing of GDP-
linked bonds. Notably, we take advantage of the natural relationship between equity and GDP-linked
bonds. This relationship is reflected by a strong correlation between stock returns and GDP surprises,
as illustrated in Panel (a) of Figure 1, where GDP surprises correspond to the unexpected part of
(hypothetical) one-year GDP-linked bonds issued a year ago. Panel (b) of the same figure shows that
the payoffs of conventional bonds are far less procyclical — and hence weakly correlated with stock
returns — relative to GDP-linked bonds. Hence, to study the price dynamics of GDP-linked bonds,
our model selection is driven by its ability to also capture the dynamics of stock returns. Specifically,
we rely on the consumption-based model with habits a la Campbell and Cochrane (1999) and Wachter
(2006) and extend it to include the term structure of hypothetical GDP-linked bond yields. This
framework allows for time-varying investors’ preferences (through habit persistence) and
countercyclical risk premiums to successfully capture the joint dynamics of macroeconomic (GDP,
consumption, inflation) and financial (stock returns, nominal and real yields of different maturities)
data.

We further use this model to simulate debt-to-GDP ratios resulting from different public debt
strategies involving all possible types of government bonds (conventional and GDP-linked bonds)
and investigate their cost and risk implications. Specifically, we consider two extreme situations
regarding the fiscal reaction function that differ in the way the primary budget surplus is determined.
In the first exercise, the fiscal authority does not react to the debt-to-GDP ratio, and the primary
budget surplus is set to a constant value. In the second one, the fiscal authority aims at perfectly
stabilizing the debt-to- GDP ratio. This strategy consists in setting the primary budget surplus to its
debt-stabilizing value.

Three results stand out from our analysis. First, GDP-linked bond prices would embed sizable and
time-varying risk premiums, estimated at about 40 basis points along the maturity spectrum, as
investors require an additional compensation for holding them. Second, for a fixed budget surplus,
issuing GDP-linked bonds instead of conventional ones does not necessarily imply more beneficial
debt-to-GDP ratios in the medium to long run. Third, the debt-stabilizing budget surplus is more
predictable under GDP-linked bond issuances at the expense of being higher on average. Hence, our
findings call into question the view that GDP-linked bonds tame debt.
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Realized vs expected real payoffs of one-year bonds with unit face value
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Notes: Panel (a) shows that GDP surprises are highly correlated with the one-year returns of the S&P500 stock
price index. The Realized-over-Expected GDP ratio is defined by (1 + ye_g¢ + Tpoge) /(1 + Ep_g[Veae +
Te_4¢]), where Ty, and Yp_4, respectively denote inflation and real GDP growth rates between quartets
t — 4 and t. The (model-free) computation of this ratio involves expectations stemming from the Survey of
Professional Forecasters conducted by the Philadelphia Fed. Panel (b) displays (model-free) realized-versus-
expected ratios of payoffs associated with three types of one-year bonds: a nominal bond, an inflation-linked
bond (TIPS) and a (hypothetical) GDP-linked bond. Based on the definition of a TIPS, the realized real payoff
of such a bond is equal to its expectation, which implies a constant ratio of 100% for this type of bond. For
the nominal bond, this ratio is computed as (1 + E;_, [71':—4,t])/(1 + my_y¢). For a GDP-linked bond, this

ratio is equal to the Realized-over-Expected GDP ratio shown in Panel (a). Shaded areas indicate NBER
recession periods.

Les propriétés stabilisatrices d’une
indexation de la dette sur le PIB :
une perspective macro-financiére

RESUME

Nous étudions les propriétés stabilisatrices de l'indexation de la dette sur le PIB a l'aide d'un modéle
de macro-finance fondé sur la consommation. Notre analyse fait ressortir trois résultats : (1) les
prix des obligations indexées sur le PIB integreraient des primes de risque importantes et variables
dans le temps d'environ 40 points de base, (ii) a excédent budgétaire fixe, I'émission d'obligations
indexées sur le PIB n'implique pas nécessairement des ratios de dette sur PIB plus avantageux a
moyen et long termes et (iii) I'excédent budgétaire qui stabilise la dette est plus prévisible avec de
telles émissions mais plus élevé en moyenne. Nos résultats remettent en question le point de vue
selon lequel les obligations indexées sur le PIB maitrisent la dette.
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consommation, stabilisation de la dette.
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1. INTRODUCTION

With the Great Recession, general government debt-to-GDP ratios in advanced economies increased
considerably, from 71% in 2007 to 103% in 2019. Such large debt-to-GDP ratios can be a source of
vulnerabilities, which amplify macroeconomic and financial shocks and thus increase the likelihood of
a decline in economic activity.! Discussions in policy circles suggest that indexing debt to GDP would
reduce the severity of such an event by providing the government with an automatic stabilizer to its
finance. By issuing state-contingent debt instruments, the government’s burden of servicing its debt
is higher in periods of strong economic growth, while payments are reduced in periods of economic
downturn. In other words, if all of a country’s public debt were indexed to GDP, one would expect the
public debt-to-GDP ratio to be hedged against unforeseen changes in nominal GDP growth. However,
other drivers, beyond economic growth, are key in determining the debt-to-GDP ratio, such as the
quantity of debt issued across time, the bond prices associated with these issuances and other debt-
related variables. For instance, we expect that the price of a state-contingent asset, such as a GDP-
linked security, is procyclical and therefore a government might need to issue more GDP-linked bonds
to meet a given funding requirement in an adverse state of the world. Do GDP-linked securities remain
a relevant tool for the stabilization of debt once accounting for a wider set of determinants?

In this paper, we address this question by extending the representation of the debt-to-GDP process
to allow for the issuance of any type of bond (conventional or GDP-linked) with any maturity.?> This
generalization features several drivers of the debt-to-GDP process and notably requires information on
the price dynamics of GDP-linked bonds, which is not directly observable given no large developed
economy has ever issued them.? To this end, we estimate an asset-pricing model that exploits observed
macroeconomic and financial data that are informative about the pricing of GDP-linked bonds. Notably,
we take advantage of the natural relationship between equity and GDP-linked bonds, as highlighted
by Athanasoulis, Shiller, and Wincoop (1999). This relationship is reflected by a strong correlation be-
tween stock returns and GDP surprises, as illustrated in Panel (a) of Figure 1, where GDP surprises
correspond to the unexpected part of (hypothetical) one-year GDP-linked bonds issued a year ago.

Panel (b) of the same figure shows that the payoffs of conventional bonds are far less procyclical — and

High debt levels can crowd out private capital investment and push the government to increase distortive taxes and
to decrease its investment in order to facilitate repayment (Yared, 2019). Indeed, this explains why many countries have
adopted fiscal rules to limit excessive debt buildups since the early 1990s. For instance, the United States has an expenditure
rule that places caps on public spending, while the member states of the European Union are subject to Maastricht criteria
which include staying within the limits on government deficit (3% of GDP) and debt (60% of GDP) (see Lled6 et al., 2017).

%In the remainder of the paper, we use the terms GDP-linked securities and GDP-linked bonds interchangeably.

3Debt instruments indexed to GDP have already been issued in the past, but not by large advanced economies, and mainly
in the context of debt restructuring. Examples include Brady bonds in the 90s (Costa Rica in 1990, Bulgaria in 1993 and Bosnia
and Herzegovina in 1997). More recently, Argentina, Ukraine and Greece have issued GDP-linked warrants during their
debt restructuring. In 2013, the Portuguese government issued small-denomination bonds to domestic savers with additional
payouts tied to GDP. Importantly, all these instruments did not provide symmetrical payoffs; that is, they promised larger
payoffs if certain growth thresholds or other payment milestones were met, but no lower payoffs if the economy of the issuing
government fell into recession. This limits the relevance of these past experiments when it comes to assessing the potential
issuance of GDP-linked bonds with symmetrical payoffs by large advanced economies. Note that the symmetric indexation
underlies the recent GDP-linked bonds proposals.
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FIGURE 1. Realized vs expected real payoffs of one-year bonds with unit face value
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Note: Panel (a) shows that GDP surprises are highly correlated with the one-year returns of the S&P500 stock price index.
The Realized-over-Expected GDP ratio is defined by (1 +y;—as + 7t—at) /(1 + Et_a[yi—as + 7r—a4]), where 71,4 and ys_a
respectively denote inflation and real GDP growth rates between quarters ¢t — 4 and t. The (model-free) computation of
this ratio involves expectations stemming from the Survey of Professional Forecasters conducted by the Philadelphia Fed.
Panel (b) displays (model-free) realized-versus-expected ratios of payoffs associated with three types of one-year bonds: a
nominal bond, an inflation-linked bond (TIPS) and a (hypothetical) GDP-linked bond. Based on the definition of a TIPS, the
realized real payoff of such a bond is equal to its expectation, which implies a constant ratio of 100% for this type of bond. For
the nominal bond, this ratio is computed as (1 + E;_4[7t;_4,]) /(1 + 71;_4 ). For a GDP-linked bond, this ratio is equal to the
Realized-over-Expected GDP ratio shown in Panel (a). Shaded areas indicate NBER recession periods.

hence weakly correlated with stock returns — relative to GDP-linked bonds.* Hence, to study the price
dynamics of GDP-linked bonds, our model selection is driven by its ability to jointly capture the dy-
namics of stock and bond returns. Specifically, we rely on the consumption-based model with habits
a la Campbell and Cochrane (1999) and Wachter (2006) and extend it to include the term structure
of hypothetical GDP-linked bond yields. This framework allows for time-varying investors” prefer-
ences (through habit persistence) and countercyclical risk premiums to successfully capture the joint
dynamics of macroeconomic (GDP, consumption, inflation) and financial (stock returns, nominal and

real yields of different maturities) data. A crucial advantage of this type of model is that it is consistent

“The close relationship between equity and GDP-linked bonds is implicitly reckoned in asset-pricing studies where shares
are represented by claims on future consumption (e.g. Abel, 1999; Campbell and Cochrane, 1999; Campbell, 2003; Wachter,
2006; Seo and Wachter, 2018): if one assumes a unitary elasticity between consumption and GDP, these models then imply
that a share is the exact same asset as a perpetual coupon-paying GDP-linked bond.



3

with a positive average slope of the term structure of real interest rates. By contrast, most alternative
equilibrium models predict downward sloping real interest rate curves (e.g. Piazzesi and Schneider,
2007; Bansal and Shaliastovich, 2013), which is at odds with empirical evidence (Zhao, 2020). This is
of particular importance in our context because we want to compare the funding costs associated with
different debt instruments. Therefore, using a model that erroneously generates very low long-term
real rates is likely to bias results in favor of inflation-linked bonds.’

We further use this model to simulate debt-to-GDP ratios resulting from different public debt strate-
gies involving all possible types of government bonds (conventional and GDP-linked bonds) and in-
vestigate their cost and risk implications. However, such simulation-based exercises cannot be imple-
mented using standard computational methods, as in Wachter (2006), because a single resolution of
the model requires computationally intensive numerical integration. To bypass this issue, our pricing
formulas exploit the so-called risk-neutral dynamics of the variables of interest, which we derive in
the context of a discretized state space. To our knowledge, this paper is the first to feature an approx-
imate risk-neutral dynamics in this class of models. Importantly, the resulting quasi-analytical pricing
formulas for all securities make large-scale simulations tractable.

We consider two extreme situations regarding the fiscal reaction function that differ in the way the
primary budget surplus is determined.® In the first exercise, the fiscal authority does not react to the
debt-to-GDP ratio, and the primary budget surplus is set to a constant value. In the second one, the
fiscal authority aims at perfectly stabilizing the debt-to-GDP ratio. This strategy consists in setting
the primary budget surplus to its debt-stabilizing value. Papers on optimal public debt management
are often based on similar budget smoothing arguments, i.e. stabilizing or targeting the level of debt,
see for instance Faraglia, Marcet, and Scott (2008). However, this strand of the literature is known to
struggle in providing practically-implementable strategies (Faraglia, Marcet, and Scott, 2010). In our
setup, we abstract from any normative recommendations (as in Bohn, 1990; Angeletos, 2002; Buera and
Nicolini, 2004), and rather assess the implications of using different debt instruments in stabilizing the
debt-to-GDP ratio.

Three results stand out from our analysis. First, GDP-linked bond prices would embed sizable and
time-varying risk premiums, estimated at about 40 basis points along the maturity spectrum, as in-
vestors require an additional compensation for holding them. Second, for a fixed budget surplus, issu-
ing GDP-linked bonds instead of conventional ones does not necessarily imply more beneficial debt-to-

GDP ratios in the medium to long run. Third, the debt-stabilizing budget surplus is more predictable

SWhile we do extend existing macro-finance frameworks to extract risk premiums associated with GDP-linked bonds
and evaluate their effect on debt dynamics, the resulting model still has some limitations. In particular, similarly to Chernov,
Schmid, and Schneider (2020) that do not allow default to affect consumption (when studying the premium of US sovereign
credit default swaps), the model abstracts from any feedback between debt and consumption.

6See Leeper, Plante, and Traum (2010) for an analysis of alternative fiscal rules. Notably, they show that: (i) their esti-
mated policy rules respond strongly to government debt and (ii) strong automatic stabilizers impose a long-run cost, despite
reducing short-run fluctuations.



4

under GDP-linked bond issuances at the expense of being higher on average. Hence, our findings call
into question the view that GDP-linked bonds tame debt.

Several papers explore the potential benefits of GDP-linked bond issuances. For instance, Boren-
sztein and Mauro (2004) simulate the effects of GDP-linked bonds under different assumptions about
fiscal policy reaction functions and their output effects, and find that they could substantially reduce
the likelihood of debt-to-GDP paths becoming explosive. Similarly, using a simple method for pricing
GDP-linked bonds, Chamon and Mauro (2006) show that such bonds can help in improving debt struc-
tures and thereby reduce vulnerabilities and the degree of procyclicality in fiscal policies. Their method
relies on extracting information from observed prices of plain-vanilla bonds and applying that informa-
tion to the case of GDP-linked bonds through a Monte-Carlo exercise. More recently, Blanchard, Mauro,
and Acalin (2016) explain that introducing GDP-linked bonds on a large scale in advanced economies
could substantially reduce tail risks associated with explosive debt paths. They further note that such
bonds may also require a premium, which could (partially) offset the first effect. While, these papers
provide interesting insights on GDP-linked bonds, they hinge on strict assumptions: (i) interest rates
are constant and (ii) the government only issues short-term bonds. In practice, interest rates vary over
time and most sovereign bond issuances are in the form of medium to long-term bonds. These two facts
cannot be disregarded to assess the stabilizing potential of a novel class of bonds. Indeed, the variability
of interest rates is crucial when analyzing state-contingent bonds. This is because they provide lower
payoffs to the bondholders during economic downturns, and thus, GDP-linked bonds would trade at
a discount in comparison with conventional ones. The additional excess return that investors require
to hold GDP-linked bonds generates, on average, a higher funding cost for the government. Moreover,
when long-term GDP-linked bonds are issued, new issuances will follow before the maturity of these
bonds comes to term. Given that the final debt-to-GDP ratio depends on the prices of future issuances,
which are unknown, the hedging benefits resulting from GDP-linked bond issuances tend to wane with
the horizon.

The remainder of the paper is organized as follows. Section 2 defines the three bonds we consider in
our analysis (nominal, inflation-linked and GDP-linked) and their respective yields-to-maturity. This
section also characterizes the debt dynamics under the issuance of these three types bonds. Section 3
describes our model and estimation strategy. Section 4 presents empirical results of the effects of the is-
suance of GDP-linked bonds on debt-to-GDP ratios. Section 5 provides a discussion of other important
considerations and Section 6 concludes. The Appendix encloses pricing formulas and technical results.

An Online Appendix gathers proofs.

2. ISSUED BONDS AND DEBT DYNAMICS

In this section, we define GDP-linked bonds (GDP-LBs) and study their influence on debt dynamics.

To highlight the properties of GDP-LBs, we contrast them against two standard instruments, namely



5

nominal and inflation-linked bonds. Subsection2.1 details the payoffs stemming from each type of
bonds and defines their respective yields-to-maturity. Subsection2.2 exploits yields-to-maturities to
derive the debt accumulation process. Subsection2.3 shows how the standard law of motion of the
debt-to-GDP ratio can be extended to the general case where the government issues any type of bonds.
Importantly, the content of the present section is not model dependent and could be used in the context

of any modeling framework.

2.1. Bonds

Without loss of generality, we only consider zero-coupon bonds.” Let us denote by i, r;; and r

*
t,h’

the continuously-compounded yields-to-maturity respectively associated with zero-coupon nominal,
inflation-linked and GDP-linked bonds with residual maturities of / periods. The definition of any type
of yield is mostly conventional: a yield unequivocally relates the bond price (as of date t) to expected
payoffs (at date t + h).

In the case of nominal and inflation-linked bonds, future payoffs are trivial. For nominal bonds with
a face value of 1, the expected future nominal payoff (settled at date t + ) corresponds to one unit of
currency as of date ¢ + h. Similarly, the expected future real payoff (also settled at date t 4 /) of an
inflation-linked bond of face value of 1 is equal to one unit of currency as of date ¢. This corresponds, in
nominal terms, to exp(h7; ;1) units of currency as of date ¢t + h, with hr; 41, denoting the inflation rate
between dates t and t + 1.8 Note that, for a nominal bond, the expected nominal maturity payoff as of
date t is deterministic. However, this is not the case for its real payoff, given inflation between t and t + h
is uncertain as of date t. Vice versa for an inflation-linked bond, the real payoff is deterministic while
the nominal one is uncertain as of date t. The fact that nominal and inflation-linked bonds respectively
feature predetermined nominal and real payoffs is key for the definition of their (nominal and real)
yields-to-maturity. The nominal yield-to-maturity i; ; is based on the logarithm of the ratio between the

nominal face value of a nominal bond (which is 1) and its current price P/, , that is

t,h’

. 1 1
L = 7 log (P_nh> ’ (1)
t,

and the real yield-to-maturity 7, is based on the logarithm of the ratio between the real face value of

an inflation-linked bond (which is 1) and its current price P;,, that is

1 1
rt/h = E log (P—rh> . (2)
t

7Coupon-bearing bonds can always be replicated using a combination of zero-coupon bonds.

8In practice, the nominal payoff of inflation-linked bonds is indexed to lagged realized inflation (typically with a lag of a
few months). Refer to Section I of Giirkaynak, Sack, and Wright (2010) for an illustration on US Treasury Inflation-Protected
Securities (TIPS). In our setup, we abstract from the so-called indexation lag. To the extent that the pricing influence of this
feature mainly concerns short-dated bonds, our results would not be affected had it been taken into account.



6

Such standard definitions of yields-to-maturity are not replicable for bonds whose (real or nominal)
payoffs are not known as of date ¢, as is the case for GDP-LBs, due to their state-contingent nature.
All the more, pure GDP-LBs have not been issued as of yet, hence there is no established convention
regarding the definition of their associated yields-to-maturity. We thus propose a definition below.

To do so, we first need to establish the exact payoff of such a bond. Following the literature, we
consider payoffs that are linearly and unitarily indexed to nominal GDP growth between t and ¢ + h.
Consequently, the nominal maturity payoff of a GDP-linked bond issued at date ¢ is of the form:

wexp(hyepsn + Tn)),

where hy; ., denotes the log real growth between dates t and t + h (i.e. exp(hy;+,) = Yiin/Y: where
Y} is real GDP at date t). While the coefficient a can be set to any value, we have to make it precise in
order to define a “unit face value”— a notion needed to define the yield-to-maturity. In what follows,
a “unit face value” maturity-h GDP-linked bond issued at date t is defined as a bond characterized by
a = 1/E[exp(hy;;+1)], where E; denotes the expectation operator conditional on information at date

t. This bond provides the following real payoff to its bondholder at date t + h:

exp (hyt,t+]1 ) ) (3)
Etlexp(hys 1)

It is important to note that, as of date ¢, the expected real maturity payoff of this bond is one. In other
words, this bond has a “unit face value”.

We now proceed to defining the yield-to-maturity of a GDP-linked bond. Inspired by Eq.(2), the
date- yield-to-maturity r;, of a maturity-h GDP-linked bond is defined as the time-to-maturity-adjusted

logarithm of the ratio between the expected real maturity payoff and the current bond price P}

1 1
r;th = log ( h) . 4)
Py

While the definition of this yield is conventional, its bond price is not once its payoff is defined as in

Eq. (3). However, our definition admits two convenient features. First, it is easily seen that r;, can be
expressed as the date-f-expected log real return of a GDP-linked bond of maturity & issued at time ¢.

Such a return can be expressed as:

1 exp(hyt1n) *
h log {]Et (]Et[exp (hytp4n)] /Pth

which is also equal to the right-hand-side of Eq. (4).

Second, if investors were risk-neutral, then GDP-linked bond yields rZ,1 would coincide with the
inflation-linked bond yields r;j, given that both rates are expressed in real terms. Specifically, Eq. (3)

shows that the expected real maturity payoff of a unit face value GDP-linked bond is one, as is the case
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for a unit face value inflation-linked bond. Hence, risk-neutral agents would be indifferent between
holding either bonds, implying P/, = P/, and, further, r{; = r; (using Egs.2 and 4).

As explained above, this definition relies on the specification of the payoff of a unit face value GDP-
linked bond, in the sense that 7}, is defined through the price P} of a bond whose payoff is given by
Eq. (3). However, the latter payoff contains a term, IE;[exp(hy;;+1)], that is never perfectly observed in
practice. One can circumvent this issue by setting a convention: the expectation at time t of GDP growth
between t and t + h could be proxied using survey-data such as the Survey of Professional Forecasters

conducted by the Federal Reserve, or even using a smoothed average of past GDP growth rates.

2.2. The accounting of public debt

Yields-to-maturity have important implications on public debt accounting. Specifically, they are in-
volved in the recording of accrued interests, which play a crucial role in the determination of the out-
standing debt. International statistical standards advocate for the use of the concept of “nominal valu-
ation of debt securities”, where the outstanding debt reflects the sum of funds originally advanced (the
issue price), plus any subsequent advances, less any repayments, plus any accrued interest (see Inter-
national Monetary Fund, Bank for International Settlements and European Central Bank, 2015, notably
5.51 on p. 39, 5.55 on p. 40).° According to the System of National Accounts (2008, paragraph 7.113), the
accrued interest is the amount that issuers of debt securities become liable to pay over a given period
of time without reducing the outstanding principal.

Let us illustrate the rationale behind this accounting convention using the case of a 10-year nominal
zero-coupon bond. Consider that the government issues such a bond in year ¢, with issuance proceeds
equal to 100. Assume further that, at issuance, the yield-to-maturity #;;, is equal to 4% per annum.
Under nominal valuation, the recorded debt is 100 in year ¢, 100 x exp(0.04) ~ 104 inyeart+1, ..., and
100 x exp(10 x 0.04) ~ 149 in year t + 10. It is important to note that, from t + 1 to  + 9, recorded debt
increases even if the government does not pay interests. However, the increase is consistent with the
idea that the government gets increasingly liable during this period. In other words, if accrued interests
were not accounted for, the recorded outstanding debt would artificially remain at 100 between ¢ and
t +9, and would artificially jump to 149 at t + 10.1°

Similarly, this accounting convention translates to inflation-linked bonds as follows. Consider a 10-
year inflation-linked zero-coupon bond issued at a real interest rate of 2.5% and assume that the is-
suance proceeds are also equal to 100. If inflation is of 1% between t and t + 1, then the outstanding
debt is of 100 exp(0.025 + 0.01) at date  + 1. Moreover, if inflation is of 3% between dates t + 1 and

9This document is available at http: //www.bis.org/publ/othp23.pdf.
19This convention follows the “debtor approach”, which uses issuance yields. An alternative consists in recording the
debt at its (secondary) market value on every date between t and t 4- 10 — an approach referred to as the “creditor approach”.
Intuitively, under the latter approach, the debt outstanding corresponds to the amount that the government would have to
pay on the secondary market to get rid of its marketable-debt-related commitments. However, it is not the one retained in
international public debt accounting standards (see 5.56 to 5.58, p. 40 of International Monetary Fund, Bank for International

Settlements and European Central Bank, 2015). See also Wright and Joisce (2001).
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t + 2, then the debt is of 100 exp({0.025 4 0.01} + {0.025 + 0.03}) in year t + 2, and so on and so forth.
Therefore, the recorded debt increases from t to t + 9, despite the fact that the government does not pay
any interest until ¢ + 10.!!

What precedes has important implications on the assessment of the indebtedness of a government.
As suggested by the previous stylized zero-coupon examples, an inappropriate recording of accrued
interest may result in a substantial undervaluation of government liabilities (at least for some time).
Arguably, this contributed to trigger, or at least to accelerate, the Greek sovereign debt crisis in 2010
(Ball and Pflugrath, 2012; Serafeim, 2015; Soll, 2015). Prior to the crisis, Greece had not adopted accrual
accounting, hence, its reported debt was undervalued with respect to fair-value accounting practices.
In late 2009, the Greek government admitted that, under the standard accounting framework, its debt
would be much higher. This revision acted as a wake-up call and gave rise to a self-fulfilling lack of

international confidence in Greece’s ability to repay its sovereign debt.'?

TABLE 1. Characteristics of zero-coupon debt instruments

Instrument h-period yield (at issuance) Accrued nominal value at date t + k
Nominal bond it exp(kiy j,)
Inflation-linked bond Tt exp(k[rip + 7 i1k])
GDP-linked bond " exp(k[r}), + (Yeprk — ¥55) + i)

Note: The last column reports the outstanding debt, recorded at date ¢ + k, resulting from the issuance of a zero-coupon bond (nominal,
inflation-linked, or GDP-linked) at date ¢. This issuance provides unitary proceeds to the government at the issuance date t. The accrued
amounts are expressed in nominal terms. We use the notation: v, = ,1—1 log E¢[exp(yt t4+1)]; where i), denotes the expected annualized
continuously-compounded GDP growth rate between t and t + I (expected as of date t). We also denote by ;) the realized annualized
continuously-compounded inflation rate between t and t + h. At date ¢ + h, the accrued value is equal to the amount repaid by the issuer to
the bondholder.

Using the above-mentioned accounting convention, we can provide the accrued debt generated by
the issuances of the three types of bonds defined in Subsection 2.1. Table 1 reports the accrued nominal
debt generated by each issuance between ¢ (issuance date) and t + /i (maturity date). In the case of

GDP-LBs, we make use of the following notation: exp(hy; ;) = E¢[exp(hy in)]-
2.3. Debt accumulation process

Assuming that the government only issues short-term nominal bonds, the dynamics of the nominal

outstanding debt D;, observed at the end of date ¢, is given by
Dy = D;_1 exp(it—1,1) — BSt, 5)

where BS; is the primary budget surplus at date ¢. Let us denote by small capitals a variable normalized

by nominal GDP (Y;P;), where Y; is the real GDP and P; is the GDP deflator. Eq. (5) can therefore be

11Gee Tables A.1.3 and A.1.4, p-111 in Annex1 of International Monetary Fund, Bank for International Settlements and
European Central Bank (2015).

12This was primarily explained by out-of-the-money swaps that the Greek government contracted with major investment
banks in the early 2000s. These out-of-the-money swaps were actually disguised loans. This European public accounting
problem was subsequently addressed by Eurostat (2016).


https://ec.europa.eu/eurostat/documents/3859598/7203647/KS-GQ-16-001-EN-N.pdf/5cfae6dd-29d8-4487-80ac-37f76cd1f012

written in terms of the debt-to-GDP ratio, as follows:

dy = exp(is—11 — Ye—1,4 — T—1,¢)di—1 — bsy, (6)

where d; = D/ (Y;P) and bs; = BS;/ (Y:P).

This equation is often used in the GDP-LB literature, given it is always assumed that the government
only issues short-term debt. However, this assumption being restrictive, we extend the representation
of the dynamics of debt to allow for issuances of any maturity and bond type (nominal, inflation-linked,
and GDP-linked bonds). This generalization necessitates the introduction of additional debt-related
variables. Specifically, the outstanding debt depends on its own lagged values and also on the types
and maturities of the debt instruments that have been issued in the past. At date t, the government

issues the following amount of new debt:

H
It:ZIgh"‘I[,h‘f’IZh/ (7)
h=1

where [ ?,hr It’/h and It’th are the amounts issued in the form of maturity-# nominal, real and GDP-linked
bonds, respectively, and where H is the largest maturity of issued bonds. Using the information re-
ported in the last column of Table 1 to account for the accruing of past issuances, we obtain the follow-
ing expression for D;:

H h-1
D; = L+ Z Z If_khekit—k,h 4 I;’_khek[rt—k,h‘ir”t—k,t] 4 It*—k hek[”ﬁk,h‘f‘(yt—k,z—yf,k,z,)‘*‘”tfk/t] . (8)
h=1k=1 ' '

accrued (and non-repaid) debt

This expression can be re-written as follows (see Appendix A for further details):'3

bs; +dy — d;_q
H h - |
= Z E iSS?_k,h ek(lt—k,h—yt—k,t—ﬂt—k,t) — e(k—l)(lt—k,h_yt_k,t_1—ﬂt_k,,_l):| +
h=1k=1 -
H )
iSS_jp, Ktk =Yikt) _ e(k_l)(rt—k,h_}/t—k,f—l)] +
h=1k=1 -
H h i . . ) )
Z iss?—k,h e (thk,h_yt—k/h) _ 6( _1)(rt—k,h_yt7k,l1):| , (9)
h=1k=1 -

where issf) = I}/ (Y1 Py), issp, = I,/ (YiPr), and issf, = I,/ (YiPy).

It can be noted that the right-hand side of Eq. (9) corresponds to the value of the budget surplus bs;
that implies no change in the debt-to-GDP ratio between t — 1 and . We refer to this particular value as
the “debt-stabilizing budget surplus” (DSBS). Note that the DSBS value at time ¢ does not depend on
the choice of the type of bonds issued at the same date (i.e. iss;), iss;, and iss; do not appear on the
right-hand side of Eq. 9).

13Naturally, this equation boils down to Eq. (6) when only short-term nominal bonds are issued.
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3. MODEL

In this section, we introduce a model to analyze the debt-to-GDP ratio dynamics resulting from the
issuance of different types of debt instruments. As shown above, the required framework needs to
capture the joint fluctuations of bond prices, real GDP and inflation. To this end, we use an off-the-
shelf consumption-based model with habits @ la Campbell and Cochrane (1999) and Wachter (2006)
and extend it to include the term structure of hypothetical GDP-linked bond yields.'*

This setup features time-varying investors’ preferences (through habit persistence) and is able to
produce realistic risk premiums for both bonds and stocks. Our chosen framework is able to easily
reproduce an upward-sloping term structure of real (TIPS) rates, as observed in the data. In contrast,
most structural models mechanically generate a downward-sloping term structure of real rates.!> The
fact that our model delivers reliable average interest rates is a desirable characteristic since our study

hinges on the average funding costs underlying the issuance of different types of bonds.

3.1. Macroeconomic dynamics

We consider a closed economy populated by an infinity of identical investors whose consumption

level at time ¢ is denoted by C;. The logarithm of consumption, denoted by c;, evolves according to:
et =cr-1+ 8t (10)

where g is the average consumption growth and v; is an i.i.d. zero-mean shock whose cumulative
distribution function (c.d.f.) is denoted by f. Real GDP growth, defined as Ay; = log(Y;/Y:—1), and

inflation, defined as 7t; = log(P;/ P;_1), follow the processes:
Ayr = gy+pyvi+ el (11)
= (1—¢)T+ ¢+ pave +ef, (12)
where g, is the average GDP growth, 77 is the average inflation, &/ ~ i.i.d. N'(0, (75), ef ~ i.i.d. N(0,02),
and 1 is a smoothing parameter. If p, # 0 (respectively p # 0), consumption and GDP growth (resp.
inflation) are correlated.
3.2. Agents’ preferences
Following Campbell and Cochrane (1999) and Wachter (2006), each investor has the following utility

2 5 (Crpn — X)) — 1
E; (Z (5h( t+h : t+h) ) , (13)
=0 -

over consumption:

l4Gtructural models impose underlying constraints across variables that allow us to discipline the dynamics of unobserved
GDP-linked bond prices and deduce their implication on debt dynamics.
15Gee e.g. Piazzesi and Schneider (2007), in particular their Subsections 3.4 and 3.5, and Zhao (2020).



11

where X; is the level of habit (a reference point), ¢ is the subjective discount factor, <y is the utility
curvature. Habit is defined through the dynamics of surplus consumption Sy, as follows:
_G-X

S
t &

, (14)

where Et denotes average consumption. Habits are external and therefore each investor’s habit is deter-
mined by everyone else’s consumption. This simplifies the analysis given that current consumption is
not affected by future habit. In equilibrium, identical investors choose the same level of consumption,
and hence C; = C;. Based on these assumptions, the stochastic discount factor between t and t + 1 is
given by:

St41 G\ 7
M =0 —— . 1
=0 (2 15

We now specify the joint dynamics of S; and C;. Since surplus consumption S; is strictly positive, its

dynamics can be defined through its logarithm s;, given by:!°

sti1 = (1= )5+ ¢se + Alst)(cra1 — Er(cer1))
= (1 — (P)S_ + ¢psy + /\(St)l/t+1 (16)
L 1—2(sy—35)—1 ifs; <s
)L(St) _ exp(s‘) t t > omax (17)

0 otherwise,

where ¢ controls the peristence of habit, sy, = 5+ %(1 — exp(5)?), which ensures that A(s;) > 0, and

5 =log <\/Wur(1/)1_¢+b/7> . (18)

To calibrate the model, we make use of stock return moments. To this purpose, we complement our

with

model with the specification of real dividends Div;, which have the following law of motion:
log Div; = log Divy_1 + div + Pavt + s’f, (19)

where div is the average of the logarithm of real dividends and &/ ~ i.i.d. N'(0,073). The resulting stock
return formulas are detailed in Appendix C.4.
We also provide pricing formulas for inflation-linked, nominal and GDP-linked bonds of any matu-

rity in Appendices C.1, C.2 and C.3, respectively.

16Using the notation x; = log(X;), Eq. (16) implies that chﬁl =1- exp?ﬁ% As shown by Eq.(17), A(5) = ex;(s') -1,
therefore 21 — (. This implies that habit is predetermined at the steady state.
T P P y
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3.3. Data

We use US data spanning the period from 1985Q1 to 2018Q1. Macroeconomic data comprise real
GDP, consumption and inflation, and are extracted from the FRED database (Federal Reserve Bank of
St. Louis). Consumption encompasses non-durables and services, and is deflated by the GDP deflator.
Inflation is the log growth rate of the GDP deflator. Financial data include nominal and real yields
at different maturities and stock returns. Nominal zero-coupon yields are taken from the updated
database of Giirkaynak, Sack, and Wright (2007) and we focus on the 3-month, 10-year and 30-year
maturities. Real zero-coupon yields are taken from Giirkaynak, Sack, and Wright (2010)’s updated
database and we focus on the 2-year and 10-year maturities. The real short-term rate is defined as the 3-
month nominal rate minus a corresponding inflation expectation taken from the Survey of Professional
Forecasters (Federal Reserve Bank of Philadelphia). Series pertaining to stocks are from the updated
database of Shiller (2015).

3.4. Taking the model to the data

The parameters of the model are set in three steps. First, some parameters are calibrated based on the
literature. Following Campbell and Cochrane (1999) and Wachter (2006), we set the utility curvature
parameter 7 to 2. Moreover, the “leverage parameter” p;, that is the semi-elasticity of the dividend
growth rate to consumption growth (see Eq. 19), is set to 2. This value is in between the unit elasticity
considered by Campbell and Cochrane (1999) or Wachter (2005) and the estimates obtained by Abel
(1999), Collin-Dufresne, Johannes, and Lochstoer (2016) and Seo and Wachter (2018) — of 2.74, 2.5 and
2.6, respectively.

Second, we specify the distribution of the innovation of consumption (v;, Eq. 10). To allow for non-
zero skewness and excess kurtosis, we assume that v; is drawn from a mixture of Gaussian distribu-
tions: N (7p, 02) with probability 1 — p and N (—7(1 — p),02) with probability p. If p is low and 7 is
positive, the situation in which v; is drawn from N (—17, (75) can be interpreted as a recession. Hence,
p can be seen as a recession probability and 7 as the recession-induced consumption drop. Overall, the
distribution of 14 depends on three parameters (p, 17 and ¢2), which are set so as to perfectly capture the
variance, skewness and kurtosis of the year-on-year consumption growth. The resulting distributional
fit is illustrated in Figure 2.

Third, the remaining parameters are set to match selected sample moments. Specifically, we con-
sider first- and second-order moments pertaining to inflation and real GDP growth, as well as nominal
and real bond yields. Furthermore, we exploit the similarities between stocks (for which data exist)
and GDP-linked bonds (for which data do not exist) by also targeting stock-related moments. Impor-
tantly, the feasibility of this strategy relies on various quasi-analytical pricing formulas (see Appen-

dix C), which are based on an approximated state dynamics (see Appendix B). Specifically, consistent
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FIGURE 2. Data and model-implied distributions of the consumption shock (v;)

— Data
Model-implied

Vg

Note: This figure compares the kernel-based estimate of the distribution of the (demeaned) year-on-year consumption growth
rate and its model-implied counterpart. v; is assumed to be drawn from a mixture of Gaussian distributions. Specifically,
vt = BiWy s + (1 — By)Wa, where By ~ B(p), Wy ~ N (—n(1— p),c?) and Wp; ~ N (37p,02). Equivalently, in Eq. (10), we
have vy = —(By — p)y + ¢!, &/ =i.id.N(0,02). The three parameters (p, o, and 1) are set so as to match the second-, third-
and fourth-order moments of log(C;/C;—_4), see Subsection 3.4.

with the literature, our formulas rely on a discretization of the state space. However, unlike most stud-
ies resorting to numerical methods (e.g. Wachter, 2005), we propose explicit formulas for all considered
moments by using the Markov-switching representation of the state dynamics (see AppendixB.1). In
particular, our pricing formulas exploit the so-called risk-neutral dynamics of the variables of interest,
which are derived in the context of a discretized state space.

Targeted moments are detailed in the first column of Table2.!” Note that we do not only consider
unconditional means and variances: for stock returns and zero-coupon yields, we also consider the
model’s ability to replicate (average) conditional volatilities.'8

Let us denote by 6 the vector of parameters to be estimated (excluding v, ps, p, 7 and 02), and let
Murger and M (0) be the vectors of targeted moments and model-implied moments, respectively. The
parameter values @ are obtained by minimizing the distance between M () and M Turget:

0 = argmin(M (0) — Murger) QM (0) — Marget),
0

7The formulas used to compute model-implied moments are detailed in Online Appendices IT and III.
18Observed averages of conditional volatilities are sample averages of realized volatilities, which are based on daily data
of stock returns and yields.
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where () is a diagonal matrix whose non-zero entries are weights that are arbitrarily set in order to have
a satisfying overall fit of moments.

The estimated (and calibrated) parameter values are summarized in Table 3. Moreover, the last
column of Table 2 reports the model-implied first- and second-order moments. The fit is predominantly
satisfactory despite the breadth of moments we account for. Consequently, the ability of our model to
replicate the joint dynamics of observed macroeconomic and financial variables gives us confidence in

using it to assess the debt-stabilizing properties of GDP-linked bonds.

TABLE 2. Fitted moments

Moment description Data Model
Mean of GDP growth rate Ay; x 102 0.65 0.55
Mean of consumption growth rate Ac; x10? 0.47 0.55
Mean of inflation 77 x10? 0.54 0.70
Std. dev. of GDP growth rate Ay; x 102 0.57 0.65
Std. dev. of consumption growth rate Ac; x 102 0.48 0.65
Std. dev. of inflation 7t; x 102 0.24 0.36
Mean of short-term nom. rate x 102 2.32 2.83
Mean of 10-year nom. rate x10? 5.43 4.09
Mean of 30-year nom. rate x 102 5.77 6.00
Std. dev. of short-term nom. rate x 102 217 2.14
Std. dev. of 10-year nom. rate x 102 2.33 2.04
Std. dev. of 30-year nom. rate x 102 1.95 1.78
Auto-correl. of short-term nom. rate 0.99 0.98
Auto-correl. of 10-year nom. rate 0.99 0.98
Auto-correl. of 30-year nom. rate 0.98 0.98
Mean of slope of the nom. yd curve (3m-30yrs) x 102 2.45 3.17
Std. dev. of slope of the nom. yd curve (3m-30yrs) x 102 1.43 0.82
Mean of short-term real rate x 107 0.14 0.06
Mean of 2-year real rate x10? 0.08 0.43
Mean of 10-year real rate x 102 1.67 1.69
Std. dev. of short-term real rate x10? 1.95 2.14
Std. dev. of 2-year real rate x 102 1.36 211
Std. dev. of 10-year real rate x10? 1.29 2.04
Auto-correl. of short-term real rate 0.81 0.98
Auto-correl. of 2-year real rate 0.86 0.98
Auto-correl. of 10-year real rate 0.98 0.98
Mean of slope of the real yd curve (3m-10yrs) x 102 2.01 1.26
Std. dev. of slope of the real yd curve (3m-10yrs) x 102 1.25 0.13
Mean of condi. var. of the short-term nom. rate x10° 1.39 2.06
Mean of condi. var. of the 30-year nom. rate x10° 222 1.47
Mean of condi. var. of the 10-year real rate x10° 1.33 2.34
Average expected excess return (annualized) x10? 7.78 6.65
Average cond. volat. of stock return (annualized) %102 15.69 19.92
Average P/D 40.93 43.09
Std. dev. of P/D 17.32 14.54

Note: This table reports sample moments and their model-implied counterparts.
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TABLE 3. Calibrated and estimated parameter values

Rate of preference for present o 0.996
Risk aversion parameter Y 2.0

Qe x 102 0.550

. , 0% x10° 5.420

Consumption growth (eq. 10 and Subsection 3.4) p 102 2117

1 x 102 2.496

GDP growth shocks (eq. 11) g i < 10° (1)8(1)2

T x10? 0.697

Inflation dynamics (eq. 12) Z)ﬂ 8325

O x10° 0.661

Dynamics of consumption ratio (egs. 16, 17 and 18) ¢ 0977

Y b x10? 2.016

div x 102 0.550

Growth rate of dividends (eq. 19) 0d 2.000

04 x103 0.031

4. RESULTS

In this section, we use the estimated model of Subsection 3.4 and present the resulting term structure
of GDP-linked bonds. Moreover, we simulate debt-to-GDP ratios resulting from different public debt
strategies involving nominal, inflation-linked and GDP-linked bonds, and investigate their respective

cost and risk implications.
4.1. The term structure of GDP-linked bond yields

We first build the model-implied average term structures of interest rates of nominal, inflation-linked
and GDP-linked bonds, for maturities up to 50 years, which are displayed on Figure 3. The gray dashed

line depicts average nominal rates (i;j,, Eq.1) across maturities, while the gray and black solid lines

*

represent average inflation-linked and GDP-linked bond rates (r;, and r}),

Egs.2 and 4), respectively.
The white and gray dots represent sample averages of nominal and real yields, respectively. All three
average yield curves are upward sloping. This is in line with empirical evidence, as shown by the
fit of the average nominal and real (inflation-linked) yield curves. As discussed in Subsection 2.1, r;,
and r{; coincide when there is no uncertainty about real GDP. As a consequence, the wedge between
the two solid lines represents the additional compensation (known as the risk premium) required by
investors to hold GDP-linked bonds. This GDP risk premium amounts to 40 basis points at short- to
medium-term maturities and 30 basis points at long-term maturities. Our estimates are at the bottom

of the range of available positive values found in the literature, as shown in Table 4.1

Note that Eguren-Martin, Meldrum, and Yan (2020)’s average risk premium is largely negative (ranging between -700
and -100 basis points), while theory would suggest that a positive risk premium is expected for assets whose payoffs are
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FIGURE 3. Term structures of interest rates
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Note: This figure displays model-implied yield curves. Nominal, real, and GDP-linked bond yields-to-maturity are respec-
tively defined by Egs. (1), (2) and (4); the corresponding pricing formulas are Egs. (a.13), (a.12) and (a.14) of Appendix C. Dots
represent sample averages of nominal and real yields. Yields are annualized.

TABLE 4. Estimates of risk premiums in the literature

R.P. Approach
Eguren-Martin, Meldrum, and Yan (2020) [-700 ; -100] bps Replication of dividend swaps
Kamstra and Shiller (2009) 150 bps CAPM
Borensztein and Mauro (2004) 40 bps CAPM
Barr, Bush, and Pienkowski (2014) 35 bps CCAPM
Blanchard, Mauro, and Acalin (2016) 100 bps -
Pisani-Ferry, Vihridld, and Wolff (2013) 150 bps -
Fratzscher, Grof3e-Steffen, and Rieth (2014) 0bp Risk-neutral investors
Chamon and Mauro (2006) O0bp Risk-neutral investors

Note: This table reports the values of GDP-linked bond premiums estimated or used in other studies. Eguren-Martin, Meldrum, and Yan
(2020) estimate a no-arbitrage affine term structure model of dividend swaps and use it to price hypothetical bonds with cash-flows indexed
to the level of US GDP - exploiting the correlation between GDP surprises and stock returns (illustrated by Figure 1). CAPM refers to the
Capital Asset Pricing Model (CAPM) where premiums rely on the Bs estimated on stock return data. CCAPM refers to the Consumption-
based CAPM. Blanchard, Mauro, and Acalin (2016) and Pisani-Ferry, Vihridld, and Wolff (2013) explicitly state that their risk premium
assumptions are arbitrary.

low in periods of economic downturn. This issue results from the fact that the GDP-LB they consider has a payoff whose
expectation diverges with the maturity. The yield-to-maturity that they define is equal to —1/h times the price of the bond
(whose payoff is Y;,,/Y;, see their Eq. 3) and therefore mechanically goes to minus infinity with the maturity. This object
cannot be compared to standard inflation-linked or nominal yields-to-maturity, which are respectively based on bonds whose
real or nominal payoff is one. For this very reason, the payoff of our unit-face-value GDP-LB is rescaled by E;(exp(hy; ;+1,))
(see Subsection 2.1). Consequently, we rightly obtain that the GDP-LB and ILB yields coincide when there is no uncertainty.
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Looking at the model-implied probability density functions (p.d.f.) of inflation-linked and GDP-LB
yields offers additional insights. As illustrated in Figure 4, the model-implied distributions of both
inflation- and GDP-linked yields at a 2-year (left plot) and 10-year (right plot) maturity are positively
skewed. Moreover, in line with Figure 3, the distributions of GDP-LB yields are shifted to the right
by the average GDP risk premium (about 40 basis points), in comparison with the distributions of real

yields.

FIGURE 4. Model-implied distributions of real and GDP-linked bond yields
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Note: This figure displays the model-implied distributions of real (ILB) and GDP-linked (zero-coupon) bond yields. Vertical
bars indicate means. Yields are annualized.

As shown in Wachter (2006), in our framework, the risk premium is time-varying and countercyclical.
More precisely, it appears to be higher in bad states of the economy (i.e. when surplus consumption
is low) than in good states (i.e. when surplus consumption is high). Indeed, Figure 5 indicates that,
following a negative shock, surplus consumption shrinks towards zero as average consumption C; gets
closer to habit X;. Such a situation is associated with high real and GDP-linked-bond yields, represented
by gray and black solid lines, respectively. Importantly, GDP-linked yields are higher than real yields
at any level of surplus consumption and for all maturities. Therefore, given the inverse relationship
between bond prices and yields, it would require a larger issuance of GDP-LBs, relative to inflation-
linked bonds, to raise a particular amount. In other words, issuing GDP-LBs is on average more costly
than issuing inflation-linked bonds.

These findings suggest that treasuries may be prompted to issue GDP-LBs during expansions. How-
ever, the treasury — that issues government bonds— complies with principles that preclude such op-

portunistic issuances and encourage issuing debt in a regular and predictable manner. Not complying
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would have negative repercussions on the liquidity of the sovereign marketable debt, ultimately affect-
ing its price (Bank for International Settlements, 1999; Favero, Missale, and Piga, 2000; Mylonas et al.,
2000; OECD, 2018). Accordingly, in our simulation exercises, we preclude active management strategies

and only focus on passive ones.

FIGURE 5. Yields and surplus consumption
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Note: This figure shows the relationship between real (ILB) and GDP-linked bond yields and the surplus of consumption.
The gray area is the probability distribution function (p.d.f.) of the surplus of consumption S, as defined in Eq. (14). Yields
are annualized.

4.2. The debt-stabilizing properties of GDP-linked bonds

In the previous subsection, we established that, on average, GDP-linked bonds command higher
yields to maturity than their inflation-linked bond counterparts, and that this wedge reflects a positive
and time-varying risk premium. Although indexing debt to GDP seems to be more costly on average,
we now examine whether this additional cost has the benefit of superior debt-stabilizing properties.

To this end, we run Monte-Carlo simulations using the approach depicted in Figure 6. Specifically,
we first draw 14, ¢/ and e} shocks from their respective estimated distributions (see Subsection 3.4).%°

This provides us with the simulated paths of: (i) macroeconomic variables (using Egs. 10, 11, 12, 16

Dnstead of directly drawing from the distribution of the shocks v;, we simulate the trajectory of the discretized values of
s¢, which indirectly depends on v;. Specifically, the discretized values of s; are defined through the selection vector z;, such
that s; ~ s, = p'z; (see Appendix B.1). Moreover, the dynamics of the (discretized) state variable z; is entirely defined by
its matrix of transition probabilities that is made explicit in Appendix B.1 (Eq.a.8). The transition probabilities are based on
Eq. (16) and consequently on the distribution of v;. In our simulations, we therefore retrieve the simulated values of v; by
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and 17) and (ii) bond yields (using Egs.a.12, a.13 and a.14). In a second step, we implement a specific
issuance strategy in order to obtain the debt trajectory. More formally, a debt strategy is a function that
associates the issued amounts {issf,h, iss;’h, issf, i Jn=1,.,1 With the observed current state of the economy.
As mentioned earlier, we focus on simple “constant” strategies whereby the government issues a single
type of bonds (either nominal, inflation-linked or GDP-linked) with maturities comprised between 1
and H quarters, with the issuance proceeds being evenly spread across maturities. For instance, in one
of the strategies we consider, the government issues GDP-linked bonds with maturities of 3 months, 6
months, ..., 10 years, that is: issy, = issj, =0 for all maturities /, and issy, = I/ (hY:Py) if h < 40

(quarters), and 0 otherwise.

FIGURE 6. Schematic representation of our approach

Issuance strategy

SR —

GDP, consumption -
Macro-finance and inflation trajectories Debt
model Yield trajectories accumulation
Egs. (10), (11), (nominal, IL and GDP-L) process
(12), (16), (17). Eq. (9).

LJ Macro-finance trajectories . S

Debt, debt service, debt schedule, issuances

We consider two extreme situations regarding the fiscal reaction function. To this end, we conduct
two exercises that differ in the way the primary budget surplus is determined.?! In the first exercise,
the fiscal authority does not react to the debt-to-GDP ratio, and the primary budget surplus is set to
a constant value. For a given issuance strategy and model-implied economic path, the dynamics of
the debt-to-GDP ratio is determined by Eq. (9). In the second one, the fiscal authority aims at perfectly
stabilizing the debt-to-GDP ratio. This strategy consists in setting the primary budget surplus to its
debt-stabilizing value (previously defined as DSBS in Subsection 2.3). Notice that in this context, the

stationarity of debt is guaranteed.

inverting Eq. (16) — hence, by replacing the s;’s by s, ;’s. Note that the z;s are particularly useful because they determine the
values of the simulated yields, as shown in Egs. (a.12), (a.13) and (a.14).

21See Leeper, Plante, and Traum (2010) for an analysis of alternative fiscal rules. Notably, they show that: (i) their esti-
mated policy rules respond strongly to government debt and (ii) strong automatic stabilizers impose a long-run cost, despite
reducing short-run fluctuations.
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Although none of these two exercises should be seen as realistic, an issuance strategy that achieves ei-
ther a constant debt-to-GDP ratio (first exercise) or a constant DSBS (second exercise) is consistent with
the notion of fiscal insurance developed in the optimal public debt management literature (Faraglia,
Marcet, and Scott, 2008, 2010). Indeed, all else being equal, such strategies reduce the need for aggres-

sive fiscal adjustments to ensure the government’s intertemporal solvency.??

4.2.1. Simulations under a constant budget-surplus. This exercise compares different issuance strategies
by simulating model-implied paths for macroeconomic variables and bond yields over a twenty-year
period. In the context of this exercise, budget surpluses are set to a constant fraction of GDP (equal to
—1%) and the initial level of debt is set at 100% of GDP. The resulting debt-to-GDP paths are obtained
from Eq. (9).2

Figure 7 displays the simulated debt-to-GDP paths associated with different issuance strategies:
nominal, inflation-linked or GDP-linked bonds. Each column represents a given simulation and each
row corresponds to the issuance of short-term (1 to 4 quarters) and long-term bonds (1 to 40 quar-
ters), respectively. The random simulations in Figure 7 suggest that (a) the debt-to-GDP trajectories
are smoother when GDP-LBs are issued, however (b) the issuance of GDP-LBs is not necessarily more
beneficial in taming debt-to-GDP paths: on several occasions, the debt-to-GDP paths are higher un-
der GDP-linked bond issuances. Result (a) implies that the high-frequency movements in debt-to-GDP
are filtered out when issuing GDP-LBs, suggesting that the debt-to-GDP ratio is easier to predict. No-
tably, the smoothing effect is stronger when long-term bonds are issued as a lower share of debt has
to be refinanced in each period. This result generalizes findings in most studies on GDP-LBs, since the
latter only focus on short-term issuances. However, because the issuance price of GDP-linked bonds
randomly fluctuates over time, medium- to low-frequency fluctuations in the debt-to-GDP ratio are not
eliminated by the issuance of GDP-LBs. Let us stress that such an effect can only be detected in a
modeling environment that accounts for time-varying bond prices because their fluctuations are the
only stochastic driver of the debt-to-GDP ratio in an environment of constant budget surpluses. To the
best of our knowledge, none of the existing literature performing Monte-Carlo simulations to study the
smoothing properties of GDP-LBs allows for time-varying bond prices (or yields-to-maturity), thereby

mechanically overestimating the stabilization property of these bonds.

22Empirical studies suggest that primary budget balances positively react to debt-to-GDP ratios (see e.g. Bohn, 1998; Men-
doza and Ostry, 2008; Ghosh, Ostry, and Qureshi, 2013). However, the data also suggest that the adjustment weakens for
large debt-to-GDP ratios. The latter phenomenon, dubbed as “fiscal fatigue” implies the existence of fiscal limits (see Ghosh
et al., 2013).

2t is assumed that the initial outstanding debt results from issuances that are evenly distributed over the period preceding
the start of our simulation. Therefore, while the initial debt-to-GDP ratios are the same across simulations and issuance
strategies, the initial debt repayment schedules are not. One could alternatively imagine that all simulations start form the
same situation, if interest-rate derivatives -namely interest-rate swaps, inflation-linked swaps and (hypothetical) GDP-linked
swaps— are employed to obtain the desired debt structure.
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FIGURE 7. Simulated debt-to-GDP paths
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Note: This figure displays, for the sake of illustration, a small number of simulated debt-to-GDP paths associated with differ-
ent issuance strategies. Each column of plots is based on the same simulated macro-finance sample. On each plot, we consider
three situations: (i) the government issues nominal bonds only (dashed gray line), (ii) the government issues inflation-linked
bonds only (gray solid lines) and (iii) the government issues GDP-linked bonds only (black solid line). The primary budget
surplus is equal to —1% of nominal GDP.

Naturally, a large number of simulated trajectories is necessary to draw conclusions regarding the
influence of issuance strategies on the distribution of the debt-to-GDP ratio at a given horizon. We
simulate 10.000 macro-finance trajectories covering a 20-year period and employ kernel approaches to
approximate the distributions of the debt-to-GDP ratios at different horizons.

Figure 8 depicts such distributions in a setup where the government only issues one type of zero-
coupon bonds — either nominal, inflation-linked or GDP-linked — with maximum maturities of 1 and 10
years. We evaluate these distributions after 2 years (left-hand side charts) and 20 years (right-hand side
charts) of the government following these strategies. Each row represents the issuance of bonds of a
given maturity (1-year bonds with maturities ranging between 1 to 4 quarters on the first row; 10-year
bonds with maturities ranging between 1 to 40 quarters on the second row) and each column is associ-
ated with a horizon over which the strategy is studied. We observe that, given the existence of strictly
positive risk premiums associated with GDP-LBs, debt-to-GDP ratios are, on average, higher when the
government issues GDP-LBs relative to the issuance of the two other bonds. In line with the smooth-

ing results observed in the previous figure, the variance of the distribution of debt-to-GDP ratios at a
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horizon of 2 years is far lower when GDP-LBs are issued. This increased predictability is particularly
clear when long-term bonds are issued (bottom left plot) because, in this context, a relatively smaller
fraction of the debt has to be rolled over during the two-year period. However, at a 20-year horizon,
the distributions of debt-to-GDP ratios resulting from the issuance of GDP-LBs are almost as dispersed
as when conventional bonds are issued. Moreover, the distributions of debt-to-GDP ratios are shifted

to the right in the case of GDP-LBs issuances, due to higher average funding costs.

FIGURE 8. Distribution of future debt-to-GDP ratios
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Note: This figure displays the distributions of debt-to-GDP ratios after periods of 2 years (left column of plots) and 20 years
(right column of plots) during which the government implements basic issuance strategies: specifically, the government issues
bonds of the same type (nominal, inflation-linked or GDP-linked) and of the same maximum maturity (1 or 10 years). See the
caption of Figure 7 for more details about the simulations. We simulate 10.000 macro-finance trajectories over a period of 80
quarters.

The debt-to-GDP ratio is less volatile when issuing GDP-LBs because the debt service (i.e. the in-
crease in debt, absent of budget surpluses) resulting from these bonds is pro-cyclical.?* In other words,
having a smooth debt-to-GDP ratio comes at the cost of a volatile debt service. This is illustrated in

Figure 9, which displays the simulated distributions of the debt services. The distributions of future

24Formally, the dynamics of the debt-service-to-GDP ratio is given by Eq. (9).
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debt service are evidently flatter under GDP-linked bond issuances, thus indicating more dispersed in-
terest payments. Moreover, due to positive risk premiums associated with GDP-LBs, interest payments
under this issuance strategy also tend to be higher. Therefore, the servicing of debt is on average more

expensive and more volatile when GDP-linked bonds are issued.

FIGURE 9. Distribution of future debt service
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Note: This figure displays the distributions of debt service after periods of 2 years (left column of plots) and 20 years (right
column of plots) during which the government implements basic issuance strategies: specifically, the government issues
bonds of the same type (nominal, inflation-linked or GDP-linked) and of the same maximum maturity (1 or 10 years). See the
caption of Figure 7 for more details about the simulations. We simulate 10.000 macro-finance trajectories over a period of 80
quarters.

To get a better grasp of whether the issuance of GDP-LBs prevents high debt-to-GDP ratios, we
look at high quantiles of the distribution of debt-to-GDP ratios. Table 5 reports the 50th, 90th and
95th quantiles of the debt-to-GDP ratio over a 2-year and 20-year horizon. The last lines of each panel
indicate that, at a 2-year (resp. 20-year) horizon, the lowest (resp. highest) debt-to-GDP ratio is obtained
under the issuance of GDP-LBs. Therefore, it seems that issuing GDP-LBs can tame debt-to-GDP ratios

only at short horizons.

4.2.2. Simulations with debt-stabilizing budget surpluses (DSBS). This exercise studies the moments of the
debt-stabilizing budget surplus pertaining to different issuance strategies. Recall that the DSBS is the
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TABLE 5. Influence of issuance strategies on debt-to-GDP quantiles

Panel A — Maturity of issued bonds: 1 year

Quantile Horizon: 2 years Horizon: 20 years

Nominal  Infl-linked =~ GDP-linked =~ Nominal  Infl.-linked GDP-linked
50% 0.98 0.98 0.99 0.79 0.79 0.84
90% 1.01 1.01 1.00 1.20 1.21 1.24
95% 1.03 1.03 1.01 1.40 1.41 1.44

Panel B — Maturity of issued bonds: 10 years

Quantile Horizon: 2 years Horizon: 20 years

Nominal Infl.-linked GDP-linked Nominal Infl.-linked GDP-linked
50% 0.99 0.99 1.00 0.89 0.93 0.99
90% 1.02 1.02 1.00 1.32 1.35 1.39
95% 1.03 1.03 1.00 1.52 1.54 1.57

Note: This table reports the quantiles of the distributions of debt-to-GDP ratios resulting from different issuance strategies. The issuance
strategies are basic strategies whereby the government, on each period, issues the same type of bonds to meet its funding needs.

budget surplus the government needs to deliver in order to keep the debt-to-GDP ratio constant over
time, which is obtained by setting d; — d;—1 = 0 in Eq. (9). We simulate a very long sample (covering
10.000 years) of DSBS and approximate the population moments using its sample-based counterparts.
Debt-stabilizing budget surpluses are stationary processes when expressed as a fraction of GDP.

Figure 10 displays several cost/risk performances associated with different issuance strategies. Each
issuance strategy is represented by a circle whose coordinates are: cost measures on the x axis and risk
measures on the y axis. The average DSBS is the only cost measure we consider, as it represents the
average funding cost. We consider four different risk measures: the standard deviation of the DSBS,
the smoothness of the DSBS (defined as the standard deviation of the annual change in the DSBS) and,
the 90th and 95th quantiles of the DSBS, which provide information about the right tail of the DSBS
distribution.

At first glance, several findings arise. First, the higher the maturity, the larger the cost measure (x-
axis). This holds true for any issuance strategy (nominal, inflation-linked or GDP-linked), and reflects
the existence of positive term premiums.”> Second, GDP-LB strategies imply larger average funding
costs, for any maturity, because there is an additional positive GDP risk premium.

Regarding risk measures, we observe that, in order to stabilize the debt-to-GDP ratio, the budget
surplus has to be less volatile under GDP-LB issuances, in contrast to conventional (nominal or infla-
tion indexed) bond issuances. This result is more striking when looking at the smoothness measure.
Specifically, the annual change in DSBS is dramatically smaller when issuing GDP-LBs, as is reflected

by the standard deviation of the change in the DSBS, which is four times lower under this strategy.

ZPositive term premiums graphically correspond to the positive slopes of the average yield curves shown in Figure 3.



25

In other words, to stabilize the debt-to-GDP ratio in the short-run (with a one-year horizon), the gov-
ernment would have to run budget surpluses that are far easier to predict under a GDP-LB issuance.
However, the right tail of the distribution of the DSBS paints a less favorable picture of GDP-linked
bonds. Indeed, in a bad scenario (characterized by the need to run a high budget surplus to stabilize
debt), achieving debt stabilization requires larger budget-surpluses under GDP-LB issuances. For in-
stance, focusing on the 95th percentile, we find that budget surpluses as high as 3.3% of GDP have to
be run in 5% of the simulated periods when up-to-10-year GDP-linked bonds are issued, as opposed to

3.1% when up-to-10-year conventional bonds are issued.

5. DISCUSSION

In this Section, we discuss several questions that arise when analyzing the usefulness of GDP-linked
bonds. The first point hinges on an assumption underlying our model, while the remaining issues are
of a more general nature.

Regarding the first point, in our model, we address the usefulness of GDP-LBs in the context of
a closed-economy, where there is a single stochastic discount factor associated with a representative
agent. However, several studies make the case for an international risk-sharing argument and suggest
that GDP risk premiums could be contained if international business cycles are sufficiently desynchro-
nized. In this case, periods of a domestic recession (where the payoffs of a bond indexed on domestic
GDP are low) do not necessarily coincide with a “bad state of the world” from the foreign investor’s
point of view. Indeed, in such a context, the foreign investor does not require a high GDP risk premium,
and therefore GDP-LBs might not generate interest payments that are higher than conventional bonds
(e.g. Athanasoulis, Shiller, and Wincoop, 1999; Borensztein and Mauro, 2004). Against this backdrop,
we propose a simple analysis to gauge the potential for GDP risk diversification. We consider eight
large economies and compute pairwise correlations between measures of GDP surprises for two peri-
ods (1980-2018 and 2000-2018).26 We choose the most natural index for hypothetical GDP-linked bonds
by using GDP data expressed in local currencies and at current prices.

Table 6 shows that the correlations between Brazil, China and India, on the one hand, and advanced
western economies, on the other hand, are low over the two periods. This indicates that there is scope
for diversification between these two groups of countries. By contrast, we observe strong correlations
between advanced western economies, especially over the most recent period. This means that, bonds
indexed to US GDP, for instance, offer moderate diversification opportunities to European investors,
and vice-versa. As a result, diversification across advanced western economies is unlikely to consider-

ably reduce GDP risk premiums embedded in GDP-linked bonds issued by these economies.

26GpP surprises are defined as the difference between realized GDP and a crude forecast based on simple GDP extrapola-
tions. The latter are computed as the mean of the last five observed GDP growth rates, at each date.
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FIGURE 10. Effect of issuance strategies on DSBS risk measures
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Note: This figure depicts risk measures associated with the debt-stabilizing budget surplus (DSBS) of different issuance
strategies. The DSBS is the budget surplus that the government needs to deliver in order to keep the debt-to-GDP ratio
constant over time. Each dot corresponds to a given issuance strategy characterized by a type of bond issued (nominal,
inflation-linked or GDP-linked) and a maturity. The four risk measures are: the standard deviation of the DSBS (top-left plot),

the standard deviation of the annual change in the DSBS (top-right plot), the 90th percentile (bottom-left plot) and the 95th
percentile (bottom-right plot) of the DSBS distribution. We simulate a macro-finance trajectory of 40.000 periods.

We now briefly discuss additional issues that have not been addressed in the present study. First,
when new assets are launched in the market, such as hypothetical GDP-linked bonds, they tend to
suffer from novelty and liquidity risk premiums. Empirical evidence suggests that investors tend to ask
for premiums to hold a newly introduced asset. Indeed, this “novelty premium” can reflect potential

difficulties in measuring the risks underlying the asset (e.g. due to the absence of appropriate and
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TABLE 6. Correlations between 2-year-ahead GDP surprises

Panel (a) — 1980-2018

U.S. UK. Germany France Canada Japan Brazil China India

U.sS. 1.00

U.K. 0.63 1.00

Germ. 0.21 0.19 1.00

France 0.52 0.41 0.22 1.00

Canada 0.75 0.66 —0.02 0.60 1.00

Japan 0.55 0.67 0.67 0.38 0.29 1.00

Brazil —-0.27 —-0.17 0.51 —0.44 —0.45 0.15 1.00

China —-0.13 —0.07 —-0.12 —0.56 —0.16 —0.27 0.48 1.00

India —0.08 0.09 0.11 —0.13 —0.16 —0.01 0.34 0.46 1.00

Panel (b) - 2000-2018
U.S. UK. Germany France Canada Japan Brazil China India

UsS. 1.00

UK. 0.95 1.00

Germ. 0.66 0.64 1.00

France 0.82 0.85 0.81 1.00

Canada 0.84 0.81 0.74 0.79 1.00

Japan 0.91 0.92 0.66 0.72 0.68 1.00

Brazil —0.15 —0.10 —0.21 —0.22 0.14 —-0.29 1.00

China 0.02 —0.00 0.06 0.23 0.21 —0.25 0.64 1.00

India —0.05 —0.22 0.01 —0.04 0.07 —0.30 0.52 0.81 1.00

Note: This table reports correlations between 2-year-ahead GDP forecast errors. GDP data, in current local unit currency (LUC), are extracted
from the World Bank database. GDP surprises are computed as the difference between realized GDP and a crude forecast based on simple
GDP extrapolations (using, on each date, the mean of the last five observed GDP growth rates). Shaded cells indicate larger than 40%
correlation coefficients.

well-established models) or the limited liquidity of such bonds relative to conventional ones.?” In fact,
this seems to be the case for inflation-linked bonds. Employing a no-arbitrage term-structure model,
D’Amico, Kim, and Wei (2018) find that inflation-linked bond yields exceeded risk-free real rates by as
much as 100 basis points when they were first issued in the U.S. and up to 300 basis points during the
2007-2008 financial crisis.?® This suggests that accounting for novelty and liquidity premiums would
only accentuate our current results, given that they would add up to existing GDP risk premiums.

Second, GDP-linked bonds may create a moral-hazard problem for governments. For instance, if
governments are faced with lower interest payments during recessions, they are relatively less incen-
tivized to foster economic growth. Similarly, GDP figures often incur large revisions, as more infor-
mation becomes available, while national statistics may be subject to data manipulation, especially if
interest payments depend on indices computed directly (or indirectly) by the government. However,

?7Using prices of Argentinian GDP-indexed warrants, Chamon, Costa, and Ricci (2008) find that the residual premium
paid by these warrants over standard bonds was of a few hundred basis points, while it declined by about 600 basis points
between December 2005 and July 2007.

28According to Shen (2009), Australia and New-Zealand are examples of countries that stopped issuing inflation-linked
bonds partly because of low liquidity in secondary markets.


https://data.worldbank.org/indicator/NE.CON.TETC.KD.ZG
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Sandleris and Wright (2013) argue that this problem might be subdued by the fact that the amounts
saved in lower interest payments are likely to be small relative to the direct economic harm associated
with a lower GDP.

Third, some financial stability issues may arise when issuing GDP-linked bonds. For example, if pri-
vate market participants were to buy large amounts of GDP-linked bonds, this may leave them exces-
sively exposed to business-cycle conditions (International Monetary Funds, 2017, Item 35). Moreover,
substantial GDP-linked bond issuances would mechanically result in a decline in the supply of “safer”
conventional assets that are essential for financial market transactions (Caballero, Farhi, and Gourin-
chas, 2017). Overall, these points attenuate arguments in support of governments issuing GDP-linked
bonds.

6. CONCLUDING REMARKS

Discussions in policy circles suggest that indexing debt to GDP would provide the government
with an automatic stabilizer to its finance. The present paper calls into question this view. Using
a consumption-based macro-finance model, which includes the term structure of hypothetical GDP-
linked bonds, we study their debt stabilizing properties. Three results stand out.

First, issuing GDP-linked bonds generates, on average, higher interest payments for the govern-
ment. This is because such bonds provide lower payoffs in periods of economic downturn and hence
investors are willing to hold them only if they provide an average excess return, called GDP risk pre-
mium. We find that the GDP risk premium approximately amounts to 40 basis points along the entire
maturity spectrum. Hence, for a given path of primary surpluses, issuing GDP-linked bonds, rather
than conventional ones, is on average costlier and inflates debt-to-GDP ratios.

Second, the prices of GDP-linked bonds are state contingent and therefore not perfectly predictable.
This implies that a large fraction of the debt will have to be rolled over before a given (long-run) hori-
zon, and since future issuance prices are not deterministic, the long-run debt-to-GDP ratio is partly
unknown as of today. Our simulation exercises indicate that, at a horizon of 20 years, the debt-to-GDP
ratio is not more predictable when GDP-linked bonds are issued, relative to conventional ones.

Third, the debt stabilizing budget surplus is more predictable under GDP-linked bond issuances
at the expense of being higher on average. Moreover, in a bad state of the world, characterized by
the need to run a high budget surplus to stabilize debt, achieving debt stabilization requires larger
budget-surpluses under GDP-linked bond issuances. Our findings, thus, call into question the view
that GDP-linked bonds tame debt.
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APPENDIX A. DEBT DYNAMICS

Eq. (8) boils down to:
H h-1 . . .
D; = Z Z If_k,hekl!—k,h + Itr_k,hek[ft—k,wm—k,t] + [t’:k’hek[’f—k,h*(yt—k,t*ytfk,h)*"ffklt], (a.1)
h=1 k=0

On date ¢, the government has to repay the following amount:

H
Re = Y I exp(hip_pp) + Iy exp(hri—pp + _ns]) +
=1

If ypexp(hlripn + Ye—nt — Yinn) + Tentl)- (a.2)
Eq.(a.1) and (a.2) imply that:
H h
D, = 2 Z I;q—k hekit—k,h 4 Itr_khek[r“k"’+n"k"] 4 It*fk hek[rt*_k,h‘i’(yt—k,t7y§7k,]1)+nt—k,t]
h=1k=0 ' '
—Rt. (83)

From a cash flow perspective, on every date, the amount issued by the government has to equate the
value of maturing debt, net of the budget surplus (BS;). That is:

H
Igh+1£h+1;h:Rt_BSt (84)
h=1

Combined with Eq. (a.3), the previous equation gives:

H h
. * e
D, = Z Z I;ik,heklt—k,h + ILk/hek[ftfk,h-l-”tfk,t] + I;k_k/hek[rt—k,h+(yf—k/t Vi)t k]
h=1k=1
—BS;. (a.5)

Using the notations d; = D;/(Y:P;), bs; = BS:/(YiP), iss}, = Ifk/(YtPt), iss}, = I[’k/(YtPt) and
issy, = It’jk/(YtPt), Eq. (a.5) reads:
H h

. Klir o — — . k — . k[re ., —y°
dy = Z lSS?_k,hg (it h—Yi—kt = Tt—k,t] + ZSS;—k,he [re—kn—Yi-kil + lssf_k,he [ on =Y
h=1k=1

—bSt. (a6)
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Furthermore, for date t — 1, Eq. (a.6) becomes:

diq

H h-1 ‘
Z Z iss?_l_k,hek[lz—l—k/h—yt—l—k,t—l—7Tz—1—k,z—1} +
h=1k=0
H h-1 H h-1 Yl .
Z issi_l_k,hek[rt—l—k,h_yt—l—k,t—l] 4 Z Z iss:—l—k,he (1= Yi—1—kp)]
h=1k=0 h=1k=0
"y = )
f ol =) [l =Yk t—1— T t—
Zsstfk,he t—kh —Yt—kt—1" Tk t—1 +
h=1k=1
H h H h . . .
E Z iss’[ik’he(k—l)[rtfk/h_ytfk,tfl] + E E iSS;’k—k,he( _1)[rt—k,lz_yf—k,h)]. (a_7)
h=1k=1 h=1k=1

Subtracting Eq. (a.7) from Eq. (a.6) finally leads to Eq. (9).

Using Eq. (a.2), let us express Eq. (a.4) in terms of fractions of nominal GDP:

e s
iss}), +iss,, +iss;, = —bs +

/

Debt issued on date ¢t

H
Z iss?_h’heh[lhh,h_yl‘fh/t_”t—h,f] + iss't’_h’heh[rffh,h_yt—h/l‘} + iss;"ih/heh[r;—h,h7%’—11,11] .
h=1

/

Debt maturing on date ¢
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APPENDIX B. MODEL DISCRETIZATION

B.1. Discretized dynamics of s;. We consider the following discretization of s;: s; ~ 'z, where z; is
a N-dimensional selection vector, i.e. z; € {ej,...,ex}, where ¢; is the i column vectors of the N x N
identity matrix. Note that the largest entry of y is lower than (or equal to) s,,.x. Hence, vector y contains

h

the discretized values of s;. We also introduce vector A, whose i component is A; = A(;).

The dynamics of z; is defined by the matrix IT = {p; ;}; jc(1 nJ2, called matrix of transition probabilities
and defined by:

P(zt11 = ezt = e;) = pi).
It is easily seen that we have E;(z;41) = IT'z;.

Let us explain how probabilities p; ; are computed. For this purpose, let us denote by f the c.d.f. of

ct+1 — E¢(cr41). Using g = —oo and pn41 = 400, we impose that, fori,j =1,...,N:
1 1
P(zt41 =ejlzr =¢;)) = P (5t+1 € } E(P‘jfl + 1)), E(Vj + P‘j+1)} st = #i)
1 1
=P (5t+1 < E(P‘j + pi1)lse = #i) -P (5t+1 < E(Vj—l +uj)lse = Vi)
1
= P ((1 — )5+ pui + A X < 5(]1]' + Hj+1))

1
-IP ((1 — )5+ Ppui + 1iX < E(lxlj_l + Vj)) ’
where X is a random variable whose cumulative distribution function (c.d.f.) is f. Hence, we have, for
i,j=1,...,N:
i

pij=P(zi1=¢jlzr=¢;) = f ()\l B(#j +pjr1) — (1= ¢)5— 4’7/‘1‘])

—f ()% B(Vj—l +uj) = (1=¢)s— ‘PV:'D : (a.8)

B.2. Specific vectorial notations. In the following, to simplify the derivation of formulas, we use the

following non-standard vectorial notations:

1_ { ! }
M Mij ) (i jyen]x1,p]
exp M = {exp mi,]'}(

ij)€[Ln]x[1,p]’

log M = {logmi,j}(
VM= {\/Ei,j}

ij)€[Ln]x[Lp]’

(ij)e[Ln]x[1p]

where M is a matrix of dimension n x p and where the m; ;’s are its components, i.e. M = {m; ;} ()€l x[1p]"

These notations are consistent with programming languages such as the one used by the R software.

Moreover, if a is a scalar, then M+« = {a + mi,j}(l.].)e[l WXLy
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B.3. Discretized stochastic discount factor and real short-term rate. The Online AppendixI.1 shows

that we have:

Musr = exp (108(6) = 7B(80) ~ 7 [ (arss — 20+ 5 (Wziet — (1= )5~ gw'z)| ) @9)

From this, one can deduce the following expression for the real short-term rate:

o= Wz (a.10)
. 1
with i, = —log(6) + vE(Ac) — v(1 - ¢)s3 — yu — 1%
1 !/
—log (H ©exp | —yu (1 + X) ) 1] .

B.4. Risk-neutral dynamics. The risk-neutral dynamics of z; is defined through:

1 !
exp (—’y {1 + —} y’)
M1 ) = [ A @I (a.11)

E?(Zt—l—l) = [E; (7Zt+1 Zt.
1
EiMisi1 exp (—’y {1 + X} y’) O] H] 11/

=Q

Q, is the risk-neutral equivalent of IT = {p; ;};cn,n), the matrix of (physical) transition probabilities

(see B.1). The derivation of Q is detailed in Online Appendix.2.

APPENDIX C. ASSET-PRICING FORMULA

C.1. The term structure of real yields. Online Appendix 1.3 shows that we have

1
=g log P, (a.12)

where P/, , the date- price of a maturity-h zero-coupon ILB is given by:

I = ({Qx Diaglexp(— )]} exp(—p)) 21

C.2. The term structure of nominal yields. If Pt’fh_l = exp(—by_1 m)F}Z_l'zt, Online Appendix1.4

shows that we then have P}, = exp(—by, nt)F;f'zt, with

t,h

B 122
F;? (bh1+)0n+

|

(b + DT - ) +
(exp [(=atr + prlbn1 + 1) EEE + pr(by 1 +1)94 ) 1V = paltr 1 + D3] ©Q) B,
by = (bp1+1)¢.

Nominal bond prices can therefore be computed by recursively employing the previous formulas, using

the initial conditions by = 0 and F} = 1. Yields-to-maturity are further obtained as:

. b 1
iy = Fhm % log(F) zs. (a.13)
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C.3. The term structure of GDP-linked bond yields. Let us denote by P, the date-f price of a maturity-
h bond indexed on nominal GDP. Online Appendix 1.5 shows that:

Pth = (H 1) Zt,
with
_ 1 o (=95 py
~ Eexp(o,0) (e"P K T et 20
As a result:
iy = —% log(H"1)'z;. (a.14)

C.4. Stock returns. As is common in the asset-pricing literature (Abel, 1999; Bansal and Yaron, 2004;

Wachter, 2013), we define the equity — or stock — as a claim to future dividends Div;j,, h = 0,1, ...

(see Eq. 19 for the specification of the dividend growth rate). Online AppendixI.6 shows that, under a
no-bubble transversality condition, the date-t price of this asset, denoted by P;, satisfies:

pe

Div;

= [(Id = ])"'J1)'z,
————

=X

2 B -
] =exp (%4— %) (exp [(—#r - u)\ﬂ _Pd¢%) 1+ F;fl/‘l] © Q)

Moreover, the stock return is given by:

where

P4 .+ Div,yq i
mp—td —l1=exp |}, — 7‘1 2tMzp 1 — 1,
where
5 _ / /
oo (7. % Ly (0295 i) y] o Lt
M_exp<dlv+2>{eXP[AP‘ ( PR Y e X '
Therefore:
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Online Appendix

Debt-Stabilizing Properties of GDP-Linked Securities:
A Macro-Finance Perspective

Sarah MOUABBI, Jean-Paul RENNE, Jean-Guillaume SAHUC

APPENDIX I. PRICING FORMULA

I.1. Discretized stochastic discount factor and real short-term risk-free rate. We have:
M1 = exp (log(é) — y[u(zis1 — z¢) + cr1 — Ei(cr1) + Ee(cey1) — ct]) (0a.l)
= exp <10g(5) -7 [.“/(ZH-l —zi) + A,th (Wzes1 — (1= )5 — ¢pp'zt) + Ei(crin) — CtD
= exp (log(é) — vE(Ac) — v |:‘u/(Zt+1 —zi) + )Vizt (W'z11— (1 — )5 — (py/zt)]) . (0a.2)
Hence
exp(—r) = Ei(Mpri1)

— exp [log(é)—’y]E(AC)+7(1—¢)§(%)12t+’)’yzt+’y¢(%)/ ]x

e (exp (=7 |z + 21 ))

= exp [10g(5) YE(Ac) +7(1—¢)5 <1> ze+ 'z + ¢ (%)/ ]X

E, (exp (zg [—7 (1 ; ) ] ztﬂ);

— exp [log(&) 7]E(Ac)+'y(1—¢)§(x> zt+wzt+,ﬂp<%)/ ]x

z} exp ([—7 (1 + %) ;/D I1'z.

Therefore, r; = p,z; with:

pr = —log(é) +vE(Ac) — ’r(l—qb)

(%)

>
_:
\g
‘S-
>

—log

<H © exp
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I.2. Risk-neutral dynamics of z;. From (oa.1), we obtain:

!
/ }" Zt-‘rl ’ 1 ’
— — — 1+ =
e exp ( YU Zir1 — Y Nz, ) - Z; exp ( ’y{ + A} U ) Zi41

7 - 1
E¢Mi 41 E, [exp (_,),‘ulzt+1 - ’YV Z,t+1>] Z; [exp <—’y {1 + —} ]A’) ® H] 1

A Zt A

11

exp(—7q1+ 1 2

= z T Zt41-
[exp (—'y {1 + X} y/) @H] 11
Therefore:
M
]E?(Zt-l—l) = E; (W:;%rl)

+
1 Zi41 | 241
[exp (—’y {1 + X} y’) @H] 11

1.3. Inflation-linked bonds

Let us denote P’

[, the date-t price of a maturity-h zero-coupon ILB. We have:

r

h = eXP(—P‘;Zt)lE?(PtH,h—l)
= ]E? lexp(—prze — WyZer1 — -+ — WyZen1)]
= exp(—p,)' {Diaglexp(—1)]Q'}" " =
= ({Q x Diaglexp(~p)]}" " exp(~pr)) 2 = F{'z.
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I.4. Nominal bonds

Assume that P}, | = exp(—by_1 m)F;f_llzt. We then have:

Py, = exp(—)ze)EP [exp(—7r41) Py 4
= eXP(—#;Zt)]E? lexp ([—bu—1 — 1]7t41) P;f_llztﬂ]

= exp(—y;zt)]E‘tQ lexp ([—by—1 — 1] [A(1 — @) + P71 + €711 + prlcre1 — Be(cre1))]) F}:l—l/ZH-l]
2.2
= exp (—uizt +(=byy — 1) [2(1 — ) + prm] + w) y
]E? (eXP (pr(=bn-1—1) [ct11 — Er(cr+1)]) Fltzfl/zt—i-l)

2,2
oo (_Mzt + (b1 = 1) [AA = ¢) + ¢rr] + w) X

E? (exp (pa(—bit = 1) | 7z (2001 = (1= 95 = o'z | ) Bz
— expl—(bys + 1)y x

exp (—(bh_l +1)a(l—vy)+ W) X

1—¢)s 1 !
{ <eXP [(—Vr +pr(bp—1+1) ( A(P) + or(bp—1 + 1)4’%) 1 — pr(bp1 + 1)xﬂ'] ©) Q> F;’f—l} Zt.
1.5. GDP-linked bonds

Because the Y;/Y;_1s are i.i.d., we have:

Yiin/ Yt Yien/Yisn—1 Yis1/ Y

—_— = X « o o >< e —
Et(Yn/Yr) Et(Yeen/Yesn—1) E(Yir1/Yt)
= exp(Aytr1+ - -+ + Ay — hlog E exp[Ay])

02
= exp <py[yt+1 + -+ v — hlog Eexp[v] — h%) .

Consider a maturity-h bond indexed on nominal GDP issued on date ¢ (call it bond A). This bond
provides the real payoff Y’Tt”/ (]Et[Y’Tt”]) on date f + h. Now, consider a bond indexed on nominal
GDP indexed on date t + 1 but with maturity 7 — 1 (call it bond B). Bond B provides the real payoff

Q—i’l’ /(E¢s1 [Q—f{]) on date t + h. Therefore, on date t 4 I, the payoff of bond A is equal to that of bond B

Yiin Yiin Yiin Yirn |V _ Yen 1
v () S (e [2))) =5 e

Hence, denoting by P/ the date-t price of a maturity-h bond indexed on nominal GDP we have:

multiplied by:

* 1 - *
Py, = Eexp(Ay) exp(—zt)ER (explf + pyvis1 + e 1P 1),



40

and, as a result:

*
Py,

Hence, if P*

o}
exp (8y + %)

Eexp(Ay) exp(—pz1) B (exployvis1|Pr_1'zi41)

Fon() PR (exp |z — (1= 9)s— gu'z) | B2
Foay P (et B 05— ow'm) ) BR (exp [242) pi )
W exp (—uim + A‘Zt (—(1—¢)5 - W’Zt)) EP (2 (exp [py W @B ) 2
m exp (—Pézf + )(Zt (—(1-¢)5 - Wzt)) zy (eXp [%u’] ® 1P;;‘_1’) Q'z
mexp (— [yr L4 _/‘\P)pys Py(P,u ) dlag exp - y} ®1P,f_1’) Q’}Izt
m xp<— [ymL( _/(\P)pys pyqby ) exp | S| @1P, @ Q1 )/
et (|2 (e P B+ ) o/ oa1) =
ot ([0 (- [ P B 1 ) o] i)

* ! : * . px/ :
i1 = Fy_q'z, we obtain Piy, = F'z with

 _ 1 B (1_¢)Py5_ BN\, Py *
F, = W(exp[( e S Ly 1+Kﬂ ©Q) F_,

=:H

= HM.

1.6. Stock returns

We want to price the asset that delivers Div; on each period ¢; this asset is called stock. Let us first
consider the basic asset that delivers a single payoff, that is Div;,j, on date t + h. It can be seen that the
latter basic asset is close to the bond indexed on nominal GDP studied earlier. The difference is that the

nominal GDP-indexed bond had an expected real payoff of one unit, while the present basic asset has

an expected payoff of:

)

2
div +log E(exp[oqv]) + (;—d

Divpy\
E; ( Div, ) = exp (h

Therefore, denoting by o the price of the basic asset, it comes that Ptdh = Dzvch zt, with:

Fl =M,



where 5
] =exp (%—I— %) (exp [(—}lr— w —pmp%) 1/+p_)f]’l/] @Q).

As a consequence, under a no-bubble transversality condition, the stock price is given by:

+00
P! = Div; Y (J"1)z = Div, V'] (Id — J') 'z
h=1

Hence:
Pl (gd =
Divy N— '
=X
We have:
pf
P!, Divyyy Div | Diviy Dioy
- Dil)t+1 Divt P;i Dil)t P;j
_ Dith Divt 1 P;j_i_l _
Div;  Pf Div; 41
= C Pl
= div + pgvpq + b 4] = [ 1+ 2L | -1
exp| PdVi+1 t+1]Ptd ( Croa
Pd e 1\’
— o | (i — (L= g)s— gu'z) + T+ e | [(7—() 2| (U a2 — 1
— 1 (1—9¢)5 1+ )
= exp(div+el,)z {exp {Xy' — ( )\4) - 4)%) 1'] © . Zii1 — 1
d AW
= exp | &y T ZiMzpq — 1,
where
o 1 1—¢)5 u 1+ )
= div + -2 —u - ) o — ).
M exp(zv+2 {exp[Ay ( 1 +¢A) ]@ X }
Therefore:
Pd + Div 1
E; (%—1) = E; (ziMzi41 — 1)

= ZtMHIZt —1= diag(MH')'zt -1
= [(M ® H)l]/Zt —1

= Moz -1,

41
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and

P? , + Div
E (f“—t“—1> = E(1I'(MoIl)'z —1)

= U(MOI)E (z) — 1.

Consider an h-period stock investment. Assuming that dividend proceeds are reinvested in the same

stock, the h-period return reads:

Et (Repyn) =

where Hy =

forh > 1.

Id and

R Pl 4G P, +Crpn Pe, + Ciin 1
ti+h = 3 7 R
p; Pl Py

= (2iMzp11) X (241 Mze42) X -+ X (Zhy 1 Mzpap) X

d d o
exp £t+1+---+£t+h—h7d -1

E; [(2iMzi41) X (2331 Mze42) X -+ X (241 Mzeyp)] — 1
E¢ (Bepno1 [(2iMzi41) X (201 Mzpgp) X -+ X (24,1 Mzegp)]) — 1
E; ((ziMzp41) X - X (Zpp_oM2Zipn-1)Zp oyt MEgn1 [2e]) — 1

[
(
t
E: [
E [

(

(2tMz41) X -+ X (2o Mzipn1)Zp gy MITZe ] = 1

(ziMzp41) X ... 2y, 3Mzip_oz; o MDiag[diag(MIT )11z 5] — 1
(

)
)
)
E; [(ziMzy41) X ...z, ,;,_sMDiag|diag(MDiag|[diag(MIT)|IT")|IT'z; 3] — 1
ZiHyzp — 1

(diagHp,)'z: — 1

E;th

H;, = MDiag|diag(H;,_1)]IT,



Vize = Var [(2{Mzi41) X (231 Mzi42) X -+ X (2441 Mzppy) |
= E; (Varg [(ziMzi1) X (24 Mzi2) X -+ X (21 Mzei)]) +
Var; (Biga [(2iMz11) X (24 Mzig2) X - X (2i 5 1Mzpyp)])
= E; ((z;Mth)zV,;th) + Vary ((ziMz41) (diagHy—1) z¢41)
= z[(M®M)©1V,_4|IT'z + Var, ((z;Mzi41) (diagHj—1) z¢41)

J

= diag([(M® M) ®1V;_JIT) 'z + Var(z; (M ® 1[diagH}, _1]") z41)

=:Apq

= diag ([(MOM)® 1V ]I +T1(Aj_1 © A1) — {(TTA4_1) © (ITA,_1)}) 21

Using eq. (0a.5), we obtain:

Var; (Ryin) = exp (ho3) Viz: + [exp (hog) — 1](Ejz:)?
= {exp (ho3) Vi + [exp (ho3) —1)(E, © Eh)}/zt.
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APPENDIX II. SECOND-ORDER MOMENTS OF 71 AND z;

The discretized version of the consumption innovations v is:

1 _
cri1 — E(crp1) = E(V'Ztﬂ —(1—¢)5— pp'z)
/ 1/
= 2| - -5 — |z (0a.3)
h =:B
Using eq. (0a.4), we obtain:
Var(cry1 — Ei(c1)] = Var [z;Bziq]

E([nD _{ﬁJﬂP(m—ﬁ)]_[(l—w)ﬁ] {w 0 ]
Zi41 IT'z 0 0 Ir
TT41 — Var
Zt41 t

Var; (

We have:

ziB [Diag(I1'z;)

= [(B®IN)1]'Var(z)[(BOI1] +
diag [II(B® B) — {(TIIB) ® (I1B)}]"E(z).

7Tt
Zt

=P

/
87Tt-i—l + antBZH—l
Zt+1

2 0 ] 'B
. + Var, Pzt Zii1
0 O Id
B !/
072r 0 Z;pﬁB . / / / Zi‘pﬂB
[Diag(IT'z;) — IT'zzIT]
0 0 Id Id
o2 0 N
0

0%z, B [Diag(IT'z;) — [1'z;z{T1] B'zy  pn2}B [Diag(I1'z;) — IT'zz}11]
pr [Diag(I1'z;) — IT'z4z}I1] B'z; [Diag(IT'z;) — IT'zz;11]

—IT'zzT1| B'zy = z;BDiag(I1'z¢)B'zy — z;BI1'zyz{11B'z;

= [(B®B)II'z)'zy — [(BIT' ® BIT' )z
= zII(B' ® B")z; — z,(TIB’ © T1B)z

= diag [TI(B'® B') — 1B’ ®11B']' z,
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[Diag(IT'z;) — IT'zzjI1) B'zy = (II'® B')z; — IT'z;diag(I1B') z;
= (I ® B')z; — (IT" ® 1diag(I1B’)")z;
= (I ®B)z — (I ®1[(I1® B)1])z
= (o Bz — I @11 (1T ® B')]z,
and
Diag(I1'z;) — II'z;z)I1 = Diag(I1'z;) — IT'Diag(z)IL
Therefore:

Vlli’t([ T ]) = 072( 0] +
Zt41 0 0
p%diag [TI(B' ® B') —TIB' ®T1B'z; pnz,[II' ® B’ —1I' ®11'(IT ® B)]'

eI ©B —II" ®11(IT" ® B')]z; Diag(IT'z;) — IT'Diag(z)I1
= G(Zt).

Let us define Q) = G(IE(z;)). Because |71y, z}]’ is affine, we have that:

Var (

Tt

Zt

]) = QO+ POP + - - + DD + ...

It is easily seen that:

and, therefore, that:

q)qu)k/ — Qll,k Q/Zl,k
with
Oui = 9 {2+ pldiag [1(B'© B') — 1B’ © T1B') E(z) }
2 2 di / N _ / n’
= Var(m) = 05 + prdiag [I1(B' © B') . 1B’ © T1B'] E(z)
T—19
and

Oy = p ' TINIT © B =TT © 11/(IT © B')|E(z)

= Cov(my,zi) = pr(Id—yIT) I © B —IT' 11 (IT ® B')]E(z).
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It is easily shown that:

Tt
Ayt
ACt ]

vec Var

ACt

()

1 0 px ey

TT—1

Ayi1 |+ 0 1 py e’y

Acy_q 0 0 1 vt
I X

= (Idgy9 — ® ® ®)vec(X diag([c2, O’yz, Var(v)]") 2.



APPENDIX III. USEFUL FORMULAS

47

This appendix provides a battery of formulas to compute first- and second-order conditional and un-

conditional moments used in our calibration process. The dynamics of z; is as defined in Appendix B.1.

Ifa = Az

Vari(a'ze41) a'Vary(zii1)a = ' (Er(ze412)11) — Er(ze41) Bi(2e41) )a

[[1(a®a)]' zt — a'TT'zz/T1a

[[l(a ®a)] z; — z/TTaa'T1'z;

[[1(a ® a)]' z; — diag(ITaa'TI')'z;

[[(a ®a)) z: — ([[1a] © [[1a]) 2

[[(a ©a) — (Ila) © (I1a)] 2.

aa' = Az;zZi A’
Var(zjAzi1) = [[I(AG A)z — {(TTA) © (I1A) }z] z

= Z[II(AG A) — {(IIA) ® (IIA)}] z

= diag[II(A® A) — {(TTA) © (T1A)}]' z

Et(z¢11211142i41) = Ei(diag(A) © z411)

= diag(A) ®1T'z
= Diag[diag(A)]IT'z;

E(ziz;) = Diag(E(z))

V(z:) = Diag(E(zt)) — E(z¢)E(z)
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Var(ziAz1) = Var(EiziAzia]) + E(VaryziAzpiq])
= Var(z;All'z;) + E(diag [I[I(A ® A) — {(TTIA) ® (TT1A)}] )
= Var(diag(AIT) z;) + E(diag [TI(A ® A) — {(TTA) ® (T1A)}] z)
= Var([(A®T1)1)'z) 4+ E(diag [TI(A® A) — {(ITA) ® (T1A)}]' z)
= [(AeIN1])'Var(z)[(AGI)1] +
diag [[I(A® A) — {(T1A) ® (ITA)}]" E(z). (0a.4)

If X ~ N(0,0?%), we have:

Var(exp(X)) = E(exp(2X)) — E(exp(X))?

= exp(20?) — exp(c?)
Var(exp(X —0?/2)) = exp(c?) —1

Var(exp(X —0%/2)Y) = E(exp(2X —0?)Y?) —E(exp(X — 0?/2)Y)?
— exp(e?)E(Y?) — E(Y)?
= exp(c?)Var(Y) + [exp(c?) — 1JE(Y)?. (0a.5)



APPENDIX IV. CONDITIONAL LAPLACE TRANSFORM OF (71, z}]’

Yin2(u,0)
E¢[exp(ursq1 + UIZH—l)]
E; [exp (u [7T(1 — ) + ¢ + €11 + prelcrrn — Er(cra1))] + 0'ze11) ]

IEt [exp (u {ﬁ.’(l — IP) + 1P7Tt + Ent.g_l + On |i/\,LZt(]/l/Zt+1 — (1 — 47)5_ — ¢V/Zt):| } + U/Zt+1):|

exp (u[fr(l — ) + ] + - ;") E; [exp (% Wz — (1 — )5 — pp'ze] + v’th)]
2.2 / /

exp (u[ﬁ(l — )+ ) + ) E; [zé exp (upn [”7 —(1-¢)55 - ¢§1’} + 1v’) ztﬂ}
2,2 / /

exp (u[ﬁ(l — )+ ym] + u;”) z; exp (up;r [% -(1- cp)s'lx - 4)%1'] - 10') 'z

exp (u[ﬁ(l — ) + ] + u%r,%) diag [exp (up,r [%, -(1- ¢)§1XI — ¢%1’] - lv’) H/] Zt
252 / / /

exp (u[ﬁ(l —P)+ym] + u;”) Hexp (upn [% -(1- 4))5‘% — 4)%1'} + lv') ® H} 1] zZ

exp (u[ﬁ(l — )+ + u22cr72T

+log Hexp (upn [%I —(1 qb)§1x, — 4)%1'] + lv’) ®© H} 1] zt>

expla(u)m +d(u,0)'z),

a(u) = uyp
du,0) = un(l—1y)+ W

us
+
2 / /

log Hexp (upn [% —(1 —4))§1X — 4)%1’] —i—lv’) @H} 1] :
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APPENDIX V. GDP FORECASTS

GDP,
exp(y) = e (S5t ) = explyson)

GDP.
E; L) = Ei(explhgy + oy (Vien - A Vi) F el o+ el,])
GDP,
0-y2
= exp h gy'f‘?

2
= exp [h <8y+ (Tz—y)] [diag(exp[oy BT E(z)]".

[E (exp [oyv)])]"

where B is defined in eq. (0a.3).

Therefore:

0-2
Yip =8y + — +10gE (exp [oyv)])



